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Abstract

This paper introduces novel hyperoperations on metric spaces. While generally non-commutative, these hyperopera-
tions satisfy the weak commutative property. We further establish necessary and sufficient conditions for associativity.
Finally, we obtain a class of I'-H,-groups.
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1 Introduction

The early 20th century witnessed a profound marriage of algebraic and geometric concepts, particularly in the
realm of metric spaces. This fruitful union can be traced back to the pioneering work of Hausdorff, who in 1914
introduced the notion of a topological space [8]. This abstraction liberated mathematicians from the constraints of
specific geometric configurations, allowing for the study of spaces based solely on their topological properties. Building
on this foundation, the 1930s saw significant contributions from John von Neumann and Gelfand with the development
of Banach spaces — complete normed vector spaces [0, [I1]. This theory elegantly combined algebraic structures like
vector spaces with the concept of metric distance, providing a powerful framework for analyzing linear operators
in infinite-dimensional settings. Furthermore, the emergence of functional analysis in 1930, spearheaded by Stefan
Banach [I], marked another milestone in this confluence. This field leverages algebraic techniques to investigate the
properties of functions defined on metric spaces, with applications extending to various branches of mathematics and
physics.

The latter half of the 20th century witnessed continued exploration of this rich interplay. Theories like C*-algebras
and von Neumann algebras emerged, offering a robust framework for studying quantum mechanics and other areas of
mathematical physics. In conclusion, the connection between algebra and metric spaces has flourished as a vibrant
research area for over a century, impacting numerous areas of mathematics and beyond.

The field of algebraic hyperstructures, born from the seminal work of Marty in 1934 with the introduction of
hypergroups, has witnessed a burgeoning literature. A testament to this growth is the abundance of research articles
and dedicated monographs, including the notable works by Corsini and Leoreanu [4], Corsini [2], and Davvaz [5].
Notably, these hyperstructures offer a fertile ground for generalizing classical algebraic structures.
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Connections between hypergraphs and hyperstructures have been explored by several researchers, particularly
in the context of defining hyperoperations based on hypergraph properties [3]. Nikkhah, Davvaz and Mirvakili [9]
extended this connection by introducing a new type of hyperoperation on hypergraphs. Additionally, Hamidizadeh,
Mirvakili and Manaviyat [7], defined a hyperoperation by using open and closed balls in metric spaces.

This paper builds on this research by introducing novel hyperoperations on metric spaces. We investigate the
necessary and sufficient conditions for the resulting hypergroupoids to be hypergroups. Our work contributes to the
growing body of knowledge on the relationship between hyperstructures and metric spaces.

Algebraic hyperstructures represent a generalization of classical algebraic structures. In contrast to classical struc-
tures, where the composition of two elements is an element, hyperstructures define the composition of two elements
as a set. Specifically, let P*(X) denote the set of all non-empty subsets of a given set X. A hypergroupoid is a pair
(X, %), where X is a non-empty set and * is a hyperoperation defined as * : X x X — P*(X), such that (z,y) — xxy.
If A,Be P*(X), then Ax B=U{ax*blac€ A,be B}, z* B={x}x B, and Axy = Ax*{y}. In cases where A =0 or
B =), we define Ax B = ().

A hypergroupoid (X, *) is classified as a semihypergroup (H,-semigroup) if it satisfies the (weak) associative axiom,
ie.,
zx(yx2)=(z*xy)*xz (xx(y*x2)N(z*xy)*z#£0),

for all z,y,z € X. It is called reproductive if z * X = X xxz = X, for all x € X. A hypergroup (H,-group) is
a reproductive semihypergroup (H,-semigroup). If (X, x) is commutative (Weak commutative), i.e., x xy = y x x
(xxyNyx*xx #£0), for all z,y € X, it is referred to as a join space. In such cases, the following implication holds for
all elements a, b, c,d of X:

a/bNe/d# 0= axdNbxc#0.

Let (H,x*) be a non-commutative hypergroupoid. Set a/b={z | a € zxb} and b\a = {z | a € bxx}. We say that
it is a transposition hypergroupoid if for all elements a, b, ¢, d of X:

a/bNd\c#0=axdNbx*c#0.

Numerous authors have studied the relationship between hypergraphs and hyperstructures, as presented in [3], 9].
Let G = (V, E) be an undirected connected graph. Corsini and Leoreanu-Fotea [3] defined hyperoperation o on V such
that for every z,y € V, x oy = N(z) U N(y), where N(z) is the neighborhood of vertex x in graph G. Hamidizadeh,
Mirvakili and Manaviyat [7], defined a hyperoperation by using open and closed balls in metric spaces instead N (z)
in an undirected graph (Notice that every connected undirected graph is a metric space).

We define a metric space (X, d) as follows: A function d: X x X — R is defined as a metric on X if it satisfies the
following properties for all z,y,z € X:

(M1) d(z,y) =0,

(M2) d(z,y) = 0 if and only if z = y,
(M3) d(z,y) = d(y,z), and

(M4) d(z,y) +d(y, z) > d(z, 2)

The real number d(z,y) represents the distance between x and y, and the set X together with the metric d is
referred to as a metric space (X,d) [10]. Let X, = (X,*) and X, = (X,0) be two hypergroupoids. We say that
X. = (X, %) is equal or greater than X, = (X, 0) and write X, < X, if for every x,y € X, x oy C x *xy.

2 Constructing hyperoperations on Metric Spaces

Given a metric space (X, d) and any real number r > 0, the open ball of radius r and center a is defined as the set
B, (a) C X such that B,(a) = {z € X|d(z,a) < r}. Additionally, C,(a) = {z € X|d(x,a) < r}.

rSs rSs

We define four hyperoperations ojj, o2, ol and o as following:

For allr >0,s>0and z,y € X, z 0o}y = B.(x) U Bs(y),

Forallr >0,s>0and z,y € X, zo}5y = B,.(z) UCs(y),
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Forallr >0,s>0and z,y € X, z 0ol y = Cr(z) U Bs(y),

Forallr >0,s>0and z,y € X, z 055y = C,(z) UCs(y),

C

Example 2.1. The real numbers with the distance function d(z,y) = |y — x| given by the absolute difference form a
metric space. For any r > 0 and x € X, we have B.(z) = (x —r,z + r) and for every r > 0, C(2) = [x — r,xz + r].

Then we obtain

Forall?>0,s>0and z,y € X, zojfy=(z—r,x+r)U(y—s,y+s),

Forallr?>0,s>0and z,y € X, zo0}5y=(x—r,x+r)Uly—s,y+s],

Forallr >0,s>0and z,y€ X, zo y=[z—r,c+r]U(y—s,y+s),

Forallr>0,s>0and z,y € X, zoy=[x—r,z+7r]U[y—s,y+s],

In this paper, for the sake of brevity and clarity, X

and (X, ol?), respectively.

? Tce

o2, XTe, X TP and X[P mean hypergroupoids (X, 0}7), (X, 0}%), (X, o%7)

In this paper, when we use hyperoperation o, we mean one of the four hyperoperations defined above.

Theorem 2.2. 1) X7 < X7P < X% and X} < X72 < X[3.

2) For all r < 7" and s < s', we have X]* < X ® when p,q € {b,c}.

Lemma 2.3. Let z,y € X. If r, s > 0, then x o} y is an open set and if r, s > 0, then z o}y is a closed set. Moreover

1) x o}’ y is an open set if d(z,

2) xo;°y is a closed set if d(z,

<rands<r—dz,

< sand r <s—d(z,

(1) (2,y) (x,y)
(2) (z,y) y)
(3) z ol yis an open set if d(x,y) < s and r < s — d(z,y).
(4) (z,y) (z,y)

4) zoly yis a closed set if d(z,

<rands<r—d(z,

Proof . (1) If d(z,y) < r and s < r — d(z,y). We show that Cy(y) C B(z). If z € Cs(y) then d(z,z) <
d(z,y) +d(y,z) <r—s+s=r. So z € By(x). Therefore z o} y = B,(z) and so x o}? y is open.

Proofs of (2), (3) and (4) are by the similar to way. O

Theorem 2.4. For each (z,y) € H:

(1) @wopsy =z oy, xUyossy, where p,q € {b,c}.

q

rSs

(2) For every o € {o},0p%, o5 o5}, we have x € z o x.

(3) For every o € {of, of, off, o} }, we have y € z0z ¢ 2 € y oy

Proof . It is straightforward. [

Theorem 2.5. For every o € {o}f 072 o5 o},

Proof . It is straightforward. O
By (5) and (6) of Theorem [2.5| we obtain:
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Corollary 2.6. A hypergroupoid X € {X[7, X[?, X% X*} is a weak commutative quasihypergroup.

Proof . Weak commutativity obtain from Theorem part (5) and reproduce law obtain from Theorem part (6).
O

Corollary 2.7. A hypergroupoid X € {X[7, X[* X5 X%} is a weak commutative H,-group.

Proof . Let o € {o}},0p5, 05 o7}, By Theorem- part (4), for every z,y,z € X, we have

{2.y,2} C (xoy)ozNao(yo2).
This show that proof is complete. [

Theorem 2.8. [4] Let (X, o) be a hypergroupoid satisfying
(1) zoy=zo0xzUyouy;
(2) r€xoux;
(B) ycrox s reyoy.
Then (X, o) is a hypergroup if and only if
Y(a,c) € X2, cococ—cocCaocaoa.

where cococ=(coc)ocUco(coc).
Hamidizadeh, Mirvakili and Manaviyat [7] by using Theorem show that:

Theorem 2.9. Let (X, d) be a metric space.

(1) A hypergroupoid X7 is a hypergroup if and only if for all z,y € X we have
B (x) = By(z) € B (y),

where B%(z) = U B,.(2).
2€B.(x)

(2) A hypergroupoid X7 is a hypergroup if and only if for all z,y € X we have
CF(z) = Cr(w) € CR(y),

where 02 U C(
z€C,(z)

Lemma 2.10. We have:

(1) zopp ¢ = Brys(x).

@ wopz={ ) 12

(3) zolfx = Crys(x)

rs | Crlx) r>s
(4) xocbx{ Bs(z) r<s
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Example 2.11. Consider G is an undirected connected graph, then the set V' of vertices of G can be turned into a
metric space by defining d(z,y) to be the length of the shortest path connecting the vertices x and y.

In [3], Corsini presents a commutative quasihypergroup Hg associated with a given hypergraph G. Necessary
and sufficient conditions for Hg to be associative are found. For certain classes of hypergraphs that include finite
hypergraphs, a sequence of hypergraphs is described such that the corresponding quasi-hypergroups form a joint space.
Moreover, Nikkhah, Davvax and Mirvakili [9] defined a hyperoperation for all n,m € NU {0} on H as follows:

'mon
V(z,y) € H*,z 0,y = E"(z) UE™(y),

where E°(z) = 2 and E(z) is the neighborhood of vertex z in graph G and E™(z) = E(E" ' (2)) = U,epn-1(2) E(2).
When n = m = 1, the hyperoperation ,,0,, introduced by Corsini [3].

m-n

The hypergroupoid Hg = (H, ,,,0,,) is called a hypergraph hypergroupoid or a h.g. hypergroupoid.

The r-ball B,(z) of center x and radius r > 0 consists of all vertices of G at distance at most 7~ from z: Suppose
that » > 0. Let |r] be the function that takes as input a real number r, and gives as output the greatest integer less
than or equal to r and let [r] be the ceiling function maps r to the smallest integer greater than or equal to r.

Then B,(z) = E"l(z) and C,(z) = E") (). Now we have
% = [r]%Ls]> %be = [r]Fs]> %cb = [11°]s)> Oce = [r1°[s] -
Moreover, for all m,n € N, we have
5" = mOn> Obe’ = mOni1s Coh = m+1%s e’ = m41%n41 -
Therefore, the hyperoperation o} is to coincide with the hyperoperation o in [3].

Theorem 2.12. The H,-group (X, o7} is a transposition H,-group, where p € {b, c}.

Proof . Let a/b={z |a € xoj; b} and b\a = {z | a € boj; x}. Suppose that a/b[)d\ ¢ # () then there exists x € X

such that a € x o) b and ¢ € d o, . First assume that p =b. So a € B,(z) U B..(b) and ¢ € B,.(z) U B;(d). We have

one of the four following cases:

(1) @ € By(z) and ¢ € B,(x), then « € B,(a) and « € B,(c) and so z € aodNboc.
(2) a € By(z) and ¢ € B,(d), then c € aodNboec.
(3) a € B.(b), thena€aodnNboc.

For p = ¢, the proof is similar. (]

Let X be a metric space and D = sup{d(z,y)|z,y € X}.

Theorem 2.13. The hypergroupoid (H,0;7) is commutative, p € {b, c}, if one of the following conditions is satisfied:

(1) r=s,
(2) r>Dors>D.

Proof .

(1) If r = s then in reference [7] the authors prove that (H,o0}?) is commutative.

(2) If r > D then for every € H, we have B,(x) = H and C,(z) = H. Moreover, if » > D, then for every x € H

we have Bg(z) = H and Cs(x) = H. Then for all z,y € H, we have z o5 y = H =y o3 x.

O

Theorem 2.14. Let (X, d) be a metric space with maximum distance D. If for every z,y € X, there exists z € X
such that d(z, z) < D/2 and d(y, z) < D/2, then
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1) If r > D/2 and s > D/2, then z o}7 yobbz) X and opp 2 =X, forall z,y,z € X.

X and

)

2) If r > D/2 and s > D/2, then z o}?
) ol z=X, forall z,y,z € X.
)

( 5 ( (z op; )
( S(yopsz) = (z o} y) Sz=X, forall z,y,z € X.
(3) If > D/2 and s > D/2, then z o} (y 075 2) = X and (z o y)
(4) I+ > D/2 and s > D/2, then  of* ( )= X and (z o7% y)

olsz=2X, forall z,y,z € X.

y OCC z
Proof .

(1) Assume that r > D/2, s > D/2 and r < s. Since (x o} x) o) & C (z opp y) opp 2, it is sufficient to show that
(xopp x) opp & = X. Con51der an arbitrary element y € X. Thus there is z € X such that d(z,z) < D/2 and
d(y,z) < D/2andso z € zojy x and y € zoj; x C (xojf x)op x. Therefore X C (z o} x) ojr « and we are done.

The proof of (2), (3) and (4) is similar to that of (1).

O

The following Example demonstrates that the existence of such a ”z” for every pair of elements in the Theorem
.14l is not a removable condition.

Example 2.15. Let (X, d) be the metric space where d is discrete metric, that d(z, y) =0if z =y and d(z,y) =1

otherwise. Set r = s = % Then for all z,y,z € X, we have x o2 (y 0,5 2) = (z o2 y) ope z = {,y, 2}

In the next Examples some classes of metric spaces satisfying conditions of the last Theorem are introduced.

Example 2.16. For a natural number k, let G be a graph of diameter 2k. Similar to Example (G,d) is a metric
space. Clearly, for all z,y € G, there exists a path of length at most 2k from x to y such as x,z1,...,22t_1,y. Then
d(z,z) < D/2 =k and d(y, zx) < D/2 = k and so such metric spaces satisfy the condition of Theorem

Example 2.17. Let S be a convex subspace of an FEuclidean vector space such as a Cube with side length k of R™.
Since S is convex, the shortest path from « to y is contained in .S, for all z,y € S and so clearly the desired point, z,
exists in the middle of the path. Thus a wide class of metric spaces may satisfy the condition of Theorem

Definition 2.18. A hypergroupoid X is called n-total hypergroupoid if every products of n elements is equal to
X. 2-total hypergroupoid means z oy = X, for all z,y € X. 3-total hypergroupoid means z o (y o z) = X and
(xoy)oz=X, forall z,y,z € X.

Theorem 2.19. Every 3-total hypergroupoid is a hypergroup.
Proof . For every z,y,2 € X, we have z o (yo z) = X = (z oy) o z and so the associative law holds. [J

Theorem 2.20. (1) r > D or s > D if and only if the hypergroupoid (X, o}7) is a total hypergroup.
(2) If r > D or s > D then The hypergroupoid (X, o}?) is a total hypergroup.
(3) If r > D or s > D then The hypergroupoid (X, ol;) is a total hypergroup.

(4) If r > D or s > D then The hypergroupoid (X, o%?) is a total hypergroup.

» Tce

Proof . For all z,y € X and p,q € {b,c} we have x o}2 y = X =y op® x. So (X, 0}}) is a total hypergroup. [
By using Lemma [2.14) and Theorem [2.19) we obtain:

Corollary 2.21. Let (X,d) be a metric space with maximum distance D. If for all z,y € X, there exists z € X such
that d(z,2) < D/2 and d(y, z) < D/2, then

(1) If r > D/2 or s > D/2 then the hypergroupoid (X, o}7) is 3-total hypergroup.

(2) If r > D/2 or s > D/2 then the hypergroupoid (X, o}%) is a total hypergroup.
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r > or s > then the hypergroupoid (X, 1s a total hypergroup.
3) Ifr>D/2 D/2 th he h id olp) i 1 h
(4) If r > D/2 or s > D/2 then the hypergroupoid (X, o%?) is a total hypergroup.

’ Tce

Theorem 2.22. Let r < D/2 and s < D/2. Then the hypergroupoid (X, 0}?%) is a hypergroup if and only if for all
a,b,c € X, one of the following conditions is valid:

(1) if Bo,(a)U B,.(a) U Ca4(c), then B,.(a) U Cas(c) — Bar(a) UCs(c) C Bris(b).
(2) if B.(a ) U Cas(c) C Bar(a) U Cs(e), then Ba.(a) U Cs(¢) — Br(a) U Cos(c) C Brys(h).

(3) if Ba(a)UCs(c) ;(_ B, (a)UCa(c) and B, (a) UCas(c) € Bar(a)UC(c), then (B,(a) UCas(c) — Bayp(a) UCs(c)) U
(Bar(a ) Cs(c) = Br(a )UCzs( ) C Brys(b).

Cs(c) C
(¢)

Cc

Proof . (1) Let (X, 0}7) is a hypergroup and a,b,c € X. Then a op; (boy? ¢) = (aops (bops ¢). So
B, (a) UC(B,(b) UCs(c)) = Byr(a)UB,4s(b)UCas(c)

= B.(B,(a) UCs(b)) UCy(c)
= Bay(a) U Brys(b) UCs(c).

Since Ba,-(a) U Cs(c) C By.(a) U Cay(c),
B,(a) U Ca4(c) — Bar(a) UCs(c) C Bsir(b).
The converse is clear.

(2) follows similar to (1).

(3) Let (X, 0p7) is a hypergroup and let a,b,c € X. Then a op; (bo,? ¢) = (aops (boys c). So

Br(a) U B,45(b) UCas(c) = Bar(a) U By s(b) U Cy(c).
Since Ba,-(a) U Cs(c) € B.(a) U Cas(c) and Ba,.(a) U Cs(c) 2 B,(a) U Cas(c),
(Br(a) U Cas(c) = Bar(a)) U (Cs(c) U (Bar(a) U Cs(c) — Br(a) U Cas(c)) € Boir(b).

The converse is clear. I

Example 2.23. The Example is an Example of metric spaces such that (X, o;7) is a hypergroup. In Example

we can show by choosing the appropriate r and s that (X, o;f]) is not a hypergroup, as a result of these conditions
the Theorem [2.22] does not hold.

Definition 2.24. Let A be a family of hyperoperations on hypergroupoid H. We say that A is mutually weak
associative if for all o, e € A and for every x,y, 2 € H we have

o(yez)N(zey)oy#0.
Theorem 2.25. Set A = {o°|r,s > 0,p,q € {b,c}}. Then A is a mutually weak associative.

Proof . For everyz,y,z € X and p,q,p’, ¢ € {b,c} and r,s,r’, s’ > 0 we have
{2, y,2} Cxopy (yop ,z)ﬂ(xop,q/ Y) Opg Z-

Then A is a mutually weak associative. [

Definition 2.26. Let X and I" be two non-empty sets. Then X is called a I'-H,-group if each 7 € I" be a hyperop-
eration on X such that (X,v) be an H,-group and for all o, 8 € " and z,y, z € X we have

za(yBz) N (zay)Bz # 0.

In fact, I' has a mutually weak associative law.
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Theorem 2.27. Let I' C {o}|r,s € [0,00],p,q € {b,c}}. Then (X,T') is a I'-H,-group.

Proof . For all z,y,z € X and p,q,p’, ¢ € {b,c} and r,s,7’,s" > 0 we have

{92} S @ o (y oy 2) 0 (@ o w) oy 2.

By Corollary we have (X, 0r#) is an H,-group. Therefore (X,T') is a I'-H,-group. O

’Tpq

3 Conclusion

Mirvakili et al. obtained hyperstructures on an arbitrary metric space according to the concept of neighbourhood
in metric space for the first time. In this article, we continued this method and identified another category of
these hyperstructures with a new definition. We also provided the necessary and sufficient conditions for the obtained
hypergroups to participate. For new research in this field, it is possible to mention the construction of non-commutative
hypergroups from metric spaces and the construction of hypergroups from topological spaces, which are generalizations
of metric spaces.
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