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ON THE FIXED POINT OF ORDER 2
M. ALIMOHAMMADY ! AND A. SADEGHI?

ABSTRACT. This paper deals with a new type of fixed point, i.e; "fixed point of
order 2” which is introduced in a metric space and some results are achieved.

1. INTRODUCTION

In 1922, Banach proved the following famous fixed point theorem [1]. Let (X, d)
be a complete metric space, T : X — X be a contraction, there exists a unique
fixed point o € X of T. This theorem, called the Banach contraction principle is
a forceful tool in nonlinear analysis. This principle has many applications and is
extended by several authors: Caristi [2], Edelstein [4], Ekeland [5, 6], Khan[9], Meir
and Keeler [12], Nadler [13] and others. These theorems are also extended; see [3,
7,8, 10, 15, 16, 17, 18] and others.

Many expressions and generalizations of Banach fixed point theorem were derived
in recent years. The results presented in this paper extend properly the Banach
contraction principle.

As we have experience with zero’s of a map of order 2, we want to introduce a fixed
point of order 2 for a map. Our idea goes back to special case in R, which if a real
map on R has a fixed point of order 2 means that this map is tangent to axis y = .
Therefore, the derivative of map (if exists) is equal to 1 at this point.

2. MAIN RESULTS

Definition 2.1. Suppose that (X, d) is a metric space, T : X — X is a function
and xy € X is a fixed point for 7. We call x; is a fixed point of order 2 if it is not
alone point and the following satisfies:

lim d(Tz, )

= 1.
z—zo d(x,x0)

We remember the following definitions. We will show that for the case (a) there
is not fixed point of order 2 but in two other cases there is fixed point of order 2.

Definition 2.2. Suppose that (X, d) is a metric space, T : X — X is a function.
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e (a) T is a contraction, if there exist k € [0,1) such that d(Tz,Ty) < kd(x,y)
for all x,y in X.
e (b) T is a contractive mapping, if d(Tx,Ty) < d(x,y) for all x,y in X which

x # .
e (¢) T is a non-expansive mapping, if d(Tz, Ty) < d(x,y) for all x,y in X.

In the following we consider first some properties for fixed point of order 2.

Proposition 2.3. If xg € X s a fized point of order 2 for T on X. Then T is
continuous at xg.

Proof.

limy, o0 d(T%, 20)) = lim,_,y, DI220)

d(z,x0)

d(vaxO)

o a0) Moy d(z,z9) = 0.

d(x,xo) = limy g,

Proposition 2.4. Let (X, d) be a metric spaces and T : X — X be a function such
that xo € X is a fized point for f, not alone point for X and a alone point for T'(X).
Then xq is not fixed point of order 2 for T.

Proof. According to assume the x, is a alone point for 7'(X). There is a neigh-
borhood of z, like N(zg) such that N(zo)(T(X) = {x0} and each = € N(x)
implies that d(Tx,z9) = 0. Therefore, lim, ., dﬁ@ﬁi) = 0, i.e; 2o is not a fixed
point of order 2 for T'.

Proposition 2.5. Suppose that vy € X be a fixed point for T; : X — X which
i=1,...,n (n € N) and also lim,_,,, dg;ﬁ?)’) = N;. Then xq is a fixed point of order
2 for TiT,... T, if and only M.\, = 1.

Proof. T; is continuous at xy for all ¢ = 1,...,n, by a simple change of variable,
that

hm d(Tk(Tk+1TnJI), Io) T d(Tkt, $0)
T—T0 d(Tk+1...Tn$, l’o) t—xo d(t, LU())
and the last limit is equal with A\, for £ =1, ...,n. Hence,
d(TlTQ...Tn.fL',.xo) d(T1<T2Tn)£L',£C0) d(TQ(Tng),l'Q) d(Tnl',l'o)

li = 1
eoa0 d(z, 7o) w520 d(To. Tpywo) ATy Twwo)  d(z, o)
= M.\,
Proposition 2.6. Let xy € X be a fixed point for T; : X — X fori=1,...n and

neN.
o (a) If xy is fized point order 2 for all T;, then xq is fized point of order 2 for
TT,...T,.
o (b) If zy is fized point order 2 for TyTy and Ty, then xq is fized point of order
2 for T7.

Proof. (a) By proposition 2.3.

(b) ¢ is fixed point order 2 for 7175 and T5. Thus, lim, ., d(T1Tpz,z0)

d(Tex,z0)

=1, hmx—mo

d(z,z0) d(z,z0)
1. Since T is continuous at zg for t = Thx.
. d(T1Tox,x
1= hm:c—):vo (dl(x’sz)O) — lim d(TngfL',JT()) — lim d(Tlt,ZL‘())
1ima:—>x0 % T—T0 d(Tgl‘,ZEO) t—xo d(t,xo) .
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Proposition 2.7. Suppose that xq is not alone point and is a fized point for T; :
X —=>X fori=1,...,n andn € N.
o (a) If T; be a contractive mapping or non-expansive mapping for alli=1,...,n

and lim, 4, dgf;g‘))) = X\;. Then xg € X is a fixed point of order 2 for T1T5...T,

if and only if xg is a fired point of order 2 for all T;.

e (b) ]flimx_,m% = X then xq is a fized point of order 2 for Ty if and only
if xg be a fized po%’nt of order 2 for I7', where n is arbitrary positive integer.

e (c¢) If T\ be a contractive mapping or non-expansive mapping, then o is a fized
point of order 2 for Ty if and only if there exist n € N such that xq be a fixed

point of order 2 for T7".

Proof. (a) Let T; be a contractive mapping for all i = 1,...,n. If zq is a fixed
point of order 2 for all T; then by proposition 2.5, z is a fixed point of order 2
for T\T5...T,,. Now assume that x, is a fixed point of order 2 for T175...T,,, then by
proposition 2.4, 1 = lim,_,,, AT Thoze) A1A2...A\,. But all T; are contractive

d(z,x0)
% < 1 which implies that \; < 1 for all 7+ = 1,...,n. Hence,

A = Ay = ... = A\, = 1. Proof for non-expansive is similar.

(b) By proposition 2.4, limg ., dff(g ”;’j)o) = A", Then A" = 1 if and only if A = 1
because A > 0. 7

(c) Let T} be a contractive mapping and there exists n € N such that zg is a fixed
point of order 2 for T7*. T} is a contractive mapping, so

mappings so

ATz, xo) < ... < d(Tyz,x0) < d(z,x0)

d(Tflmaxo) < lim d(Tﬂ??ﬂo)

Mz d(z, ) o d(z, zo)

d(Tiz,x0)
d(z,xo) L.

Therefore, lim, .,

Proposition 2.8. Suppose that (X,d) is a metric space, T : X — X is a function
and xo € X is a fized point for T'. If T is a contraction then xq is not a fized point
of order 2 for T.

Proof. Since T is a contractive mapping so there exists o € [0,1) such that

d(Tz,Ty) < ad(z,y) for all x,y € X. Therefore, % < «a < 1 and 2 can not

be a fixed point of order 2 for T'.

Proposition 2.9. Suppose that o € X be a fized point of order 2 for T : X — X,
where T is one-to-one and g is left inverse of T'. Then xq is also a fized point of
order 2 for g.
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Proof. It is clear that z( is a fixed point for g. On the other hand, since T is
continuous at zg for t = T'x so

o dTem) L d(g(T(Te).x)
VA A T d(gT(@)

lim ( ( )7I0
5 dg(t), a0)
= lim —d(t i) = lim 1

530 d( ( ) :L‘O) t—xo %.

Therefore, limy_,,, % _

In the following we give another condition for the fixed point of order 2.

Proposition 2.10. Suppose that xq is not alone point and is a fized point for T :
X = X.
e (a) If lim,_,,, d(sz = 0 then xq 1s a fized point of order 2 for T.

iz
o (b) If lim,_,,, dg;;o)) =0 then xq is a fized point of order 2 for T.

Proof.
(a) USing | d(T‘Ta :EO) - d<m7x0) |§ d(Tl’,ZE),
1 d(Tz, x) < d(Tx, ) <14 al(T.r,a:)7
d(x,zo) d(x,zo) d(x,xo)

lim,, ., S8 = 1.
(b) USiIlg | d(T.I, IO) - d(‘ra l’o) ’S d(Tl‘, l’),

1 d(Tz, x) < d(x,x0) <14 d(Tm,m).

d(Tx,x0)) — d(T'w,zo) d(T'z, zo)

This shows that lim,_,,, dfié(:aa:o)

d(Txz,xo)
Tz,z0) = 1.

=1. Therefore, hm;pﬁxo d(z,x0)

Proposition 2.11. Suppose that xq is a fized point forT : X — X and ¢ : X — R*
1s a real valued function.
e (a) If zy be a fixed point of order 2 for T then lim, dlez) < o

d(z,z0) —
o (b) Ifd(Tx,x) < ¢(x)—@(Tx) < d(x,x) for all z in X then xq is a fived point
of order 2 for T if and only if lim, ., ‘jlg‘i:)) =0
Proof.
(a) From the inequality d(Tz,z) < d(T'z, xo) + d(x, zo),
d(Tz,x) < d(Tz, xg) ey
d(x, o) d(zx, zo)
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Therefore, lim, ., ‘fig:;:)) < 2.

(b) From inequality d(Tz,z) < p(z) — o(Tz) < d(z, x0),

d(z,Tx) + d(Tx, T?x) + ... + d(T" 'z, T"z) < Z o(T '2) — o(T'x)
i=1
— () - p(T")
and

d(T" e, Trx) AT e, Trx) d(T e, T xg)  d(T?x, Tag) d(Tx, x)
d(z, zo) Cd(Tr e, Tn=2mg) d(T 23, Tn=3x0)" 7 d(Tw,20)  d(x,20)
d(T" e, Trz) d(T" 'z, 29)  d(T%x,30) d(T, 1)
d(Trtx,xg) d(Tr2x,20)  d(Tx,x0) d(T,20)

. . d T'n—l 7Tm . d(T , . d T”_k s .

since lim,_,,, M = lim, 4, ﬁ and lim,_,,, M = 1 which k =
n—1 m

1,2,...,n — 1, so lim,_,,, W = lim, .4, %. From inequality d(Tz,r) <

o(z) — p(Tx). It is clear that p(T"x) is strict decreasing,.

. d(Tz,x) ,
n lim ———~ < lim
e—zo d(z, o) z—xo d(x,xo)

< lim

— o(T"
< lim plz) —p(T"z) _
a=wo p(x) — p(Tx)
Hence, lim,_,,, Cclz((?;:)) < % Since n is arbitrary positive integer, lim,_,, % = 0.

In the following we prove common fixed point of order 2.

Proposition 2.12. Suppose that (X,d) is a metric space, f,g : X — X are two
function and xo € X is a fived point for f such that f, g satisfies

d(f(x), 9(x)) <d(f(z),2) < p(x) —(f(2)) < d(z,20)

d(f(z),z0)
d(z,x0) Z 1

limyg 4

for all x in X. Then xq is a common fized point of order 2 for f,g.

Proof. First we show that x( is a fixed point of order 2 for f. From inequality
d(f(x),z) < @(x) —@(f(x)) < d(z,z9) we have

d(z, f(2)) +d(f(2), f*(@)) + ... +d(f"(2), f*(2)) < Z@(fi_l(m))—w(fi(x))
= p(r) —o(f*(x))
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and
d(f" ), fM (=) d(f" @), (@) AT @), (o) d(f (), f (@) d(f (), o)
d(z, zo) d(fr=1(x), fr=2(xo() d(f"=2(), fr=3(x0)) ~ d(f(x),20)  d(x,z0)
_ AU @), [ (@) d(f (@), @) d(f2 (@), o) d(f (), o)
d(fr=1(x),z0) d(fr2(z),20)  d(f(x),20) d(z,20)
Since lim, ., W = lim,_,,, C(i( (:‘2 9)”) and lim, ., % = )\ which
k=1,2,....,n— 1, we see that

o dfe).)
z—zo  d(x, x0)

1+ A+ A2+ .+ A" < lim (’O(x)dzﬁi‘f;m).

But ¢(f™(x)) is strict decreasing so,
. d(f(x), ) 2 n o) — (" (2))
xlgg:lo d(z, o) (I+A+A 4+ A < xlgg:lo d(z, xo)
- px) — (" (x))
= o) - (/)
p(x) — o(f"(2))

< lim =1,
w0 () — p(f™())
and also lim,_,,, dé{fx)(ﬁ) < 0o +/\21 ) but A > 1 and n is arbitrary positive

% = 0 and proposition 2.9 implies that zy is a fixed

point of order 2 for f. Now, we show that z, is a fixed point of order 2 for g. It is
clear that ¢ is a fixed point for g, because d(f(x), g(z)) < d(f(x),x) and z is fixed
point for f. From inequality d(f(z),g(x)) < d(f(z),z) and triangle inequality,

dlg(x),z) _ dlg(x), f(x))  d(f(x),z) _ ,d(f(z),z)
0= d(z, z) = d(z, zo) d(z, zo) =2 d(z,mg)

d(g(z),x)
d(z,x0)

integer. Then lim,_,,,

Therefore, lim,_,,, = 0 and z( is a fixed point of order 2 for g.
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