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Abstract

The aim of this paper is to study the existing results of nonlinear sequential fractional integro-differential equations with
nonseparated boundary conditions. In this work, we consider a nonlinear problem and general boundary conditions.
This extension introduces mathematical difficulties which we will overcome by using fixed-point techniques. For this,
we rewrite the nonlinear boundary problem as a fixed point one involving two operators. Then, we show that these
operators satisfy the conditions of the Krasnoselskii theorem. An example is given to illustrate our result.
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1 Introduction

Fractional differential equations have been proved to be important tools in the modeling of many phenomena in
various fields of applied sciences and engineering. Such as control theory, signal processing, rheology, fractals, chaotic
dynamics, optics, medicine, economics, astrophysics, chemical engineering and so on, (see [T}, 2] [4] @] T2}, T4, [15] 18], 22]
and the references therein).

Recently, many problems can be modeled by fractional integro—differential equations, for an extensive literature in
the study of fractional differential equations, we refer the reader to [I1], 23] 25]. In the mathematical context, several
interesting results about the fractional integro— differential equations supplemented by many boundary conditions
classical, periodic, antiperiodic, nonlocal, ..., see [3| [ [6l [7, 17, [T9]. For example, Baleanu et al. [7] have considered
the following fractional integro-differential equation:

‘Du(t) + f(t, u(t), pu(t),Yu(t)) =0, t €]0,1],

where n — 1 < a < n, n > 3. It should be noted that ¢ and i are linear operators. The authors established the
existence and uniqueness of positive solutions for the above equation with the integral boundary conditions. The
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essential tools in the proof are the Banach contraction principle and the Krasnoselskii fixed point theorem under the
sufficient conditions. An another existence result was obtained in [3], the authors have considered fractional differential
transform method to solve linear and nonlinear fractional integro-differential equations of Volterra type. The existence
and controllability of this fractional integro-differential system is done for « € (0, 1) with infinite delay [I7]. The proofs
are based on the theoretical concepts related to the fractional calculus and the measure of noncompactness.

In this paper, we discuss the existence of solutions for the following nonlinear sequential fractional integro—differential
equation:

cDY(DP)u(t) = f(t,u(t), Tu(t), Gu(t)), t €]0,1], (1.1)

where 1 < a < 2,1 < 3 <2and D0 is Caputo’s fractional derivative. This fractional integro-differential equations
can model many physical and biological phenomena and, in general, they are not linear. In fact, linear problems
are only approximations of reality which is rather complex involves nonlinears phenomena [19]. The main purpose of
this paper is to extend the results of the above-mentioned works [3| [, [I7]. The difficulties arising from this model
compared to previous ones is the fact that we consider the sequential fractional derivative. Moreover, the operators
T and G are nonlinear and general boundary conditions, which are the nonseparated boundary ones. This extend
introduce many mathematical difficulties. To overcome this task, we use the techniques of nonlinear analysis, precisely
the fixed point theory.

The rest of this paper is organized as follow. In section [2] we introduce the functional setting of the problem and
fixing the different notations. The position of the problem and data assumptions are presented in section [3] In section
we prove the existence results of the the problem (3.1)-(3.2)), we first transform our problem in the fixed point
one involving two nonlinear operators A and B, next we apply the Krasnosel’skii’s fixed-point theorem to show the
existence of the solution. In section [5] we give an example to illustrate our main result.

2 Preliminaries

In this section, we recall some basic definitions and properties of the fractional calculus theory and auxiliary lemmas
which will be used throughout this paper. For more details, see [10] [16] 18 20]. Moreover, we state the Krasnoselskii
fixed point theorem which is an important tool in our work, see [2I) 24]. Let X = C([0, 1]; R) be the space of all
continuous real-valued functions on [0, 1] endowed with the norm

[ull = sup |u(?)].
0<t<1

We recall the definition of the Caputo fractional order derivative.

Definition 2.1. The Caputo fractional order derivative of order o > 0 with the lower limit zero of a continuous

function u is defined by

1

cD%% — ! — g n—a—lu(n) s)ds
Dult) = ey [ =9 (3)ds,

where 0 <n—1<a<n,neN,t>0andI'(-)is Euler’'s Gamma function, which is defined by I'(z) = / t* e tdt.
0

Next, we introduce The fractional integral.

Definition 2.2. The fractional integral of order o > 0 with the lower limit zero of a continuous function u can be

defined as

Iu(t) = ﬁ/@ (t — 5)° u(s)ds.

Now, we present the following property of the fractional integral.

Lemma 2.3. Let o, 8 > 0. Then, the following relation holds:

Mta"rﬁ_

1P =
Fa+p+1)
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The following lemma plays an important role in obtaining our main results.
Lemma 2.4. [I8] Let n € Nand n — 1 < a < n. If v is a continuous function, then we have
I*(DYu(t)) = u(t) + ap + art + - + ap_1t" 1,
where a; e R, i =0,1,--- ,n— 1.
As a consequence of Lemma [2.4] we have the following result which is useful in our existence result.
Lemma 2.5. Let h € C[0,1], then the boundary value problem
¢D(°DP)u(t) = h(t), t €]0,1],
w(0) = Mu(1), u'(0) = u/(1),
¢DPu(0) = AsDPu(1),
¢DPTLu(0) = ASDP (1),

has the unique solution given by

u _ 1 ' )tV ds Ai(t) [ )1 (s))ds As(2) ! 2] (s)ds
(t) F(a+ﬂ)/0<t ) h(s)ds + F(a)/o(t )*1h(s))d 1) 71)/0 (1—5)*"2h(s)d
al 1 — 5)* P 1n(s)ds _ M) 1 — 5)* P 2n(s)ds
+<1_A1>r(a+6>/o(1 ST )d+r(a+ﬁ—1>/o(t )T e)ds,
where
A (t) = A3 7 A1 A1)z ts
O =125 (F Tt D T et T )
Ao(t) = A tﬁ)\g t8+1 Ao A\ ot
R e v (er vy ey R Il (i R W S B R (N R R (E=p W R T

i )\1)\2)\3 T )\1)\3 i )\2>\3t >
(IT=2A)T =)A= 2)T(B)  (1=A)A=A)L(B+1) (1= )1 —A3)[(B)/

As(t) =1 iz/\2 (H 1 ilxl)'

Proof . According to Lemma [2.4] we have

°D(t) = I%h(t) + co + c1t, and  “DPHu(t) = I Th(t) + c1.
Then
u(t) = ITPh(t) + IPco + IPert + o + cst, (2.2)
where ¢y, c1,ca,c3 € R. Using the conditions ¢DA*1u(0) = XD+ 1u(1), *DPu(0) = A§DPu(1), v/(0) = Xow’/(1) and
u(0) = Au(l), we get

A t o e ) t -
), 0 e gy s

A4 ' a—2
(I—)T(a—1) /O (1—5)*2h(s)ds,

Co =

Cc1 —
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A L atset Ao
2 = u—Agma+ﬁyA<l SRR O Rl s v T s v o oy |
A1)\3 )\1)\2)\3 )

] X /01(1 — 5)* P 2n(s)ds

M T i R (e e W =rw i)

1 ! o1 A A3 A\g
<, O+ (T a G D

A Aoy
G W TR VAT 1 ) B G W WO TSRS W TG R WY (R

A dsAsha | 1 .
SRR (s wimwwve) vrvl USEARICLS

T

and
A2 t — 8)*B=21(s)ds A2A3Ag ! O 21(s)ds

e D J, O O+ e S o, (e
A2s /t(

(1=22)(1 = A3)T()I(B) Jo

C3 =

+ 1 —5)* 'h(s)ds.

Substituting the values of ¢g, ¢1, c2 and ¢3 in (2.2), we get the desired results. By direct computing, we can prove
that u(t) is the solution of the problem ([2.1)). od

We close this section by recalling the Krasnosel’skii fixed point theorem (see [21], [24]).

Theorem 2.6. Let M be a nonempty closed, bounded and convex subset of a Banach space X. Assume that
A: M — X and B: M — X are such that:

1. A is continuous and AM is a relatively compact subset of X.
2. B is a strict contraction.

3. AM+ BMcC M.

Then there exists x € M such that Az + Bx = x.

3 Position of the problem

In this section, we describe the boundary value problem. Precisely, we are concerned with the existence of solution
to the nonlinear sequential fractional integro-differential equation

DD Yu(t) = f(t,u(t), Tu(t), Gu(t)), t €]0,1], (3.1)

where 1 < a < 2,1 < 8 <2,°D0) is Caputo’s fractional derivative, f : [0,1] x R* — R is a given continuous function,
and the operators T, G are nonlinear given by:

Tu(t):/o A(t, s)g(s,u(s))ds, and Gu(t):/o o(t,s)g(s,u(s))ds,

where g : [0,1] x R — R is a given continuous function, and A, ¢ are the functions defined from : [0,1] x [0,1] —
[0, 4+00) verifying

1 1
sup / A(t,s)ds < oo and  sup / 0(t, s)ds < o0,
o<t<1.Jo 0<t<1.Jo

In our framework, equation (3.1) is completed with nonseparated boundary conditions, i.e.,
u(0) = Xu(l), u'(0) = Xou'(1),
¢DPu(0) = AsDPu(1), (3.2)

¢DPFLu(0) = N DPHu(1),
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where A1, A2, Az, Ay € R\ {0,1}. In order to establish the existence results of the problem (3.1)-(3.2), we need to
introduce the following assumptions, denoted (H):

(H1)- There exists a continuous functions 6 and A such that ,

If(t, 21,91, 21) — f(t, 22,92, 22)| < 9(0(\%1 — xa| + [y1 — y2| + |21 — 22|),

and
|g(t,1’1) - f(t,l’g)‘ < A(t)“rl - m2‘7

for all t € [0,1] and z;,y;,2; € R, i =1, 2.

A A A][1=Xq] A * *\ %
(H2)- [Té) + tacn T |1L/\1\F(a+ﬁ) + F(aJr%fl)} (1+ AoA* +dpA*)0" < 3,

(H3)- C* = L0 Aot A0) 1 where

o T(a+p)

1 1
0* =10|, A*=|All, o= sup / A(t,s)ds and dp = sup / o(t, s)ds.
0<t<1Jo 0<t<1J0

4 Main results

In this section, we discuss existence results of the nonlinear sequential fractional integro-differential equations with
nonseparated boundary conditions (3.1)-(3.2) in Banach spaces. We first transform the problem into a fixed point one
involving two operators, say, Au+ Bu = u. The proof is based on The Krasnosel’skii’s fixed point theorem. For r > 0,
we denote by B,. the set

B, ={ueX:|ul <r}.

The following lemma deals with the equivalence of a nonlinear fractional integro-differential equation (3.1))-(3.2)).

Lemma 4.1. The problem (3.1)-(3.2) may be written in the form

Au(t) + Bu(t) = u(t), (4.1)
where where A, B : X — X are given by
_ AO 1 —8)27 (s, u(s), Tu(s), Gu(s))ds Azi(t) 1 —8)272f(s,u(s), Tu(s), Gu(s))ds
Aut) = e [ =9 su(e). Tu). Guas + 5205 [(1= 9272 (s, u(s). Tuls), Gu(e))d
+O_A5Ra+ﬁ)é(lQ“w]f@m@Lngxh@»@
I(af:f;)l)jg (£ — )52 f (s, u(s), Tu(s), Gu(s))ds,

and Bu(t) = m fot(t — 8)TB=1f(s,u(s), Tu(s), Gu(s))ds.

We denote by Ay, As, Az and f* the following quantities:

A= | A3 ( 1 + |A1] + |A1 2] + [A2] )
R =XN\DB A+ = MTB+HD) [(T=M)A = M)[T(B) 1= XT(B)/
A, M ( |As] L b | A1 A2 ] n A
TR M\T=X0B+1) T T(B+2)  [I-A)A-A)TB+1) T 1—MT(B+2)
n |A1 23] n [A125] [A2)3] N | A2 )
(1= A) (1 =A)(1=A3)|T(B)  [(1=A)(I=A3)|T(B+1)  [(1=A)(1=A3)|T(B) |1 =XD(B+ 1)/

A2 |A1]
Aj = 1
3 H—&K‘+H—MQ’
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and f* = Sup0§t§1 |f(t7 Oa 0) O)|
In order to show the existence of the problem (3.1)-(3.2)), we use the Krasnosel’skii’s fixed point theorem. For this
reason, we need to show the following Lemmas. In the first one, we show that the operator A + B leaves B,. invariant.
Lemma 4.2. Assume that the hypotheses (H1)-(H2) are satisfied. Then, for all » > 0 satisfying
A A —
7’22{ L 2 IAL[]T— Ay Az
Na) Ta-1) 1-MT(a+p) T(a+p8-1)

the operator A + B leaves B, invariant.

|8 209" + 8609 + ), (4.2)

Proof . For any u € B, and ¢ € (0, 1), we have

Ay ! a—1 _ A ' —8)72| f(s,u(s), Tu(s), Gu(s))|ds

Al < [ 6= 170, Puls). Gl s + 22 [ 1= 971 uls). Tul), Gt
ol et s uls) Tuls). Cul ) ds
it [ =90 (o). Tuts), Gul)

1
" r(afg_l) / (1 =871 s u(s), Tuls), Gu(s))lds.

Using the hypothesis (H1), we get

M ' — ) Yu(s u(s u(s)|)ds L 1 — )Y (s ]
At <gis [ (=9 ulo) + [Tu(e)| + Gu)ds + s [ (6= 9" 1£(5,0.0.0)a
* 1 1
—|—1_‘(/;2€1)/0 (1—5)0‘2(|u(s)|+Tu(s)—|—|Gu(s))ds—|—r(oi\il)/0 (t —5)*72|f(5,0,0,0)|ds
A ]6" 1 — 8)* B (Ju(s u(s u(s)|)ds
o [ uls) + 700 + Guls))d

|/\1| ! _ atp—1 A39* ! _ \atB—2
+|1—)\1|I’(a+6)/0 (1-s) |f(s,0,0,0)|ds+F(a+B_l)/0 (t — 5)*+B=2(Ju(s)|

1
+ |Tu(s)| + |Gu(s)|)ds + Fmﬁg—l)/o (1 —5)*"P=2|£(5,0,0,0)|ds.

We set g* = sup |g(¢,0)], thus
0<t<1

ST 1 ST a1 [°
au(t)] <2+ 2 =0t [l u(w) = 0.0+ (1.0 dwds

0 0

?EZ; /01(75 — )t /03 5(5,w[|g(w,u(w)) — g(w,0)| + |g(w,0)|}dwds +

AQH* ' a—2 ° B
+ I’(a—l)/o (t—s) /0 (A(s,w) + (s, w))|g(w, u(w)) — g(w, 0)|dwds

Alf* AQQ*H’U’U/H Agf*

+ T(a)  Tla-1) @ Tla-1)

A29* 1 s s
+m/0 (t—s) /O(A(s,w)+5(s,w))|g(w,o)\dwds+

|)\1|9* 1 N B s
e L €9 [ )+ 8wl u(w) = g ) dwds

Ao / ot [ Ayt
TR 9T s w) (s, wlg G, 0)dwds +

D(a+p-1)
Asf” Ast" 1 ) i ) S, w s, w))|g(w, u(w)) — glw wds
T T L 9 [ s+ ds gt uw) = g, 0) o

A30* 1 atf—2 S
s L 9 [+ 8w ot 0)duds.

[As]07[[ull [Aalf*
1=Ml(a+p) 1 -M[T(a+p)

T
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which implies that

Ay Ag |A1] A3 Ao + 0o

[Au(t)] < Ta) + o — 1) TESINCEY: + NCE 1) 0" |ull + Ta) Ar07 A" [u]|
Ar(No + 5%)(?:) AL F>\(oa+ 50)A 6" A" ||u| + Az (Ao +F5((29j91’;+A2f*
+I‘)EO +50)|/\ 10" A% [[ul| + A1l (Ao 4;22{)?:95*)4' |Alf*
e e B
Therefore,
|Au] < [F’?;) + F(O[Ai BT —)\1|)1\“1(a+ﬁ) e ﬁ;_ ) (1 204 + 550736 ]
Ay As I\ Az

+[ +

IN'a) T(a-1) + TN CE R 1)}(9*)\09* + 0" 609" + ).

Similarly, for any v € B, and all ¢ € [0, 1], using the hypothesis (H1), we get

0*A*g* (Ao + o) + f*
T(a+p) '

14+ A"Xo+ Ao

IBol < 2%

0ol +

From the above inequalities, for any u, v € B, and t € [0, 1], we get

Ay As IAi]|1 = A As

[AutBol < [F(a)+F(a—1) 1= M|T(a+B) F(a-i—ﬂ—l)}( T A0l” 4 00"
A Ay IAL]]1— Ay As
{F(a) Tla—1) " JT-n|C(a+B) I‘(a—i—ﬁ—l)]( 0g 0g" + %)

Using the inequality (4.3)) and hypothesis (H2), we obtain
|Au + Bo| <.

Therefore, AB, + BB,. C B,.. This achieves the proof. o

In the second lemma, we show that The operator A is compact.
Lemma 4.3. The operator A is compact and continuous on X.

Proof . Continuity of f and g implies that the operator A is continuous. Also, A is uniformly bounded on B, as

Ay Ao [A1] A . L
[Aull < [F(a) oD T T mrar s F(a+ﬁ—1)}(1+/\0A + 8o A*)0*r
Ay Az |A1] As e .
Jr[I‘(oc) JrI‘(oz—l) * |1 — M\ |T(a+B) T F(a+5_1)}(9 Xog* +60%00g" + [7).

Let u € B,, t1, t2 € [0, 1], such that t5 < ¢, we have

Au(h) - Auy) < 0O Al (ta)] / — ) f(s, uls), Tuls), Gu(s))|ds
i tla_Af % ‘ YO £ (s, uls), Tu(s), Gu(s))|ds
\As tl — As( tz )|

(o + 5 — 5)° TP £(s,u(s), Tu(s), Gu(s))|ds
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Hence, if t; —> to, then |Au(t1) — Au(ts)] — 0 regardless of u € B,. Then A is equicontinuous and so, by
Arzela-Ascoli theorem [8], we deduce that A is compact on B,. So the operator A is completely continuous. This
ends the proof. 0 O In the next lemma, we show that B is a contraction,

Lemma 4.4. Assume that the hypotheses (H1) and (H3) are satisfied. Then, the operator B is a contraction.

Proof . For u, v € B,, and any ¢ € [0,1], using (H1), we have

|Bu(t) — Bo(t)] < ﬁ/@ (t— 5)“+B71\f(5,u(5),Tu(5), G(us)) — f(s,v(s), Tv(s), G(vs))|ds
o* t N

S / (t =)™ (Ju(s) = v(s)| + [Tu(s) = To(s)| + [Guls) = Go(s)|)ds
" t — 8)2T Py (s) — v(s)|ds

< g ) T e — s
+F(9041‘1\‘5)/0 (t— s)o‘+ﬁ_1/0 (A(s,w) + (s, w))|u(w) — v(w)|dwds
0* (1 4+ A* Ao + A*8o)

< a1 5) [l —ol].

Therefore,
[Bu — Bol| < C*|lu — v,
where

9*<1 + A* X + A*éo)
Fa+p)

C* =

By the hypothesis (H3), we conclude that B is a contraction. O
Now, we are in a position to prove the existence result of the problem ({3.1)-(3.2).

Theorem 4.5. Assume that the hypotheses (H) are satisfied. Then, for all » > 0 satisfying
7’22|: A1 4 A2 |)\1||17/\1| A3
Na) Ta-1) 1—-MT(a+p) T(a+p8-1)

the problem (3.1)-(3.2)) has at least one solution on B,..

[0 209" + 0609 + ), (4.3)

Proof . Accordingly to lemmal[£:2] we have AB, + BB, C B,, next the operator A is compact by lemma Finally,
from lemma [4.4] the operator B is a contraction. Hence, for each r satisfying the condition (4.3)), the operators A and
B satisfies the conditions of the Krasnosel’skii fixed point theorem (Theorem [2.6) in the convex set B,. Therefore,
problem — has at least one solution. This completes the proof. [

5 Example

We consider the following fractional problem:

t 1 2 ¢
DT (D u(t) = /t55 H)lds |, t €]0,1
T OPT)ult) = 3556 \ T ) + 3000 /, U 1e0Ids ) £ €0 1L

1 [ T
u(0) = gogull), w(0) = 5mu(D), (5.1)

In this example, we have

tos*
3000

t 1
f(tvxayaz) = m(l"’_kd +y+z>, g(tax) =t|$‘ and )\(t,S) :(5(1&,5) =
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We have
t
If(t, 21,91, 21) — f(t, 22,92, 22)| < m(\xl —xa| + [y1 — y2| + |21 — 22|>a t €]0,1[, 4,95, 2 € R,
and
|g(t,m) - g(ta y)| S t|$ - y|7 t 6]07 1[’ z,y e R.
‘We obtain 1 1
/ s000' 9 =Y ) A0 =090 15000

Hance, C* ~ 2.4 % 1078 < 1. Ten, the problem (5.1)) has at least one solution.

Conclusion

In this paper, we have successfully established the existence result of a nonlinear sequential fractional integr—

differential equations with nonseparated boundary conditions. Our result is obtained by Krasnosel’skii fixed point
theorem. Since theoretical results can help to get an in-depth understanding for the fractional order model, motivated
by the mentioned equation models. It should be noted that we used Caputo fractional derivative because of its
applicability to real world physical problems.
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