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Abstract

In this article, the existence of a solution for non-linear functional integral equations with two variables is considered
in Banach space C([0,b] x [0, ¢]) by applying Petryshyn’s fixed point theorem. Our focus extends to diverse instances
of functional integral equations encountered within mathematical analysis. Our study’s effectiveness is demonstrated
through an example. Furthermore, to confirm the reliability of our proposed approach, we introduce an iterative
algorithm via Sinc interpolation, which effectively achieves a precise, approximate solution.
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1 Introduction

Functional integral equations (FIEs) stand as a pivotal bridge between algebraic systems and continuous functions
in the domain of mathematical analysis and its various practical applications. FIEs with two variables, in particular,
hold a distinct significance due to their capacity to model complex real-world phenomena that extend across multiple
dimensions. These equations offer a flexible framework for addressing problems involving interactions and dependencies
between variables, often encountered in physics, engineering, economics, and other disciplines.

This paper delves into the functional integral equations with two variables, unravelling some mathematical foun-
dations, properties, and a solution technique. As these equations find their roots in both functional analysis and
integral equations, their study amalgamates essential concepts from both fields, making them a captivating subject
of research. Moreover, the applicability of these equations spans a wide spectrum—ifrom describing the behaviour
of physical systems regulated by partial differential equations to formulating optimization problems with intricate
constraints.

FIEs constitute a captivating field within applied non-linear analysis. This domain garners not only the attention
of specialists within its realm but also those whose interests span diverse mathematical avenues, intersecting with
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physics, the theory of gases, radiative transfer theory, engineering, and mathematical biology [0 [7, [8] 18], 19} 22} [16].
In recent times, the concept of Monotone Nonlinear Contraction (MNC) has been adopted by several scholars to prove
the existence of solutions for FIEs [11 [4], [5, (111, [14], [T5] [17] 20} 29].

This study delves into the area of 2-dimensional functional integral equations (2DFIEs), discussing significant
results related to their existence. These equations are crafted using densifying operators within Banach spaces. In the
following sections, we present an existence result for a specific class of 2DFIEs.

Hp )= F (%7,Z(u(%T))7Q(¢,T,Z(¢(%T)))7 / ’ / " W7, v (B, u)))dudw) , (L.1)

where (p,7) € [0,b] x [0,¢]. The primary aim of this study is to establish the solvability of Eq. and derive its
analytic solution using the semi-analytic technique. To accomplish this objective, we employ the PFPT method, which
is regarded as a broadening of Darbo’s fixed theorem [4]. Various researchers have employed Darbo’s condition to
address the solvability of FIEs (as seen in [9] T3], 12} 2] 27]). We utilize Petryshyn’s fixed point theorem to establish
the solvability of Eq. . We now elucidate the key motivations behind investigating Eq. and the resultant
findings.

The foremost rationale lies in the simplification of conditions found in numerous papers. Furthermore, this paper
serves to unify analogous endeavours within this domain. Lastly, the significance of the bounded condition comes to
the fore, highlighting that the sub-linear condition, frequently discussed in the literature, plays a less substantial role.

The paper is structured into five sections, preceded by some preliminaries. In the second section, we delve into
preliminary concepts and present the MNC concept. Moving to the third section, we demonstrate the solvability via
densifying operators using the PFPT method. Section 4 provides illustrative examples showcasing the effectiveness
of our approach concerning FIEs. Lastly, the concluding section introduces an iterative technique utilizing the sinc
interpolation method, culminating in a closed-form solution of considerable efficiency.

2 Preliminaries

Suppose that F is a real Banach space and B, (z) is an open ball with the centre z and with the radius o.

Definition 2.1. [5] Suppose that G C E, the MNC (Kuratowski) of G defined as
o(G) :inf{d > 0| G = Gk with diam(Gy) <6, k= 12n}
k=1
Definition 2.2. [4] The MNC (Hausdroff) defined as
11 (G) = inf {6 > 0 | there exists a finite ¢ net for G C E}, (2.1)

where the expression a finite § net for G C E’ means as a set {21, 22,...,2nt C E, where Bs(E,z21), Bs(E, 22),
..., Bs(E, z,) over G. This MNC is similar in the form

11(G) < a(G) < 2m(G),

for any G C E.

Theorem 2.3. [26] If G,G C F and # € R, then

(i) 41(G) = 0 if and only if G is relatively compact;
(ii) 11(G) < pu(G), for G C G ;

(iii) 11(G) = 1 (ConvG) = 1 (G);

(iv) 1 (GUG) = max{ (G), m (G)};

(v) m(0G) = (6| (G);

(vi) m(G+G) < (G) + m(Q).
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Here, C([0,b] x [0,¢]) is the family of all continuous and real valued functions defined on the [0, b] x [0, ¢] with
2]} = max{|z(¢, 7)| : ¢ € [0,0], 7 € [0, ]}
Fix a set G € C([0,b] x [0, ¢]), for a given § > 0, the modulus of continuity for z is
w(z,0) = sup{|2(p,7) = 2(&, 7)| - 0, ¢ € [0,0], 7,7 € [0, ], | — @, |7 — 7| < &}

Further,
w(G,9) = sup{w(z,9) : z € G}, wo(G) = %inéw(G, 9).
—

In [4], wo(G) is a regular MNC in C([0,b] x [0, ¢]).

Theorem 2.4. [24] Let H : E — E be a function that is continuous in E. H is called k—set contraction if for every
bounded G C E, H(G) is bounded and a(HG) < ka(G),k € (0,1). If

a(HG) < o(G), for all a(G) >0,

then H is called densifying or condensing map.

Theorem 2.5. (Petryshyn’s [26]) Let H : B, — E be a condensing mapping, such that accomplish the boundary
condition

If H(z) = kz, for some z € dB,, then k <1,

then F(H), the set of fixed points of H in B,, is nonempty.

3 Major Results
Here, we investigate the Eq. under these assumptions;
(Th) F € C(I; xR%R), g€ C(I1,R), h € C(Is x R,R), where,
In=ILy xI.,J1 ={(¢,7,2) : 0< p <b,0< 7 <¢,z€R}
L={(p,7,v) €l3:0<Y <p<h0<v<T<ch
w, @, B Iy — Iy.

(T3) there exist non-negative constants aj, az,as and a4, a1 + agas < 1 such that

|F' (o, T, 21, 22, 23) — F(o, T, 21, 72, 23] < a1]|z1 — 71| + az|z2 — 22| + as|zs — Z3);

la(p, 7, 2) — q(p, 72| < aulz — 2[5

(T3) there exists a o > 0 such that F holds the inequality

sup{|F(p, T, 21, 22, 23)| : (p,T) € Iy, 21,22 € [—0,0], z3 € [-bcN1,bcN:1]} < o,

where,
N = SHP{|h(<P,T,1/J,V, Z)| iv(%Tﬂ/%V) € -[2 and z € [703 U]}

Theorem 3.1. Under the (77) — (T3) with a1 + azas < 1, Eq. (1.1]) has at least one solution in F = C(Iy).
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Proof . Introduce

(Hz)(w)zF(so,r,zw(so, Pt (6t ). [ [ wer v, )>>dudw)

We prove that H is continuous on B,. Taking 6 > 0 and z,2 € B, with ||z — y| < 0,

[(Hz)(p,7) = (Hy)(#,7)|

= F(%T,Z(u(% 7)), q(p, 7, 2( / / (o, 70, v, 2(B(¥, )))dvchb)
—F (%ﬂy(u(% 7)), q(p, 7, y( / / (@, 7,0, v,y (B, )))dl/dz/f)‘
< F(somz(u(so, M)l 20 / / (6.7, 0,0, 2(B(8, )))dvdw)
( q(p, 1, 2(d / / (o, 1,0, v, 2(B(Y, V) dydd))‘
+|F ((p,T,y q(, T, 2( / / (o, 1,0, v, 2(B(Y,v) dl/d1/l>
F((p,T,y q(o, 7, y(o / / h(e, 1,0, v, 2(B(, V) dyd¢>|
F((p,r,y q(o, Ty / / h(p, 7,9, v, 2(B(, V) dydz/)>
(so 4,7 y(o / / (6.7 0,0y (B, V) dudw)‘
< arfz(pu =y, 7)| + azlq(e, 7, 2(¢(@, 7)) — al, 7, y(B(p, 7))
+ag| / / W, 5,0 2B, 1)) — hlip, 7, 0 v,y (B, ) s
< arfz(p = y(ule, )| + azas|z(d(e, 7)) — y(d(p, 7))| + aszbew(h, o)
< (m Jra2a4)||2 = yll + azbew(h, o),

where
w(ha U) = SUP{|h(807 T, 1/)7 v, Z) - h(@v T, 1/)7 v, y)| : (507 T, 7/)7 V) € IQ; Z,Yy € [70—7 0]7 ”Z - y” < 5}
The function h(p, 7,1, v, z) is a uniform continuous function on Iy x [—0o,0]. So w(h,o) — 0 as 6 — 0. Therefore,
H is continuous on B,,.

In addition, we show that H satisfied the s densifying map. Choose § > 0 and any z € G, such that G is bounded
subset of E. For (¢1,71), (¢2,72) € Iy with @1 < 9,71 < 79 and @1 — po, 71 — T2 < 9,

|(H2)(p2,72) — (H2)(p1,71)|

F <</> Anlensraaton o Den ). [ [ hoa w260, u)))dudw)

F (so sAutermatonm0(en ). [ [ b (60, u)))dwu)

IN

h(<p2a T2, 11[}3 v, Z(BW: V)))dleZ))

F <<p2,7'2,Z(H(<P2a7'2))7Q(<P277'2’Z(¢(<P277'2)))a/OW :
(). |

/
—F (<P27727Z(M(<P2,T2))’Q(<P2,T272(¢ ©2,72))) 0801 /OT1 h(@ﬁ%%sz(ﬁ(%l/)))d”dw) ‘
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+

F (go S(u(2072))s a2, 72, 26 (02, 72)), / - / " hor s s 2 (B0, u)))dudw)

-F (90277—27Z(:U’(QOQ?T2))’q((plaTlvz((b(Lpl’Tl))%/O@l /Tl h(<P1,7'171/J7Vaz(»3(¢a1/>))dVd¢) ‘

Y1
F(w 72, ({930 72))s a1, 71, 201, 7)) //hw,n,w,uzﬂw, dudw)

0 0
Y1
F(QD y T2, % S0177—1 ) (@1,7—17 90177—1 / / h 801,7'171#71/ Z dVd1/))
0 0
$1
F< , T2, 2((e1,71)), a1, 71, 2(d(01, 1)) / / h(e1,m1,%,v,2(8 d’/de)
0 0

1

%
—F (90177'172('“(@177'1))7Q(<p1a7'17 901,7'1 / / h 80177171/)7’/ Z dde) |
0 0

IN

®2 T2 P1 1
/ / W2 0, b, v, 2(B(8, )i — / / h(or, 1,9, v, 2(B(p, v)))dudip
0 0 0 0

+a2|(1(902772, (d(p2,72))) — q(p2, T2, 2(d(p1,71)))| + azlg(wz2, 72, 2(P(w1,T1)))
—q(p2, 72, 2(9(p2, 2))| + ar]z(p (@2772)) 2(p(p2, 72)))| + w1 (F,9)

a5 // (2, 720, 1, 2(B(, 1)) — hlpr, 71,6, v, 2(B(8, 1)) dvdi

as

IA

h dvd F. 0
+/ / (02, 72, b, v, 2(B(p, 1)) |dvdip + wr (F, 6)
P1 T2
+a3/0 / |h(p2, T2, ¥, v, 2(B(Y, v)))|dvdd + asaq|z(P(p2, 2)) — 2(d(p1,71))|
p2 va
ar|=(u(pn m2)) — 22, 2)))] + as / / (02, 7230, v, (B, 1)) |dvdp + azwn (g, 6).
Y1 v
To clarify, we have

wi(g,0) = sup{lg(, 7, 2) — (&, 7, 2)| : ¢ = P <4, |7 = 7| < 0,2 € [0, 0]},

wl(h7 6) = Sup{|h((p77-7’(/}7 v, Z)
w1 (F,6) = sup{|F'(¢,T, 21, 22, 23) — q(&,

v 2)| e — @l <6 [T =7 <6, (. Y, v) € I, 2 € [0, 0]},

h(4
Ty 21,22,23)| o — @) <O, |7 — 7| < 0,21, 20 € [—0,0], 23 € [-bcNy,beNy}.

From above quantities, we have

[(Hz)(p2,72) — (Hz)(p1, )| < (a1 + azaq)||z(p2, 72) — 2(¢1, 1) || + acwi(g, ) + w1 (F, 6)
+-asbcw; (F,8) 4 dazeN + dasbN + 6azN.

Taking § — 0, we have
w(Hz,0) < (a1 + asaq)w(z,9).

This yields to
i (HG) < (a1 + azas) pa (G),

Consequently H is a condensing map. At this time, let z € B, and if Hz = kz, then, ||Hz|| = k||z|| = ko and
from(73), we get

et = |F (sl alemostote, ). [ [ b s @@ amanas) | <o

for all (¢, 7) € Iy, hence ||Hz|| < o, this means that k < 1. [J
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Corollary 3.2. Let
(c1) F1 € C(I; xR,R), ¢ € C(I1,R), h € C(I2 x R, R),
(c2) there exist non-negative constants aj, as,as,ajasz < 1 such that
|Fi(p, T, 21, 22) — Fi(p, 7, 71, 22| < ai1|z1 — 1] + azl2z2 — Za;
lg(p, 7,2) — alp, 7, 2| < aslz — £[;
(c3) there exists a o > 0 such that Fy does the following inequality
sup{|F1(¢, 7, 21, 22)| : (@, 7) € Iy, 21 € [—0,0],22 € [-bcNy,beN1]} < 0,

where,
N = sup{|h(p, 7,0, v, 2)| : Y(p, 7,0, v) € Iy and z € [—o,0]}.

Then,
o) = Fy (go,r,qmnzw(w)», I h(sm,w,u,zww,u)))dudw), (3.1)

has at least one solution in C'(Iy).
The proof of this corollary is linked to the Theorem

Corollary 3.3. Let
(S1) Fr e C(Ih xR,R), g € C(1,R), h € C(Is x R,/ R),
(S2) there exist non-negative constants f1, fo such that
late, 7,0 < fi,  [F2(p,7,0,0)| < fo
(S3) there exist non-negative constants 0 < a1, as < 1 such that
|Fo(p, T, 21, 22) — Folp, 7, 21, 22| < a1]z1 — 21| + aglza — 23
la(p, 7, 2) — alp, 7, 2| < as|z — 2];
(S4) there exist non-negative constants dj, ds such that
|h(@, 7,9, v, 2)| < di + daz];
(S5) a1 + as + asbedy < 1.

Then,
2p.7) = alr, 20, 7)) + Fo (go,mww», / / h(m«mu,zw(w,u)))dudw), (3.2)

at least has one solution in C(Ip).

Proof . Let 0 = 1ivf{;17 where N1 = a1 + ag + asbeds, No = p+ asbed; + v, and
F(@a T,y 21, 22, 23) =21+ FQ(SOv T, 22, Z3)a
where,

21 = qlou T 2 7)))s 23 = / ’ / "B 7, v, (B, 1)) v,

It is note that (T%) is handled by (S2). Now, we show that (S3) is fulfill, we have

)

o) = oo 2(6lo. ) + By (w,zw(w)), / ’ / ' h(sm,w,u,zw(w»)dudw)
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IN

lq(p, 7, 2(0(p, 7)) — a(e, 7, 0)| + [a(e, 7, 0)]
sarls(ulpe )|+ aa] [ [ e 25000 dvds] + |Fali 7,00,

as||z|l + a1l[z]| + f1 + asbe(dy + da||2]]) + fo,
(a1 + a3 + azbedy)|| z|| + f1 + azbedy + fo,

IAIA

for all (¢, 7) € Iy, hence

sup | F'(p, T, 21, 22, 23)| < N1o + Na = Ny 1 iVZNl + Ny = 0.
U
Corollary 3.4. [10] Let
(E1) Ae C(Iy,R), F3 € C(I; xR, R), h € C(Ix x R,R),
(E2) there exist non-negative constants 1, s such that
Al D) <l [F3(p,7,0,0)] < y;

(E3) there exist non-negative constants 0 < ay,as < 1 such that
|F3(p, 7, 21, 22) — F3(p, 7, 21, 22| < anlzn — 21| + azlze — 225
(E4) such that non-negative constants dj,ds such that
|h(o, T, 21, 22, 23)| < b1 + baz];
(E5) a1 + agbcby < 1.
Then, .
(o) = Al + B (emsto), [ [ bt mavas). (33)
at least has one solution in C'(I) = C([0, 1] x [0, 1]).
Proof . Let 7 = 1572&’ where P; = aq + asbchs, Py = asbeby + I + 11, and
F(o,T,21,22,23) = A(p, T) + F5(, T, 21, 23),
where,

LP T
- /0 /0 W, 7, v, 2(4p, 1)) dudi.

It is note that (7%) is handled by (E2). Condition (E3) is fulfill, we get

el = Ao+ B (oo, [ [ e |

@ pT
< ‘Q3 (@,T,Z((P,T),/ / h(@ﬂ?%’/,Z(%V))dde) —Q3(<,077'7O,O)’+|F3(<,0,7',0,0)|+|A(<,077')‘7
0 0
@0 pT
< alsenlvas] [ [ hlervims)dude] + [Fa(o,m.0,0)] + 4G, 7,
0 0
< arllz]| + azbe(by + ba|z|) + 12 + 11,
S (a1 + GQbeQ)”ZH + GQbel + lg + ll,

for all (¢, 7) € Iy, hence
Py
1—P

Sup|F(S07T721722523)|§P10+P2:P1 +P2:O'.
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4 Applications

In this part two examples for two-dimensional functional integral equations are considered.

Example 4.1. In this example we consider the following functional integral equation

2(p,7) = q(p, T / / (o, 7,0, V)Q(Y, v, 2(Y, v))dvdip,

where h(p, 7,9, v, 2(¢,v)) = P(e, 7,9, v)Q(, v, z(1,v)), which is a generalization for the two-dimensional Hammer-
stein integral equation [25]

z(p,7) = q(p, T / / (@, 7w, 1, 2(v, ¥))dvdip.

It is the well-known 2D Fredholm integral equation which treated by different authors; for instance see [3].

Example 4.2. In this example, we take into account to the following 2DFIE

e ¥T
2(1 + p272)

for (¢, 7) € [0,1] x [0,1] = I. Here, we get

YT

1 2.2
2(p,7) = ?) + MSHM o, T / / Yy sin z(¢Y, v)dvdy (4.1)

COS (

o(p,7) = B, 7) = (p,7),

e 7" or, 1 1
F(p, 7,21, 22, 23) = WCOS( 3 )+122+§z37
(o) = 22T sin (o)
T,2) = ———F 5 sz, T
q@a ) 2_’_3@472 SO, 5

h((p’ T’ ,lfzjﬁ 1/7 Z) = /l/}V Sin Z(w? V)'

It can simply mark that F, g are continuous functions, and

N 1 R 1 )
|F (@, T, 21,22, 23) — F(p, T, 21, %2, 23)| < Z|Z2 — Zo| + §|Z3 — 23],

R 1 R
la(e,7.2) —ale, 7,2 < 51z = 2],
Here ay = %, as = % and a4 = 1 It is clear that the functions hold the (77)

and (7). Now one may control that
the (73) also holds. Take o = 3, then we get N <1 and for ,7 €[0,1], 22 € [-3, %

|, z € [-1,1]}

e~ 7 ©T 1 4
sup{|F' (¢, 7, 21, 22, 23)| < sup \WCOS( 3 )+ 172 + *23| g

Hence, (T7) — (T3) are fulfill. Thus, by Theorem the Eq. (1.1) has a solution in C(I).

5 An iterative technique

Deriving the analytic solution for Eq. (4.1) proves to be a complex undertaking. Consequently, resorting to
numerical techniques offers a viable approach to approximate its solution. Several numerical methods, rooted in
collocation, expansion, and projection techniques, have been documented in literature [23] 28] 31} 32]. These methods
typically transform the non-linear complexities into an algebraic system with indeterminate coefficients. However, our
approach diverges by employing 2D sinc interpolation to devise an iterative method for approximating the solution.

The distinctive facet of our technique lies in its divergence from the conventional practice of expressing the nonlinear
problems as algebraic systems through the expansion of z(s,t) using Sinc functions featuring unknown coefficients.
In contrast, our technique streamlines computations by obviating the need for such conversions. Additionally, our
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method boasts exponential precision, akin to the exponential accuracy observed in [30]. This translates to significantly
enhanced computational efficiency, a characteristic that sets our approach apart. Let us to consider sinc function [30]:

in(77)
sine(r) = { jmﬂ T 7“()) (5.1)
, 7=0.

For step size h > 0, the k’th sinc function is introduced by

- T —kh

S(h, R)(7) = sine(—==), k=0,%1,42,... (5.2)
and therefore, easily we conclude that
sy s | Lk=j
(i) = oy = { ¢4 27 53)

Assume v is a function defined over R, then for h > 0 the series,

oo

C(v,h)(r) = Y o(kh)S(k, h)(r), (5.4)

k=—o0

is called the Whittaker cardinal expansion of function v, which is convergent (see[30]). Obviously by (5.345.4]) cardinal

function interpolates function v at the points {kiz}zoz . Because the subintervals for integrating in l) are [0, ¢]
and [0, 7] with ¢, 7 € [0, 1], then for applying Whittaker cardinal expansion we present the following conformal map:

¢ :[0,1] — (—00,00) (5.5)
t — In(%)

easily, we have }1_>mO (1) = —oo and Th_}rnl ¢(17) = 00. By 1) and 1) a two dimensional combination of the functions

S(k,h) and ¢ is given by S(k, h)od(p)S(k', h)od(r) with domain [0,1] x [0,1]. Thus the integrand function z(¢,v) in
1) may be approximated by interpolation S(k, h)qu(w)S(k', h)op(v) as follows,

Z Z (kh, k' h)S(k, h)op()S(k , h)op(v). (5.6)

—NE' =—N
Con51der1ng ) and . if p(v) = = kh and o(v) = k'h, for k, k' = —N,..., N, then zn(kﬁ,k‘/iz) = z(kﬁ, k/fz).
That is is mterpolatlon of the function z which the interpolating points are,
R ekh
up = ¢ (kh) = — k=-N+1,....,.N, ¢o_ny=0 (5.7)
1+ ekh
_1 ’ A ek,il ’
Sk/:¢ (kh):m, k:_N+1,,N7 thZO

Similar to [30], by using (5.455.7)), we compute the integral on [0, ] x [0, 7], for ¢, T € [0, 1] as

vl ~ h2
R onaay =i 8 5 0

here, (s =)
v ¢ () k(1 — k)

Now, with the help of (5.655.8]) an iterative algorithm to solve E.q (4.1]) is given.

¢ =,v. Thus, 1) is an extended results of [2] in two dimensional.
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Algorithm
Z0(<P7T) =Y
- e %7 T 14272
Zn+1(<P,T) - 2(1 +<P27—2) cos ( 3 )+ 4(2+3(P472) Sm(zn(@ﬁ)) (59)
i],2 N N
+? Z Z (¢ka’)2(1—wk)(l_l/k’)zn(¢kal/k’)7 ’I’L:O,l,2,...

where the points 9, and v+ for k,k/ = —N,..., N are given by . For some values N = 5,10 and h = 5000 We
achieve a sequence of approximate solutions z;(p,7) for i = 0,1,... by . Because the solution is in Banach space
C(I) = C([0,1] x [0,1]), it’s enough that we show the above sequence is a Cauchy sequence. To this end consider to
the terms of the sequence as follows,

zo(p,7) =0 (5.10)
e ¥7 cos &-
_ 3
21((,077—) - 2+ 2@27_2
1+ @272
z9(p, 7) = 0.0000706468 4 z1(p, 7) + ST 12007 sin(z1(p, 7))
1 2,2
23(, ) = 0.0000796307 + 2, (0, 7) + 8:1% sin(z2(p, 7))
1 2,2
2a(p, ) = 0.0000807123 + 2, (0, 7) + 8:1% sin(z3 (e, 7))

1 + 8027-2

sin(z4(p, 7))

etc.

Since max(%) ~ 0.14 and max(sin(z1(p,7))) =~ 047, for all (p,7) € I, 1) is a Cauchy sequence.

Therefore ||25(¢,T) — 24(p, 7)|| < 8.7 x 1075, and hence we can get 25(p, T) as an approximate solution of (4.1]).

6 Conclusion

We established the existence result for non-linear functional integral equations with two variables in C(Ij). More-
over, an example is exhibited to prove the proficiency of our results, and we have created an iterative algorithm by
Sinc interpolation to find an approximate solution for the preceding problem with acceptable accuracy.
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