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Abstract

The purpose of this study was to estimate the unknown regression function h in a regression model having errors-in-
variables: (Y, X), where Y = h(U) + E and X = U + T. We propose a new adaptive estimator through the wavelet
shrinkage method to estimate h. In particular, the block thresholding method has been investigated by considering
some simple assumptions on E. Finally, using a simulation study, we have compared the proposed estimator with
other threshold estimators.
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1 Introduction

We are observing n pairs of independent random variables, denoted as (Y1, X1), (Y2, X2), ..., (Y,, X,,), in an errors-
in-variables regression model. In which value of 7 € {1,2,..,n}, the model is as follows:

Y, =h(U;) + € (1.1)
X, =U, + T,

Here, we have a scenario where h is an unknown regression function, and we are given n identically and independent
i.i.d random variables X; through X,,, which follow a uniform distribution of [0, 1]. Additionally, T; and ¢; are also
i.i.d unobserved random variables, €; has zero mean. With the known probability density function of T; denoted as
f. We suppose that all these random variables are independent, and €; through ¢, have finite moments of order 2.
Our goal is to estimate the unknown function h based on the observed data (Y1, X1), (Y2, X2), ..., (Y, Xn). A lot of
attention has been given to estimate h using model , as evidenced by sources like [5, 6] [7, 8, [10, [11]. However,
this paper focuses on a broader problem: adaptively estimating h. The study also deals with €1, ...,€,: to estimate
h, only the finite second order moments of €; are assumed. We don’t need to understand the distribution of €;. The
assumption in [5], is being made easy, which requires finite moments bigger than 6 for €;.
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2 Consideration and notations

We suppose that the sequel that h and f € L2,.[0,1], where

per
L 1/2
LZW[O, 1] = {h; h is one — periodic and ||h||2 = (/0 hQ(x)dx> < oo} . (2.1)

We consider there are a known fixed U, > 0 such that

[|h]loc = sup |h(z)] < U, < 0. (2.2)

z€[0,1]

2
per

Every function h € L2, ([0, 1]) can be illustrated by its Fourier series

h(t) =Y F(h)(q)e*™ ", te0,1] (2.3)
qeZ

in which F'(h)(q) refers the Fourier coefficient is offered by

1
F(h)(q) = / h(x)e 2™ dy, g€ Z (2.4)
0
whenever this integral exists. We take account the ordinary smooth type on f: these are three fixed, uy > 0,Uy > 0
and ¥ > 1, which that, every ¢ € Z, the Fourier coefficient of f, i.e. F(f)(q), is related to

U U
W < [F(f)(g) < W

(2.5)
3 Function Space and Wavelets
3.1 Periodized Mayer Wavelets

We use an orthonormal wavelet, which is produced by dilation and transmission of a “father” wavelet of Mayer-type

 and a “mother” wavelet of Mayer-type . The principal characteristic of such wavelets are:

1 - Wavelets are smooth and frequency band-limited, i.e., the Fourier transforms ¢ and ¢ have compact supports
with
supp(F(y)) C [-4n3~ 1, 47371

and
supp(F(¢)) C [-8m37 1, —273 U 27371, 8737 1].

where supp denotes the support.

2 - If the Fourier transforms of m and { are also in C™ for a chosen m € N, then it can be easily shown that ¢
and ¢ obey
()] = O+ [t)™™h), KB =01+ [¢) ™),

for every t € R.

3 - The function (¢, () is differentiable for all degree of differentiation. because their Fourier transform has a
compact support, and ¢ has an infinite number of vanishing moments . that is, for each v € N | ffooo z'dr =0

For the purpose of this paper, we use the periodized Meyer wavelet bases on the unit interval.For any z € [0,1] ,
any integer j and any k € {0,...,27 — 1}. Let

ik =202 —k), =222z —k) (3.1)
are the elements of the wavelet basis, and

@)= pinle—q), Y@= Grlz—aq) (3.2)

qE€Z qcZ
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where, that is periodic. There is a j* € Z in a way that the set D = {Q}}, k € {0,...,29" —1}; ¢, J €
N—A{0,..,j* =1}, k€{0,...,27 —1}} is an orthogonal basis of L2.,.([0,1]). In the following, index “per” is removed.
Consider j. € Z, which that j. > j.. A function h € L2_,.(]0,1]) it would be developed into a series as

per
27 —1 o 2—1
W)= > ajoxpik@) + > Y BikGir(@) (3.3)
k=0 j=Jjc k=0
where ) )
ozj,k:/o hz)p; rde, 5]-7;6:/0 h(x)éjykdx. (3.4)

3.2 Function spaces

We will define the function spaces the function spaces that will be utilized in the formulation of our maxiset.To
enhance clarity, we will use the following symbols for notation.

2= 2=

KeA; (K) keBjx

3.3 Besov balls

Let M >0,5s>0,p>1andr > 1. Set 3;, 1% = aj, - A function h belongs to the Besov balls B, ,.(M) if and
only if there is a constant M* > 0 which that the wavelet coefficients (3.4]) is related to

0o 27 _1 1/p\ T\ 1/7
( 3 <2](3+1/2—1/P)<Z |ﬂj,k|”> ) ) < M
Jj=Jj«—1 k=0

For a particular choice of parameters s, p and r, these sets contain the Holhder and Sobolev balls.

Definition 3.1. (Strong Besov spaces) Let 1 < p < co. We say that a function f € LP([0, 1]) belongs to By , if and

only if there are R > 0 which that
P

sup 27P Z Z BikCik|| <R <oo.

>0 J<ykeEA;

Definition 3.2. (W-spaces) Let 0 < 7 < p < oo and ¢ = (0;); be a positive sequence. We say that a function
f € LP([0,1]) belongs to W, (r, p) if and only if there exists R > 0 such that

o forp>2
p

bupvr PAN T Bikd iy, y<ro,3Gik|| < R <o

kEA,
J p

o for p<2

7S 5 Bl 2 € R <
J kEA;

where b;(p) shows the normalized [,-norm of wavelet coefficients (3;x)rea, i.e:

p

bj(p) = | 277 Z 1B k"

keA;
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Definition 3.3. (W-spaces) Let 1 < p < o0, k € R, ng € N and let o = (0;); be a positive sequence. Let us
consider the sets §; x with [; < In(n)¥, we say that:

1- A function f € LP([0,1]) belongs to W, j », if and only if there are R > 0 which that for p > 2,

P
ST SER1 ) 5) ) ST NSNIENON ey
n=mo meN i K (K) - »
for p <2
sup n'7 Z 2_mpzzz 155 k|p (P)<k2mn_710:}2j(§_1) s R
n>no meN i K (K) - ’

2- A function f € LP([0,1]) belongs to W} if and only if there are R > 0 which that :

,kyno
sup n°z - kP <R < o0
womo Z ; (%:) Bisliy, iy zhamn T ayy k| Ip = ’

where b; i (p) shows the normalized I,,-norm of wavelet coefficients (5;x)reB, , i-e-

i = e D 1Bkl

(K)

)

Definition 3.4. (Maxisets) Let 1 < p < oo and ng € N. Let fbe an estimate of f. The maxiset of f of the rate u,,
under the LP risk is the set of functions f such that exists R > 0 satisfying

sup v, "E7(||f = fII5) < R < oc.
n>ng
Such maxiset will be denoted M, (f,p,un).

4 Estimators

In this section, the estimators introduced by [2] are described as follows.

Wavelet coefficient estimators: For any j > j. € Z and any k € {0,...,27 — 1}, we estimate Qjr =
fo ‘ij r)dz by

Z Z (P] k ( 672i7rsz,/ (41)

v=1seC} q

H; = supp(F(p;,0)) = supp(F(pj;x)), and B = fo 7)Cjx(x)dr by

R 1 &
Bik = — Y Guljc,i<n,ys (4.2)
v=1

where

G _ Z FCJk ( 727571'51:1,

q€D; q

H,; = supp(F'(¢;,0)) = supp(F(jx)), and threshold n; is defined by

o In
. — 9997, |
i Inn

¥ = \/H..(H? + E(£})), H, is (3) and H,, = 2°71(2/c2)(87/3)?*. We consider two wavelet estimators for f : a linear
estimator and a nonlinear wavelet estimator based on block thresholding method.
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Linear estimator: Assuming that f € B; (M) with p > 2, we define the linear estimator fE by
290 —1
fL(x) = Z @jo»k@joyk(x)’ (4.3)
k=0
where @, is explain by and jo € Z is related to

9= 11/ (20+26+1) < 9jo < 91/(2a+20+1)

Block thresholding procedures: Let 1 < p < oo and 0 < v < 2. Let j; be an integer satisfying
271 < In(n)3"
and o be a known increasing positive sequence such that there exists v > 0 satisfying,
0j, < 1In(n)".

Let j> be an integer satisfying 2/2 < n2 . For all j € {41, ..., j2—1}, let us divide A; into consecutive nonoverlapping
blocks Bj i of length j; i.e.,

BjJ(:{keAj5(K_1)ljSkSKlj_1}7 KGAJ‘,

where the sets A; are defined by ‘
Aj={1,..,271; 1}

We can express the block thresholding procedure f by:

f@)=) dpppnnr@+ > > > Bjﬁkl{i,jyk(p)zkgjn%l}Cj:k(”j)’ z € [0,1], (4.4)

i< J1<j<j2 K€A; k€Bj k

where is a positive real number and b; x (p) is the normalized /,-norm of estimators (5 x)reB; x i-©.,

bi() =" D 1Bk

k€B; Kk

p)%.

Starting from this general definition, we distinguish two kinds of procedures:

1. The global thresholding procedure which corresponds to the procedure f described by (4.4)) with
;=2
such procedure will be denote fg.

2. the blockShrink procedure which corresponds to the procedure f described by (4.4) with

p

Zj = ln(n) 21

such procedure will be denote f°.

5 Results

Let us first set the assumptions we shall need to prove our Theorems.Let us recall that the &;; and ng are
estimate of the wavelet coefficients «; ;, and 3, and that o; is a known positive sequence.

Assumption 1: There is a fixed number C' > 0 which that the following moments condition hold:
~ =P
E}L(‘ajhk - O‘jl,k|p) < CO—;)1n i

Assumption 2: There is a fixed number C' > 0 which that the following moments condition hold:

E}L(|B]7k - aj7k|2p) S CU‘?f)n_p j € {j17 "'aj2 - 1}
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Assumption 3: There is a fixed number C' > 0 such that the following moments condition hold:

P! Z 1Bj.5 — ok

(K)

p)% > /\an%l) < Cnih(A% K e A]a .] € {jla "'an - 1}7

where A is a large enough real number and h is a positive function such that lim,_, h(z) = co.

Assumption 4: There is a fixed number C' > 0 which that the sequence o and the integer j, satisfy the following
weighted inequality:
p
D> 2 ojllcially < Onf.

j<j2 kEA;

Theorems below investigate the maxiset properties property of the block thresholding procedure f 9 and f ? measured
under the L risk for the rate of convergence nz .

Theorem 5.1. Let 1 < p < 00, 0 = (0;); be a known positive increasing sequence and let f be the block thresholding
procedure described by (4.4)). Then under the assumption 1-4 | for any « € (0,1), any k > ko with ko large enough,
the maxiset associated to the global thresholding procedure satisfies:

Mno(fgvpan%w) g Bpj@O mWU((l - Oé)p,p)

and the maxiset associated to the BlockShrink procedure satisfies:
M, (fo)pv n#) - BKOO m W*Uak,no((l - Oé)p,p).

Theorem 5.2. Let 1 < p < 00, 0 = (0;); be a known positive increasing sequence and let f be the block thresholding
procedure described by (4.4).Then , under the assumption 1-4, for any « € (0,1), any k > ko with ko large enough,
the maxiset associated to the global thresholding procedure satisfies:

Byoo [ W6 (1 = @)p,p) € My, (f,p,n72"),

and the maxiset associated to the BlockShrink procedure satisfies:

~ —ap

BIEOO ﬂWU;k?,no((l - a)p7p) g Mno<f07p7n 2 )

Theorem 5.3. Let | <p<oo,R>0,5>0,0=(2%); and f be the Block Shrink procedure taken with v = TZ%.
Under the assumptions 1-4, for s > 0, r > 1, m > p, any k > kg with kg large enough, there is a fixed C' > 0 such
that:
sup  ER(||f — f|[}) < Cnt7855, n > ng
feB; (R)

Remark 5.4. According to [I], the threshold value w = 4.50524 is obtained by solving w — Logw — 3 = 0. This
threshold value is obtained so that the wavelet estimation is optimized.

Remark 5.5. Based on the optimal properties of local and global optimization, the optimal block length is L = Logn.
Considering the length of the block and the threshold value introduced in the local and general modes of the obtained
wavelet estimator, it is simultaneously adaptive.

To prove Theorems and we need to prove assumptions 1 to 4 for regression model error-in-variables.
So, to prove the theorems, first, we prove assumptions 1 to 4 in the estimation model of the regression function with
error-in-variable. Author in [2] has proved assumptions 1 and 2 in the case of p = 2. To prove assumption 3, we
consider the following lemma.

Lemma 5.6. (Cirelson, Ibragimov, Sudakov’s inequality) Let (g;,t € T') be a Gaussian process. Let defined
N = E[sup,er 0¢] and W = sup,er Var(g¢). Then, for all ¢ > 0 we have,

2

—C
>c4+N)< —).
p(fgg 00 >c+N)< exp(QW)
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In estimating the regression function with the error-in-variable using the wavelet method, we have the following
relationship for the wavelet coefficients:

N C k ( P
ejkn = Bjk — Bjk = Z Z j 2imay

1/1q q

Let us set Cq = {a = (ajx); Xk lajk|? < 1} in which ¢ € R is related to ¢ +p ' =1and {Z(a);a € C,4} the
centered Gaussian process can state as:
Z(a) = a;rejkn-
(K)

So we can say:

sup Z(a 1p,
Using Holder’s inequality and the assumption 2, we consider
N = E}(sup Z(a)) <Y (Eflejinl’)/? < (Cn=22%%515)1 /P (5.1)
aeC
a (K)
and
W = sup Var(Z(a)) = sup E| Z Z @5k (€5.knE; f ] (5.2)

acCy acCy kEBJkkeB P

-2 C] 727J7rqz,, CJ —2imdx,
= s E[ Y. Y ajka]kzzz X k; (( 1;223056 )

acCy

kengkeB " v=1 gq
— n2gu @ina - F(Gk)(9) 2 p(p—2im(a—dzy (Ca, )()
w2 2 il 2 Ty P Fo@ !

_ 77,7 su ajra, - F(Cj,k)(q) 672i7rqa:,, (CJ k)(q) ef2i7rq'w,,
- pPLY D e 22 T ¢ R ¢

eCy
“ kEB] kkEBJ k

. n P @ . FGD@
neml DL D w20 F ) VFH@ D

aGCq kGBJ & kEB] . v=1 ¢q g

where d is a constant as follows: 4 ]
d= E(&,)?E(e”2ma- D),

So relation is:
_ - F(Gr)(q)F (¢
n~2 sup [ Z Z aj, kaﬁkzz J’C )|12k)( q)

acCy kEB; & k‘GB] X v=1 ¢q

= n tsup| Z Z a],kajk/ Cie(2) Gk (2)d| F(f)(q)| 2

“€C% reB,; 4 keBj

1
< "Jmsup > X “Jk“ﬂ/ ule)sulz)de

Y keB;x keBj

Cy
1 . 2
= e S () s

€0 keB, .

)y <n7lC.

If p = 2 in relation (5.1)), then we have from relation (5.2)) and Sudokov-Ibragimov lemma:

Va = P(( Zlm—ﬁjk|p>1/p>m—“2> < PG Y el > (A — CnY2))

(K)
< P(sup  Z(a) 2 C+ N) < exp(—g;h(})).
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So, assumption (3) was prove. For prove assumption (4), because 272 < 2/2, then

oD NGl = D 27 F D < Caer) < Ol (5.3)

J<j2 kEA; J<j2

So, using assumptions 1-4 and Theorems and theorem can be used to obtain the convergence rate of
the block thresholding estimator. Theorem and was proved in [3].

6 Simulation

The model (1.1]) is considered. In this model, variable U is unobserved, and variable Y is observed. Instead of
the variable U, the observable variable X, which has a uniform distribution of 0 and 1, is used. The error term ¢ is
from the standard normal distribution and the variable T is also considered from the standard normal distribution.
To simulate a sample, 1024 of the mentioned distributions are considered. The M SFE criterion was used to measure
the regression function estimator and the simulation results are presented in the chart and table below.

!‘ Wl u T ‘ |
\H [4” ‘ W"‘rn“ 1 \J I M\’ I ‘/
w ‘ MW ‘ W‘ﬁ.‘h M“‘
‘ L. ! f ‘“’

i

li

3 HI[ ‘y’

. \ I AR
- “ w‘ wh\” ‘“*
"mw \‘ ’

Figure 1: Estimation of the function by the method Linear, Hard Thresholding and Block Thresholding

Table 1: The MSE values for a linear and two nonlinear wavelet estimators

Linear Estimate Tresholding Estimate Block Tresholding Estimate
0.4528 0.3948 0.2856

7 Conclusion

The conventional wavelet method achieves adaptivity by employing term-by-term thresholding of the empirical
wavelet coefficients. This involves comparing each individual empirical wavelet coefficient to a predetermined threshold,
and retaining the coefficient if its magnitude surpasses the threshold level, or discarding it otherwise. This method
is spatially adaptive and the estimator is within a logarithmic of the optimal convergence rate across a broad range
of Besov classes. This achieves a degree of tradeoff between variance and bias contributions to the mean squared
error. However, the tradeoff is not optimal. The block thresholding for wavelet function estimation thresholds
empirical wavelet coefficients in groups rather than individually. This method increases estimation precision by
utilizing information about neighbouring wavelet coefficients.

Many parametric and non-parametric methods exist for estimating the regression function with variable errors.
The wavelet method is one of the non-parametric methods. Of course, the wavelet method can also be used as a linear,
thresholding, or block thresholding method. Both theoretically and through simulation, it can be concluded that the
block threshold method has a lower MSE value than other wavelet methods in estimating the regression function with
error.

References

[1] T. Cai, Adaptive wavelet estimation: A block thresholding and Oracle inequality approach, Ann. Statist. 27 (1999),
898-924.



Wavelet estimation of regression functions 9

2]

3]

[10]
[11]

[12]

C. Chesneau, On adaptive wavelet estimation of the regression function and its derivatives in errors-in-variables
model, Theory Appl. 4 (2010), 185-208.

C. Chesneau, On Wavelet Block Thresholding in Nonparametric Estimation, Preprint’Laboratoire de Probabilités
et Modeles Aléatoires’ Paris VI, 2006.

M. Chichignoud and V. Ha Hoong, Adaptive wavelet multivariate regression with errors in variables, Electronic

J. Statist. 11 (2017), 682-724.

F. Comte and M-L. Taupin, Nonparametric estimation of the regression function in an errors-in-variables model,
Statist. Sinica 173 (2007), 1065-1090.

J. Fan and M. Marsy, Multivariate regression estimation with errors-in-variables: Asymptotic normality for mizin
process, Multivar. Anal. 43 (1992), 237-272.

J. Fan, Y.K. Truong, and Y. Wang, Nonparametric function estimation involving errors-in-variables, Roussas, G.
(eds) Nonparametric Functional Estimation and Related Topics. NATO ASI Series, vol 335. Springer, 1991, pp.
613-627.

J.Y. Koo and K.W. Lee, B-splines estimation of regression function with errors in variables, Statist, Probab.
Lett. 40 (1998), 57—66.

P. Hall, S. Penev, and J. Tran, Wavelet methods for erratic regression means in the presence of measurement
error, Statist. Sinica 28 (2018), no. 4, 2289-2307.

D.A. Loannides and P.D. Alevizos, Nonparametric regression with errors-in-variables and application, Statist.
Probab. Lett. 32 (1997), 35-43.

E. Masry, Multivariate regression estimation with errors-in-variables for stationary processes, Nonparametr. Stat-
tist. 3 (1993), 13-36.

J. Shi, X. Bai, and W. Song, Partial deconvolution estimation in nonparametric regression, Canad. J. Statist. 7
(2010), 48-62.



	Introduction
	Consideration and notations
	Function Space and Wavelets
	Periodized Mayer Wavelets
	Function spaces
	Besov balls

	Estimators
	Results
	Simulation
	Conclusion

