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Abstract

In this paper, we are introducing very first time the class of (o, 8,v,J)— convex (concave) function in mixed kind,
which is the generalization of many classes of functions given in [2] Bl [ [I5 [T6 17]. We would like to state the
well-known Ostrowski inequality via generalized Montgomery identity [14] for (a, 8,7, d)— convex (concave) function
in mixed kind. In addition, we establish some Ostrowski-type inequalities for the class of functions whose derivatives in
absolute values at certain powers are («, 3,7, §)-convex (concave) functions in mixed kind by using different techniques
including Holder’s inequality [27] and power mean inequality [26]. Also, various established results would be captured
as special cases. Moreover, some applications in terms of special means would also be given.
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1 Introduction

From literature, we recall and introduce some definitions for various convex (concave) functions.

Definition 1.1. [3] A function : I C R — R is said to be convex (concave) function, if

n(te+ (1 —t)y) < ()tnlz) + (1 —t)ny),

for all z,y € I,¢t € [0,1].
We recall here definition of P—convex(concave) function from [15]:

Definition 1.2. Let n : I ¢ R — R is a P—convex(concave) function, if n is a non-negative and Vz,y € I and
t € [0,1], we have

n(te+ (1 —t)y) < (=)n(x) +n(y).

Here we also have definition of quasi-convex (concave) function, for detailed discussion see [17].
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Definition 1.3. A function n: I C R — R is known as quasi—convex(concave), if
n(te + (1 —t)y) < (=) max{n(z),n(y)}
forall z,y € I, t € [0,1].
Now we present definition of s—convex functions in the first kind as follows which are extracted from [24]:

Definition 1.4. [4] Let s € [0,1]. A function n : I C [0,00) — [0,00) is said to be s—convex (concave) function in
the 15 kind, if

n(te+ (1 -1t)y) < (Z)t*n(@) + (1 —t)n(y),
for all z,y € I,t € [0,1].

Remark 1.5. Note that in this definition we also included s = 0. Further, if we put s = 0, we get quasi—convexity

(see Definition [I.3)).

For second kind convexity we recall definition from [24].

Definition 1.6. Let s € [0,1]. A function n : I C [0,00) — [0,00) is said to be s—convex (concave) function in the
2nd kind, if

n(te + (1 —t)y) < ()t n(x) + (1 —1)*n(y),
for all x,y € I,t € [0,1].

Remark 1.7. In the similar manner, we have slightly improved definition of second kind convexity by including s = 0.
Further if we put s = 0, we easily get P—convexity (see Definition .

Now we introduce a new class of function which would be called class of (s,7)— convex (concave) functions in the
mixed kind:

Definition 1.8. Let (s,r) € [0,1]%. A function n: I C [0,00) — [0,00) is said to be (s,r)—convex (concave) function
in mixed kind, if

n(tz+ (1 —t)y) < (2)t"n(x) + (1 —7)°n(y),
for all z,y € I,t € [0,1].

Definition 1.9. [I6] Let (o, 3) € [0,1]2. A function n : I C [0,00) — [0,00) is said to be (a, 3)—convex(concave) in
the 1% kind, if

n(te+ (1=t)y) < (>)tn(z) + (1 —t7)n(y),
for all x,y € I,t € [0,1].

Definition 1.10. [16] Let (o, 3) € [0,1]%. A function 1 : I C [0,00) — [0, 00) is said to be (o, 3)—convex(concave)
function in the 2"¢ kind, if

n(te + (1 —t)y) < (>)t*n(z) + (1 — ) n(y),

for all x,y € I,t € [0,1].

Next we introduce («, 3,7, §)—convex(concave) in mixed kind.
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Definition 1.11. Let (o, 3,7, 6) € [0,1]*. A functionn : I C [0, 00) — [0, 00) is said to be («, 3,7, §)—convex(concave)
function in mixed kind, if

0tz + (1= t)y) < (2)t* () + (1= t77)n(y), (1.1)
for all x,y € I,t € [0,1].
Remark 1.12. In Definition [I.T1] we have the following cases.

1. If we choose v = § = 1 in (1.1)), we get (a, 3)—convex (concave) in 1°¢ kind function.
2. If we choose 3 =y = 1in (.1, we get (, 3)—convex (concave) in 2"¢ kind function.

3. If we choose « =6 = s, 8 = 1,7 = r, where s,r € [0,1] in , we get (s,7)—convex (concave) in mixed kind
function.

4. If we choose o = = s and v = = 1 where s € [0,1] in , we get s—convex (concave) in 1% kind function.

5. If we choose a =3 =0,and y=6 =1, in , we get quasi—convex (concave) function.

6. If we choose a« = § = s, § =+ =1 where s € [0,1] in , we get s—convex (concave) in 2"¢ kind function.

7. If we choose a =96 =0,and B =~v=1, in , we get P—convex (concave) function.

8. If we choose a = 3 =~ =0 =1 in (L.I), gives us ordinary convex (concave) function.

In almost every field of science, inequalities play a significant role. Although it is very vast discipline but our focus
is mainly on Ostrowski type inequalities. In 1938, Ostrowski established the following interesting integral inequality
for differentiable mappings with bounded derivatives [25]. This inequality is well known in the literature as Ostrowski
inequality.

Theorem 1.13. Let ¢ : [pq, pp] — R be differentiable function on (pg, pp) with the property that |¢'(¢)] < M for all
t € (pa,pp)- Then

‘w(x) ! /pbwt)dt\SM(pbpa) 1+<‘+)

Pb = Pa Jp, 4 Po = Pa

for all z € (pq, pp)- The constant % is the best possible in the kind that it cannot be replaced by a smaller quantity.

The generalization of Montgomery identity via parameter is introduced in [I4] by Dragomir.

Theorem 1.14. [9] If o : [pa, pp] — R is differentiable on [pg, pp] with ¢ integrable on [p4, py], where € € [0, 1], then
the generalized Montgomery identity holds

plpa) +lpy) _ 1 " " /
(I—¢€)p(z)+e 5 T /pa p(t)dt + p— /pa Pz, t)¢ (t)dt,

where P(x,t) is the Generalized Peano Kernel defined by:

_f t—p, if t € [pa, ],
P(x,1) —{ t—v, if te (z,p)

for all x € [u,v] for p = pg + €252% and v = p, — €

Pb—Pa
5 -

Ostrowski inequality has applications in numerical integration, probability and optimization theory, statistics,
information and integral operator theory. Until now, a large number of research papers and books have been written
on generalizations of Ostrowski inequalities and their numerous applications in [9]-[14] and [I8]-[22]. Let [pa,ps] C
(0, +00), we may define special means as follows:
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(a) The arithmetic mean

Pa + Pb
A= A(Pa,l)b) = 9 ;

(b) The geometric mean
G= G(p(upb) = 1/ PaPb;

(¢) The harmonic mean

2
H = H(pa, po) := T 1
Pa Pb
(d) The logarithmic mean
Pa it pa=pp
L= L(pa,pp) = — Pa . ;
(Pa; pr) 1/)177/)7 it pa # o
npp —Inp,
(e) The identric mean
Pa ) it pa=p
I=Ipup)={ 1 (g \#5
- (2 » A pa # po.
e papa

(f) The p—logarithmic mean

Pa it pa=pp
ngrl - pap+1 ‘|

T =

Lp:Lp(Pme):: it pa # po
(p+1)(pa—pp) | ¢

where p € R\ {0, —1}.
In order to prove our main results, we need the following lemma that has been obtained in [5].

Lemma 1.15. Let ¢ : [p4, pp] — R be an absolutely continuous mapping on (pg, pp) with a < b. If ¢’ € L1([pa, pb)),
then € (pq, pp) the following identity holds:

1 Pe _ (z — pa)2 ! ’ (po — x)2 ! ’
o(x) — p—e /pa p(t)dt = m/o to' (tr + (1 — t)pg )dt — ﬂ/o to' (tx + (1 —t)pp)dt. (1.2)

We make use of the beta function of Euler type, which is for x,y > 0 defined as

' T

)

where I'(z) = [;° e “u”"du.

The main aim of our study is to generalize the ostrowski inequality for (a, 8,7, §)—convex(concave) in mixed
kind, which is given in Section 2. Moreover we establish some Ostrowski type inequalities for the class of functions
whose derivatives in absolute values at certain powers are («, 3,7, d)-convex (concave) functions in mixed kind by
using different techniques including Holder’s inequality [27] and power mean inequality [26]. Also we give the special
cases of our results. The application of midpoint inequalities in the special means, some particular cases of these
inequalities given in Section 3. The last section gives us conclusion with some remarks and future ideas.
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2 Generalization of Ostrowski inequalities

Theorem 2.1. Suppose all the assumptions of Lemma hold. Additionally, assume that |¢’| is (a, 8,7, §)—convex
function on [pg4, pp] and |¢’(z)| < M. Then for each x € (pq, pp) the following inequality holds:

! /pbcp(t)dt‘<M ! +B(B%’§H) I(2), (2.1)

p(x) —
‘ (=) Pb = Pa Jp, ay+2 By

where I(x) = W_

Proof . From the Lemma [T.T5] we have

1 Pb _ 2 1 _\2 1
‘g@(x)— / go(t)dt‘ < M/ t|<p’(tac+(1—t)pa)\dt+M/ L (b + (1= pp)| dt. (2.2)
Po = Pa Jp, Po = Pa Jo Po = Pa Jo

Since |¢'| is («, 8,7, )—convex on [pg, pp] and |¢'(z)| < M, we have

/1 tlo' (tr + (1 —t)p,)| dt < M/1 t (tav + (1 - tﬁ’)')é) dt (2.3)
0 0

and similarly
1 1
/ tl' (tx + (1 —t)py)| dt < M/ t(t + (1 —t7)°) dt. (2.4)
0 0

By using inequalities (2.3) and (2.4) in , we get

)

2

1 o ) B (77 5+ 1) o .

‘@(az) - / @(t)dt‘ <M L\ {(x pa)” + (pp — )
Pb — Pa Pa a'y—|—2 ﬂfy Db — Pa

which completes the proof. [J

Corollary 2.2. In Theorem one can see the following.

1. If one takes y = 6 = 1, @ € [0,1] and 3 € (0,1], in (2.1)), one has the Ostrowski inequality for («, 8)—convex
functions in 1%¢ kind:

’s@(x)— . /pbw(wdtISM Ly

Pb = Pa Pa a+2 B

2. If one takes S =y =1,a €[0,1] and ¢ € [0, 1], in (2.1, then one has the Ostrowski inequality for («, §)—convex
functions in 2"% kind:

o= o5 [ <20 (4 G ) 10

a

3. If one takesa = § = s, § = 1,7 = r, where s € [0,1] and r € (0, 1] in (2.1, then one has the Ostrowski inequality
for (s,r)—convex functions in mixed kind:

’gp(x)— L /pbgp(t)dt’§M< ! +B(3’8+1)>1(x).

Po — Pa Jp, rs+2 r
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4. If one takes & = 8 = s and v = § = 1, where s € (0,1] in (2.1), then one has the Ostrowski inequality for

s—convex functions in 1% kind:

’Sﬁ(:c) — /ph so(t)dt’ <M (;2 + b (3’2)> I(z).

Po = Pa Jp,

5. If one takes « = § =0 and =~ =1 in (2.1), then one has the Ostrowski inequality for P—convex functions:

! /pb gp(t)dt’ < MI(z).

p(x) —
’ Po = Pa Jp,

6. If one takes f =y =1, @ = § = s where s € [0, 1], then (2.1)) reduces to the inequality (2.1) of Theorem 2 in [I].

7. If one takes « = f =+ = = 1, then (2.1) reduces to the inequality (|L.2]).

Theorem 2.3. Suppose all the assumptions of Lemma hold. Additionally, assume that |¢’|? is («, 8,7, §) —convex
function on [pg, pp],¢ > 1 and |¢’(z)| < M, then for each z € (pq,, pp) the following inequality holds:

2 q

) o v ) B(m,aﬂ)

z) — t)dt| < . + I(z).
‘@() Pb—ﬂa/ #lt) ‘ @)t \ay+2 By (@)

Pa

Proof . From the Lemma and power mean inequality [26], we have

]w» - / @(t)dt’ < M/Oltlso'(m+<1—t>pa>|dt+M/:ﬂwmﬂl—t)pbndt
< ("Zb__p;f (/;tdt)l}l </01t|g0’ (tx+(1—t)pa)|th)}z
+(ZZ_22 (/Oltdt>1_q (/Oltha’ (tr + (1 t)pb)th>q : (2.5)

Since |¢'|? is (o, 8,7, ) —convex on [pq, pp). and |¢'(z)| < M, we get
1 1
/ ] (tr + (1 —t)pa)|* dt < M‘I/ (7 + (1 —t7)%) at (2.6)
0 0

and

/1 ] (tx + (1 —t)pp)|* dt < M1 /l t(t* + (1 —t77)?) at. (2.7)
0 0

Using the inequalities (2.5)) — (2.7)), we get

2
1 M 1 Blgo+l
/ @(t)dt‘g + (F.041) I(x),

p(r) —
‘ ) Po = Pa Jp, @)'e \ay+2 By

which completes the proof. [J

Corollary 2.4. In Theorem one can see the following.

1. If one takes ¢ = 1, one has the Theorem
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2. If one takes y = d = 1, @ € [0,1] and 5 € (0,1], in (2.5), one has the Ostrowski inequality for («, 8)—convex
functions in 1°¢ kind:

1 Pb M 1 B (%,2) ‘
’WC) P Pa /p w(t)dt’ = (2)"7 \a+2 * B I@).

3. If one takes S =y =1,a €[0,1] and 6 € [0, 1], in (2.5, then one has the Ostrowski inequality for («, §)—convex
functions in 2"¢ kind:

’“"“) o / W)dt’ : <2>A14-é (@ro o 1)1(”2))31@.

a

4. Tfone takesaw = § = s, 8 = 1,7 =, where s € [0,1] and r € (0, 1] in (2.5)), then one has the Ostrowski inequality
for (s,r)—convex functions in mixed kind:

’so(x) ! /pbw)dt]s M ( ! +B(3’5“)>éf<x>.

Pb = Pa Jp, (2)' 7 \rs+2 r

5. If one takes « = 8 = s and 7 = 6 = 1, where s € (0,1] in , then one has the Ostrowski inequality for
s—convex functions in 1%¢ kind:

’30(96)— ! /pbw(t)dt’s M (1 +B(§’2)>;I(x>-

Po = Pa Jp, 2)' 77 \s+2

6. If one takes « =9 =0 and § =y =1 in (2.5)), then one has the Ostrowski inequality for P—convex functions:

’@(x) e i Pa /ppb w(t)dt’ : (2)' "

7. If one takes B =~ =1, « = § = s where s € [0, 1], then (2.5) reduces to the inequality (2.3) of Theorem 4 in [I].
8. If one takes @« = f =~ = = 1, then (2.5) reduces to the inequality (|L.2]).

Theorem 2.5. Suppose all the assumptions of Lemma hold. Additionally, assume that |¢’|? is («, 8,7, §) —convex
function on [pg, pp], ¢ > 1 and |¢’(z)| < M, then for each = € (pq, pv), the following inequality holds:

1 a

1 M 1 Blgotl

‘QO(LC) - / @(t)dt‘ < 1 + <5’Y ) I($)7 (28)
pb = Pa Jy, p+1)r \r+1 By

where p~! +¢ 1 =1.
Proof . From the Lemma and Holder’s inequality [27], we have

o) = oL / "ot <o (f 1t<Pdt); (/ el G+ (1 t)pa>|qclt);

+(’;Z:22 (/Olt@dtyl) (/01|<p/ (tx+(1t)pb)|th)é. (2.9)

Since |¢'|? is (o, 8,7, §)—convex, we have

1 1
/0 l¢' (tx 4+ (1 —t)pg)|? dt < M‘I/O Y (1 —t97)2dt (2.10)
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and

1 1
/O |’ (tz 4+ (1 —t)pp)|* dt < MQ/O £ + (1 —t#7)odt. (2.11)

Using inequalities (2.9) — (2.11)), we get

) 3

1 M 1 Bgotl

\w:)— / @(t)dt‘é - + (o) I(z),
pb—pa Pa (p+1)p a’}"’_l 5’)/

which completes the proof. [J

Corollary 2.6. In Theorem [2.5] one can see the following.

1. If one takes y = d = 1, @ € [0,1] and 3 € (0,1], in (2.8)), one has the Ostrowski inequality for («, 8)—convex
functions in 1% kind:

1 Pb M 1 B (%,2) “
’w(x) P pa /,, So(t)dt’ : (p+1)p \a+1 T8 I@).

2. If one takes =~y =1, a € [0,1] and § € [0, 1], in (2.8), then one has the Ostrowski inequality for («, §)—convex
functions in 2"¢ kind:

1 o M 1 1 \7
\m) - / w(t)dt‘ <M (i) @
P — Pa Jp, (p+1)» a+l d+1

3. If one takes o =6 = s, 8 = 1,7 = r, where s € [0,1] and r € (0,1] in (2.8)), then one has the Ostrowski inequality
for (s,r)—convex functions in mixed kind:

\m) ! /pbw)dt\s M (1 +B(i’5“)>éf<w>.

Pb = Pa Jp, (p+1)r \rs+1 r

4. If one takes « = f = s and v = § = 1, where s € (0,1] in , then one has the Ostrowski inequality for
s—convex functions in 1% kind:

’W)_ 1 /pbw(t)dt’< M (1 +B(32)>éf(x).

Po— Pa Jp, (p+1)% s+1

5. if one takes § =y =1, @« = 0 = s where s € [0, 1], then (2.8) reduces to the inequality (2.2) of Theorem 3 in [I].
6. If one takes « = =0 and =y =1 in (2.8]), then one has the Ostrowski inequality for P—convex functions:

1

B / oty < mzm

7. If one takes a = f =y =0 =1 in (2.8), then one has the Ostrowski inequality for convex functions:

R / CE @ﬁ);[(“’)'
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Theorem 2.7. Let ¢ : [ps, pp] — R be an absolutely continuous. If n : I C [0,00) — R is («, 3,7, §) —convex(concave)
in mixed kind, then we have the inequalities:

" <(1 — () + €<P(Pa) +olp) 1 /pb go(t)dt) < (>) (;b Pa )M [x _1pa /pj N[t — ) ()] dt}

2 Pb = Pa Jp, = Pa

N (1 - (Zb";z)my [ ale- ol

(2.12)

for all z € [u,v] for € € [0, 1].

Proof . Utilizing the Generalized Montgomery identity

(1= (o) + ELLEEB D [T = (2202 | [ g (0al

Pb = Pa Jp, Pb = Pa pu

() [ o],

using the («, 8,7, §)—convexity(concavity) in mixed kind of  : I C [0,00) — R, we have

(1= pte) 4 EELEE) T [T i) < ) (£22) g [ [ et

2 Pb = Pa Jp, Pb = Pa

(-G ) ol o).

(2.14)

for all « € [y, v] for € € [0, 1], which is an inequality of interest in itself as well. If we use Jensen’s Integral identity

1 / o) < () / " oo,

c c

we have

1 [(e-wiwi) <@ [Cale-ne ), (215)

and

1 Po 1 Pb
t— ) )dt) < (> / t— )¢ (t)] dt, 2.16
15 [ e-wea) <@t [Tl g (2.16)
for all « € [u,v] for € € [0, 1]. Making use of (2.14]) — (2.16)), we get

1 (-0t + EL )L / "ptnar) < ) (22 ) [ e a

(- (2)) [ -]

Remark 2.8. In Theorem if we choose € = 0, then (2.12]) reduces to the inequality:

(et = ot [Matnar) < ) (2 ) [ [ ale- pgol ]

n (1 - (2:’;;)“)6 [ ate- el

for all « € [, v] for € € [0, 1]. This completes the proof. O
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Corollary 2.9. In Theorem [2.I] one can see the following.

1. If one takes y = 0 = 1, @ € [0,1] and 8 € [0,1] in (2.12)), one has the functional generalization of Ostrowski
inequality for (o, 8)—convex(concave) functions in 1%¢ kind:

1 ((-apto)+ AL " )

< (20 [ [l e msonal « (1= (E25)) [ e mena).

(2.17)

Remark 2.10. If one choose ¢ = 0, then (2.17) reduces to the inequality:

(et = ot [t < o) (222 ) [ [t pgol]

| + <1 = )B> e e o).

2. If one takes f =y =1, a € [0,1] and § € [0,1] in (2.12)), then one has the functional generalization of Ostrowski
inequality for (a, d)—convex(concave) functions in 2% kind:

. ((1 _ p(a) + 2P ;r wlpw) _ ~ ! - /ppb <p(t)dt> <(>) (Zb_i‘;)a [x jpa /: n[(t — ' (1)] dt}

(1 () [ [ e vona).

(2.18)

Remark 2.11. If one choose ¢ = 0, then (2.18)) reduces to the inequality:

(et = [T otoar) < o) (22 ) [ [t e 0]

a a

i (1 - (;Cb_ifa))a {pblx /:bn[(t—Pb)SD/(t)]dt} ,

3. If one takes « = 6 = s, 8 = 1,7 = r, where s € [0,1] and r € [0,1] in , then one has the functional
generalization of Ostrowski inequality for (s, r)—convex(concave) functions in mixed kind:

. ((1 — Oel) + Plpa) —2F e(py) ~ i - /:b <p(t)d7f> <(>) (;—_[Zlys L _1pa /pjn[(t — W' @®)] dt]

(- G=h) ) G e orona]

(2.19)

Remark 2.12. If one choose ¢ = 0, then (2.19)) reduces to the inequality:

U <<p(x) o i o /ppb <P(t)dt>

a

() ke [ e mostna] (- (222 ) ) [ £ e

4. If one takes a = B = s and v = 6 = 1, where s € [0,1] in (2.12]), then one has the functional generalization of
Ostrowski inequality for s—convex (concave) functions in 15¢ kind:

. <(1 — Oo(a) L Pled) Holp) 1 /”b (p(t)dt>

2 Po = Pa Jp,

< (35) [ [emeona] s (- (25) ) o [ el
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Remark 2.13. If one choose € = 0, then (2.20) reduces to the inequality:

U (@(x) o i o /ppb @(t)dt)

a

<) () [ [ e mona + (1= (2222) ) [ [t — e 0]

a

5. If one takes « = f = 0 and v = § = 1 in (2.12)), then one has the functional generalization of Ostrowski inequality
for quasi—convex(concave) functions:

n((l—e>w<x>+e¢(”a)”(”b)— ! /pbso<t>dt)<<>> [ ale-wewia. 2

2 Po = Pa Jp, T = pa Jp,

Remark 2.14. If one choose ¢ = 0, then (2.21)) reduces to the inequality:

7 («p(:c) - /pbw@)dt) < (>) /mn[(t—pa)go'(t)]dt.

Pb — Pa Pa L= Pa Pa

6. If one takes a« = § = s, f = v = 1, where s € [0,1] in (2.12]), then one has the functional generalization of
Ostrowski inequality for s—convex(concave) functions in 2" kind:

. <(1_6)<p(x)+6¢(/}a)+s@(pb) 1 /”b <p(t)dt>

2 Po = Pa Jp,

< () (2=t ) E=ry / jn[(t—u)s&’(t)] a + (pp:_—;c) L [Cae-veoal]. e

Remark 2.15. If one choose ¢ = 0, then (2.22)) reduces to the inequality:

U (@(w) o i o /ppb w(t)dt)

a

<) [ [ e — g @lar] + (LZ2Y [ [l e o1ar]

7. If one takes o = § = 0 and § = v = 1 in (2.12)), then one has the functional generalization of Ostrowski inequality
for P—convex(concave) functions:

n ((1 —€)p(z) + £lea) ; 2lpn) _ o i o /pb @(t)dt>

1
s(z)x_p

/ it — e (O] di +

Pa

/ph n[(t —v)¢'(t)] dt. (2.23)

Pb— X

Remark 2.16. If one choose € = 0, then (2.23]) reduces to the inequality:

U (@(w) - /pb w(t)dt) <(>) /xn[(t—pa)cp/(t)]dt—&—

Po = Pa Jp, T = pa Jp, po—=

/pb nl(t — po) ¢’ (t)]dt.

8. If one takes a = B =~ =9 =1 in (2.12)), then one has the functional generalization of Ostrowski inequality for
convex(concave) functions:

. ((16)¢(x)+690(pa)+90(pb) 1 /”b (p(t)dt>

2 Po = Pa Jp,

<(>) !

21| / “ale— ol + [ alie= g o] (2.24)

Remark 2.17. If one choose € = 0, then (2.24)) reduces to the inequality (2.1) of Theorem 7 in [6].
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If we replace ¢ by —¢ and « = £2£2> in Theorem we get

Theorem 2.18. Let ¢ : [pa, pp] — R be an absolutely continuous. If n: I C [0,00) — Ris (
in mixed kind, then we have the inequalities

n((e—l)so (%;Lm) _Ew(pa);rw(pb)Jr 1 /“ SD(t)dt)

a, 3,7, §)—convex(concave)

Pb — Pa
pa;rpb By _ )
<) [21/ olt=0glar+ Eh [T = el .29

for all € € [0,1].

Remark 2.19. In Theorem if we choose € = 0, then (2.25)) reduces to the inequality

1 /’Pb <pa+pb)>
tydt — o (P
n(l)b—f)a Pa SO() 2

1 1 2o llh (207 — 1)5 b
< (Z)pb — [20’71 N nl(pa — )¢ (t)]dt + ToFe /pa;pb nl(ps —t)¢'(t )]dt]

Corollary 2.20. In Theorem one can see the following.

1. Ifonetakesy =9 =1, € [0,1] and 8 € [0,1] in (2.25)), one has the midpoint inequality for («, 3)—convex(concave)
functions in 1°¢ kind:

n((e_l)@ (pa;pb>_6w(pa);w(pb)+ 1 /”b@(t)do

Pb = Pa Jp,
Patrp
2

g(z)pbipa [2;1/ 01— t)¢ ()]dt—f—z;_ll /:;b"[(”—t) (Mg]

a

(2.26)

Remark 2.21. If one choose € = 0, then (2.26|) reduces to the inequality:

n(pbipa /ppb w(t)dt¢</m;rm;>)

a

Patprp

2 B _
<) [2(}_1 / o — ¢/ )t + 2 /+ nl(ps — t)e ()]dt]

2. Ifonetakes f =y =1, € [0,1] and ¢ € [0, 1] in (2.25), then one has the midpoint inequality for (¢, §) —convex(concave)
functions in 24 kind:

. ((6 1)y (pa;rpb) _ Plpa) -2F plpp) 1 /”” (p(t)dt)

Pb — Pa

<) [Wllfpwuu—t) Wi+ g [l =1 <>1dt]

atrp
a 2

(2.27)

Remark 2.22. If one choose € = 0, then (2.27)) reduces to the inequality:

! (pbipa /ppb p(t)dt — (Pa;rpb>>

a

1 1 1 e
<(>)

e [ G0 s [T - ()]dt]
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3. If one takes o = § = s, f = 1,7 = r, where s € [0,1] and r € [0, 1] in (2.25]), then one has the midpoint inequality
for (s,r)—convex(concave) functions in mixed kind:

. ((6 “1)p (pa ; Pb) _ #lpa) —2F wlp) | - i - /p’“ (p(t)dt>

a

patrp
2

<z 2" V nl(u— ' (®)] dt + (2 —1)° / 0l — t)p ()Jdt] (2.28)

Pb = Pa Latry

Pa

Remark 2.23. If one choose € = 0, then (2.28]) reduces to the inequality:

n(mipaéi¢ﬁﬂt<m?V%>>

pPatprp

<@ V " llpa — ¢ (Ol + (27 - 1)* /“n[@b—t)w’(tndt}

Pb — Pa

Pa

4. If one takes « = f = s and v = 6§ = 1, where s € [0,1] in , then one has the midpoint inequality for
s—convex(concave) functions in 15 kind:

; ((6_ e (m—;m) B 6<p(pa)—2w(,0b) 4L /pbw(t)dt>

Po = Pa Jp,
<) V "l ne@las @ -y [T -0 <>]dt] (229

Remark 2.24. If one choose ¢ = 0, then (2.29) reduces to the inequality:

1 /p” (pa+pb>>
tydt — o [ B0
n(pb_pa . o(t) @ 5

patrp
2175 s Pb
<(2)— / l(pa — 1)’ (t)]dt + (2° 1)/ nl(ps — )¢’ (t)]dt | -
Po = Pa |Jp, patop
5. If one takes « = 8 =0 and v = § = 1 in (2.25]), then one has the midpoint inequality for quasi—convex(concave)
functions:
patr)  elpa)Felps) 17 2 B
a b a b ’
n e—lgo()—e + / gotdt><> / nl(p—1t)e (t)]dt]| .
(=10 ("5 : o | eoa) <@ [T e

Remark 2.25. If one choose ¢ = 0, then (2.30) reduces to the inequality:

patrp

7 (pb i o /ppb p(t)dt — ¢ <p‘12+pb>) < (Z)pb E o /p 0 (pa — B! ()] dt.

a

6. If one takes « = 6 = s, 8 = v = 1, where s € [0,1] in (2.25)), then one has the midpoint inequality for
s—convex(concave) functions in 2" kind:

. ((6 1) (pa;"[)b> _ #lpa) ;r wlp) | - i - /’“’ (p(t)dt>

Pa

patrp
2

Pb
<

< z)pfl__;a V 0 (u — ) (1)) dt + /M;%n[(v—t) <>]dt] (2.31)
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Remark 2.26. If one choose € = 0, then (2.31]) reduces to the inequality:

oG [ et (B2 ) < )2 [/Wn[@ — e+ [

atryp
2

oy — )¢’ (B)]dt | .

Pa

7. If one takes a = 6 = 0 and § = v = 1 in (2.25]), then one has the midpoint inequality for P—convex(concave)
functions:

. ((6 1)y (m;m) _ Plpa) ;r plpp) 1 /p” (p(t)dt>

Pb — Pa

Pa
Patp
(12 b pb

<) U nl-ve @+ [ nle-vp <>1dt]

Remark 2.27. If one choose ¢ = 0, then (2.32)) reduces to the inequality:

1ot [ e (252)) < o) [/:;pbn[@ ~ o nae+ [

atrp
2

(2.32)

nl(es — )¢ (t)]dt | .

8. If one takes a« = =~ =0 = 1 in (2.25)), then one has the midpoint inequality for convex(concave) functions

. ((6 “1)p (pa;"[)b) _ #lpa) ; plop) 1 /”b w(t)dt>

Pb — Pa

Pa
Patrp

Pb

<) V vl 0@l [, nie -0 <>]dt]

Remark 2.28. If one choose € = 0, then (2.24)) reduces to the inequality (5.1) of Proposition 1 in [6]

(2.33)

Remark 2.29. Assume that n: I C [0,00) — R be an (a, 3,7, d)—convex(concave) function in mixed kind

1. If we take p(t)

l in inequality (2.25) where ¢ € [pa, py] C (0,00), then we have

€
A(pas o) L(pa; po) G?(pas pv)
Patry 5
1 1 2 t— (287 —1)" e t—v
< (> _— dt + dt| .
< (7),% ~ e [QQV—l /pa n [ 12 } 98761 /Ja;pb T\ 2
—Int in inequality (2.25), where t € [pq, pb)

2. If we take o(t) =
. [ln (eXp [eA(In pa, 10 py)] AU (pa, ps) ﬂ

I(paapb)
5
t—p (267_1) Pb t— v
77[ . }dt—l— 95T /)ﬁpbn ; dt| .

patrp
3. If we take (t) =tP,p € R — {0, —1} in inequality (2.25)), where ¢ € [pq, pb)

. {A(pavpb) + (e = 1)L(pa,pp)  Alpa;py) }

C (0,00), then we have

1
<(z
Pb — Pa

1 / 2
20071y,

C (0,00), then we have
0 [L5(pa: pv) — (€ = 1) A7 (pa, po) — €Ala”, 17)]

Pa+tpp )
p(p—1t) 2 -1)" » [pw-1
N [tl—P } dt + 98731 o n|———| dt|.
2

< (> 1 1 2
<(=) — gay—1 ti-p
Pb — Pa Pa

Remark 2.30. In Theorem [2:3] one can see the following.
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1. Letx:’J”Tm’,O<pa<pb,q21and<p:]R—>R+,<p(x):x"in (2.5). Then

M(Pb—Pa) 1 B(ﬁ%’(ﬂ_l) é'

A as _LZ as S 1
[ A (Pas po) (Pas pb)] 27 P 5

2. Let z = ’J“T'“)b, 0<pa<pp,g>land ¢:(0,1] >R, p(x) = —Ilnz in 1} Then

1
2 q
Mp—p) [ 1 B(F0+1)

In’ as —InA a5 < 1
| (Pas pb) (Paspv)| (2)2_5 o +2 By

Remark 2.31. In Theorem one can see the following.

1. Let o = ad2 0 < p, < pp, ¢>1and ¢ : R — R, p(z) = 2" in (2.8). Then

1
1 q
M (pp — pa) 1 +B(ﬂ’6+1)
2(p+ 1) \ov+1 By

‘A (pau Pb) - LZ (paa Pb)‘ S

2. Letx:p"Tm, 0<pa<pyp,g>landp:(0,1] =R, p(z) = —Inz in (2.8). Then

1
1 q
M (py — pa) 1 +B(ﬂ’5+1)

7 (pa,po) —In A (pa, po)| < ;
i I( ) ) 2(p+1)r \ar+1 By

3 Conclusion and Remarks
3.1 Conclusion

Ostrowski inequality is one of the most celebrated inequalities, we can find its various generalizations and variants
in literature. In this paper, we presented the generalized notion of («, 8,7, d)—convex (concave) functions in mixed
kind. This class of functions contains many important classes including class of («, 8)—convex (concave) functions in
1%¢ and 2"¢ kind [16], (s, r)—convex (concave) functions in mixed kind [2], s—convex (concave) functions in 1% and 2"¢
kind [4], P—convex (concave) functions [15], quasi convex(concave) functions [I7] and the class of convex (concave)
functions[3]). We have stated our first main result in section 2, the generalization of Ostrowski inequality [25] via
generalized Montgomery identity [14] with («, 3,7, d)—convex (concave) functions in mixed kind. Further, we used
different techniques including Hoélder’s inequality[27] and power mean inequality[26] for generalization of Ostrowski
inequality[25]. Finally we have given some applications in terms of special means including arithmetic, geometric,
harmonic, logarithmic, identric and p—logarithmic means by using the midpoint inequalities.

3.2 Remarks and Future Ideas
1. One may do similar work to generalize all results stated in this article by applying weights.
2. One may also do similar work by using various different classes of functions.

One may also generalize this work in fractional integral form.

- W

One may try to state all results stated in this article for fractional integral with respect to another function.

5. One may also state all results stated in this article for higher dimensions.
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