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EQUILIBRIUM PROBLEMS AND FIXED POINT PROBLEMS
FOR NONSPREADING-TYPE MAPPINGS IN HILBERT SPACE

URAILUK SINGTHONG! AND SUTHEP SUANTAI?*

ABSTRACT. In this paper by using the idea of mean convergence, we introduce
an iterative scheme for finding a common element of the set of solutions of an
equilibrium problem and the fixed points set of a nonspreading-type mappings in
Hilbert space. A strong convergence theorem of the proposed iterative scheme is
established under some control conditions. The main result of this paper extend
the results obtained by Osilike and Isiogugu (Nonlinear Analysis 74 (2011) 1814-
1822) and Kurokawa and Takahashi (Nonlinear Analysis 73 (2010) 1562-1568).
We also give an example and numerical results are also given.

1. INTRODUCTION

Let C' be a nonempty closed convex subset of a real Hilbert spaced H. Then a
mapping 7' : C — C' is said to be nonexpansive if | Tx — Ty|| < ||z — y|| for all
x,y € C. A mapping F' is said to be firmly nonexrpansive if

|Fz — Fy||* < (z —y, Fx — Fy)

for all z,y € C see, for instance, Browder [3], Goebel and Kirk [0]. It is also known
that a firmly nonexpansive mapping F' is deduced from an equilibrium problem in
a Hilbert space as follows: Let C' be a nonempty closed convex subset of H. Let f
be a bifunction from C' x C to R satisfying

1) f(z,z) =0, Vx € C,

) f is monotone, i.e. f(z,y) + f(y,z) <0, Vz,y € C,

3) Ve, y, 2 € O, limg o+ f(tz+ (1— t)a,y) < f(z,y);

) Vo € C,y— f(z,y) is convex and lower semicontinuous.

(A
(A2
(A
(A4

We know the following theorem; see, for instance, [2, 5].

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert spaced
H and let f be a bifunction from C' x C to R satisfying (A1) — (A4). Let r > 0 and
x € H, Then, there exists z € C such that

f(z,y)—i—%(y—z,z—@ >0 forall y € C. (1.1)
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Further, for any » > 0 and « € H, define T, : H — C' by z = T,x. Then, T, is firmly
nonexpansive, i.e.,

Tz — Toyl)* < (x —y, Trx — Ty, Yo,y € H.
On the other hand, a mapping T : C' — (' is said to be quasi — nonexpansive if
F(T) # 0 and
[Tz — ql| < [lz —q]
for all x € C and ¢ € F(T), where F(T') is the set of fixed points of T". If T is

a nonspreading mapping from C' into itself and the set F'(T') is nonempty, then T’
is quasi-nonexpansive. Further, we know that the set of fixed points of a quasi-

nonexpansive mapping is closed and convex; see [10]. Then we can define the metric
projection of H onto F(T).
In 2010, Kohsaka and Takahashi [11, 12] introduced the following nonlinear map-

ping: Let F be a smooth, strictly convex and reflexive Banach space, let j be the
duality mapping of F and let C' be a nonempty closed convex subset of £/. Then, a
mapping 17" : C' — C nonspreading is said to be if

¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tw, y) + ¢(T'y, x)

for all z,y € C, where ¢(z,y) = ||z||*—2(z, j(y)) +||y||*, Vx,y € E. They considered
the class of nonspreading mappings to study the resolvents of a maximal monotone
operators in the Banach space. In the case when E is a Hilbert space, we know that
é(x,y) = ||z — y||* for all z,y € E. So, a nonspreading mapping 7 : C' — C in a
Hilbert space H is defined as follows:

2Tz — Ty|* < ||Tw - y|* + | Ty — «|* (1.2)

for all z,y € C. Temoto and Takahashi [3] prove that T': C' — C' is nonspreading if
and only if

[Tz — Ty|)* < |z — yl|* + 2(x — Tz,y — Ty) (1.3)

for all z,y € C. We also know that a nonspreading mapping is deduced from a firmly
nonexpansive mapping; see [9, 11, 17]. A strong convergence theorem of the hybrid
type for nonspreading mappings have been proved by Matsushita and Takahashi
14).

By using an idea of mean ergodic theorem of Baillon’s type, Kurokawa and Taka-
hashi [13] introduced two iterative schemes for finding a fixed point of a nonspreading
mapping. Weak and strong convergence theorems of the proposed iterative schemes
in Hilbert spaces are proved under some control conditions.

Later in 2010, Osilike and Isiogugu [10] introduce a new class of nonspreading-
type of mappings which is more general than the class studied in Kurokawa and
Takahashi [13] in Hilbert spaces. By using the idea of mean convergence, they proved
a weak mean convergence theorem of Baillons type similar to the ones obtained in
[13] for the class of nonspreading-type mappings. Furthermore, using an idea of
mean convergence, they also proved a strong convergence theorem similar to the
one obtained in [13].

In this paper, we prove a strong convergence theorem of Halpern’s type for finding
a common element of the set of fixed point, nonspreading-type mapping and the set
of solution of an equilibrium problem in a Hilbert space.
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2. PRELIMINARIES AND LEMMAS

Throughout this paper, we denote by H a real Hilbert space with inner product
(+,+) and norm || - ||. We also denote by N the set of natural numbers. In a Hilbert
space, it is known that

Lemma 2.1. [10] Let H be a real Hilbert space. Then the following well known
results hold:
(1) [tz + (1 = t)yl* = t]lz|* + (1 = ) lylI* = t(1 = )|z — y|%,
for all z,y € H and for all t € [0,1].
(2) |z +yll* < llz|* + 2(y,x +y) for allz,y € H.
(3) If {x,}5° is a sequence in H which converges weakly to z € H then
lim sup [z, — y||* = limsup(|lz, — 2| + |2 = y[|*), Vy € H.
n—oo n—oo
Let C' be a closed convex subset of H and let T' be a mapping of C' into itself. We
denote by F(T') the set of all fixed points of T, that is, F(T) = {z € C : Tz = z}.
We denote the strong convergence and the weak convergence of {z,} to z € H by
xn, — x. We can define the metric projection of H onto C: For each x € H, there
exists a unique point z € C' such that

| = 2| = min{{lx —yl[ - y € C}
For every point € H, such that a point z denoted by Po(z) and P is called the
metric projection of H onto C. It is known that

(x — Pox,y — Pex) <0, VyeC
for each x € H and y € C; see [15] for more details.

Lemma 2.2. [19] Let C' be nonempty closed convex subset of a real Hilbert space H.
Let Po : H — C be the metric projection of H onto C. Let {x,}5°, be sequence in
C and let ||zpy1 —ul| < ||z, —ul|| for allu in C. Then { Pox,}52, converges strongly.

The following lemma was also given in [7]

Lemma 2.3. [5] Let C be a nonempty closed convexr subset of a Hilbert space H
and f: C x C — R satisfy (A1) — (A4). Forr > 0 and x € H, define a mapping
T.: H— C as follows:

Tr(x):{ZGC’:f(z,y)—i-%(y—z,z—x) >0, Vye C} forall xe H. (2.1)

Then the following hold:

(1) T, is is single-valued;

(2) T, is firmly nonezpansive, i.e., for all x,y € H,
ITi(z) = Tu(w)|? < (T(x) = Tu(y), = — y):

(3) F(T,) = EP())

(4) EP(f) is closed and conver.

Lemma 2.4. [1, 20] Let {a,}°, be a sequence of non-negative real numbers satis-
fying the condition
ant1 < (1 —ap)an, + By, n >0,
where {a, }22 1 and {B,}22, are real sequences such that
(1) {om}zy C [0,1] and 3207, o = 0.
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(i) limsup,, o, B, < 0.
Then lim,,_, a,, = 0.

Let H be a real Hilbert space. Following the terminology of Browder-Petryshyn
[1], we say that a mapping T : D(T) C H :— H is k — strictly pseudononspreading
if there exists k € [0,1) such that

1Tz = Tyl* < [l —y|* + kllo = Tz — (y = Ty)I* + 2z = T2,y = Ty), (22)

for all z,y € D(T). Clearly every nonspreading mapping is k-strictly psedonon-
spreading. The class of k-strictly pseudononspreading mapping is more general
than the class of nonspreading mappings (see example [10]).

Observe that if T is k-strictly pseudononspreading and F(T') # (), then for all
x € D(T) and for all p € F(T') we have

1Tz = pl* < [l = pl|* + klla — Tz||*. (2.3)

Thus every k-strictly pseudononspreading map with a nonempty fixed point set
F(T) is demicontractive (see example [7], [15]).

Lemma 2.5. [16] Let C be nonempty closed convex subset of a real Hilbert space H.
and let T : C — C' be k-strictly pseudononspreading mapping. If F(T) # 0, then it
1s closed and conver.

Lemma 2.6. [16] Let C' be nonempty closed convex subset of a real Hilbert space
H. and let T : C — C be k-strictly pseudononspreading mapping. Then (I —T) is
demiclosed at 0.

3. MAIN RESULTS

We first prove a strong convergence theorem.

Theorem 3.1. Let C' be a nonempty closed convex subset of of a real Hilbert space.
Let f be a bifunction from C' x C to R satisfying (A1)-(A2) and let T : C — C
be a k-strictly pseudononspreading mapping with a nonempty fived point set and
F(T)NEP(f)#0. Let 5 € [k,1) and let T := I+ (1—0)T. Let {a,}>2, C [0,1)
and {r,}22, C (0,00) satisfying the conditions:

oo
li = = lim inf .
nl_)n;oan 0, ;an oo and 1;11}1013 r, >0
Let w € C and let {x,};2, {u,}22, and {z,}32, be sequence in C' generated from
an arbitrary x1 € C by
F(tn, y) + 3=y =ty up — 20) >0, Yy € C,

Tpr1 = apu+ (1 — ap)uy, n>1, (3.1)
Zp = %22;10 5w, n> 1.

Then {xn}o2:, {untel, and {2, }22, converge strongly to Peryn ep(r)t, where Peirynepy)
H — F(T)NEP(f) is the metric projection of H onto F(T)(EP(f).
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Proof. Let Tgx := fx+(1—0)Tz. 1t is clear that F'(Ts) = F(T) and for all z,y € C,
we have

1 Ts2 — Tayl?

18z —y)+ (1 —B)(Tz—Ty)|?
= Blle—yl* + (1 =BTz = Tyl|* = 8(1 = B)l|lz — Tz — (y — Ty)|I’
Bllz —ylI* = 81 = B)llz = Tz — (y — Ty)|?
+(1 = B)[llx = ylI* + klle = Tz — (y — Ty)||* + 2(x — T,y — Ty))
= [z —yl? =801 =Bz —Te— (y — Ty)|

+k(1 = B)lle = Tz — (y — Ty)|I” + 2(1 — B)(x — Tz,y — T'y)
= Jle—ylP =1 =3)(B—k)llz—Tz— (y—Ty)|?

+2(1 = B)(x — Tz,y — Ty)
< o —yll* +2(1 = B){x — Tz, y — Ty)

IN

= -yl + ﬁ«x Ty, — Tay). (3.2)

Let p € F(T)(EP(f). Then from w, = T,, x,, using (3.2) we obtain

1 n—1
Iz —pl = 1= > T3z —pl

m=0

1 n—1 1 n—1

< S el < S e - pll =l - sl (33)
m=0 m=0
Thus
[#n1 —pll = Jlanu+ (1 — an)u, — p

|lanu + (1 — o) T, 20 — P

anflu=pll + (1 = )| 15,20 — pll

anlu = pll + (1 = an)| 20 = pll

anllu = pll + (1 = an)llzn —pl|. (3-4)
By (3.4) and induction, we can conclude that for all n € N

IA A IA

| — pl| < max{|[u —pl|, [|z1 — p[|}-
This implies that {z,} and {z,} are bounded. Since ||TFu, — p|| < |lu, — p| and
|un —pll = 117, 20 — pll < |20 — pll < ||, — pl|, We have that {TFu,} and {u,} are
also bounded.
Observe that since {u,} is bounded and lim,, ., v, = 0, we obtain
[Zni1 —unl = [lanu+ (1 — an)un — uy|
= aullu—u,l| =0 as n— oo. (3.5)

Put Q := F(T)(EP(f). We may assume without loss of generality that there
exists a subsequence {z,,} of {z,} such that

limsup(u — Pou, z, — Pou) = lim (u — Pou, x,, — Pou),
n—00 J—=0

and z,, — w as j — oo. Since ||[xp41 — u,|| — 0 as n — oo, it follows that
y J +
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Uy, — w as j — 0o. Next we will show that w € F(T). Using (3.2) we obtain for
allm=20,1,2,...,n — 1 and for arbitrary y € C

1Ty e — Toyll? = || Ta(T5xn) — Tayll?

m 2 m m
< |T5wn —ylI* + m(Tg 2y — T5 " a, y — Tpy)

m 2 2 m m+1
= 15w, — Tpy + Tpy — ylI* + m<T/3 Ty — T3,y — Tay)
= |75z, — Tayll® + (| Ty — yl* + 2(T5'x,, — Ty, Ty — v)

2
+m<TﬁTI” — Tg”lmn, y— Thy). (3.6)

Summing (3.6) from m = 0 to n — 1 and dividing by n we obtain

1, 1
~NT5zn = Toyl® < —llwn = Tayll® + I Tsy = yll* + 2z — Toy, Toy — v)
2
—f =TT,y —Tay). 3.7
+TL<1 _6) <ZB ,B'T Yy 5y> ( )
Replacing n by n; in (3.7) we obtain
1 s 1
n—j||T,3J33nj — Tyl < n—j||$nj — Teyl* + 1 Tsy — ylI* + 2(2n, — Ty, Toy — y)

2

L gy — Tz, y—Ta). 3.8
n](l _ﬁ)< i 8 Y 5y> ( )

Since {x, } and {Tjw,} are bounded, letting j — oo in (3.8) yields
0 < [Ty —yll* +2(w — Tay, Toy — ). (3.9)

Since y € C' was arbitrary, if we set y = w in (3.9) we obtain
0 < | Tpw —wl|® = 2| Tpw — w|?,

from which it follows that w € F(T3) = F(T).
Since P : H — ) is the metric projection, we have

lim (v — Pou, z,; — Pou) = (u — Pou,w — Pou) < 0.
j—o0

Hence we have limsup,,_, . (v — Pqu, z,, — Pou) < 0. Using Lemma 2.1 (ii) and (3.3)
we have

lanu + (1 — an)up, — PQU||2

o + (1 — )T, 2 — Poull?

ot — an Pou + (1 — a) T, 2 — (1 — o) Poul|?
lloon (v — Pou) + (1 — an) (T, 20 — Pou)||?

(1 — an)?||T, 20 — Poul|* + 20, (u — Pou, 241 — Pou)
(1 — an)?||2n — Poul* + 20, (v — Pou, 2,1 — Pou)

(1 — an)?||lzn — Poul|* + 20, (u — Pou, 7,1 — Pou).

1 — Poull?

VAN VAN VAN

(3.10)
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Since a,, — 0, > 7| a, = oo and limsup,,_, (v — Pou, x,+1 — Pou) <0, it follows
from Lemma 2.4 that lim,,, ||z, — Poul| = 0.
0 < ||un — Pou|| < ||t — Zpgr|| + |2t — Poul| — 0 as n — oo.

Hence lim,, o ||u, — Poul| = 0.
Since ||z, — Pou|| — 0, we have ||z,+1 — x,|| — 0. In sequence, we show that
|2n — un|| = 0, as n — oco. For p € F(T)(EP(f), we have

Hzn—pH2 = HTrnzn_TranZ

S <Trnzn - TT’np’ Zn — p>
= (Uun —p, 20 — D)
= %(Hun—pll2+|lzn—pH2— [E ) (3.11)
and hence [lu, — p|[* < [l2n = plI* — |20 — ual*.
Therefore, from the convexity of || - |2, we have
| Zn11 _pH2 = Jlawu+ (1 —an)u, _pH2
= Japu+ (1= )T}, 20 — p|?
< agllu— pH2 + (1= an)[|T}, 20 — pH2
< anllu—pl® + (1 = an)||un — pl?
< anllu =l + (1= an)(llzn = plI* = ll20 — unll?)
< aplu _pH2 + (1 = an)(l|zn _pH2 — |20 — un||2)
< aplu _p||2 + [z _p||2 — (1= ap)l|w, — un||2
and hence

< anflu—pl* +[lzn = pII* = lznss — pII”
< anllu=pl* + llzns = zall(lza = pll + 20 —pl)).

So, we have ||z, —u,| — 0, and ||z, — Poul| < ||zn—un ||+ ||un—Poul| — 0 as n — occ.
This implies u,;, — w as j — oco. Finally, we prove that w € EP(f). By u, = T}, 2y,
we have

(1 —an)llzn — unH2

1
f(unay) + r_<y_unaun _Zn> > 07 Vy e C.

From (A2), we also have

1
—(Y = Un, Un — 2n) > f(y,un), Yy €C,

T'n
and hence
U, — Zn,
<y = Uny, T’—> > f(yJU’nj)7 vy eC.
Since 4 — 0 and u,, — w, from (A4) we have 0 > f(y,w) for ally € C. For ¢

Wlth0<t<1andy€C let y; =ty + (1 — t)w. Since y € C' and w € C, we have
y € C and hence f(y;, w) < 0. So, from (A1) and (A4) we have
0 = f(yt7yt)
tf(yey) + (1 =) f(ye, w)
tf(ytay)

<
<
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and hence 0 < f(y:,y). From (A3), we have 0 < f(w,y) for all y € C' and hence
w € EP(F). Therefore w € F(T) N EP(f). O

If f(x,y) =0,V(z,y) € C x C, we have that u, = z, for all n € N. Hence the
following Corollary is directly obtained by Theorem 3.1

Corollary 3.2. ([16], Theorem 3.2) Let C' be a nonempty closed convezr subset of
of a real Hilbert space. Let f be a bifunction from C x C to R satisfying (A1)-(A2)
and let T : C — C' be a k-strictly pseudononspreading mapping with a nonempty
fized point set and F(T)(EP(f) # 0. Let § € [k,1) and let Ty := I + (1 — B)T.
Let {a,}22, C [0,1) satisfying the conditions:

(o)
lim o, =0, and E QU = 00
n—oo 1

n—=

and let {x,}52, and {z,}5°, be sequences in C generated from an arbitrary x, € C
by
Tpt1 = apu+ (1 — )z, n > 1, (3.12)
2y = %Z:@;lo 15" Tn, n2>1, '
Then {xn}o2, and {z,}52, converge strongly to Pprynepipt, where Pprynep(y)
H — F(T)NEP(f) is the metric projection of H onto F(T)(EP(f).

Remark 3.3. If T" is nonspreading, then T' is 0O-strictly pseudononspreading. By
putting = 0, then Ty = T. By Theorem 3.1, we obtain the result of Kurokawa
and Takahashi ([13], Theorem 4.1).

4. EXAMPLE AND NUMERICAL RESULTS
In this section, we give examples and numerical results for our main theorem.

Example 4.1. Let T : [-9,3] — [-9, 3] be define by
o x, [_97 0)7
T = { —3z, [0, 3].

Let H=TR and C = [-9,3], and let f(z,y) = v* + zy — 22°. Find 7 € [-9, 3] such

that

1

Solution. To see that T' is k—strictly pseudononspreading, if x,y € [—9,0), then
Tz — Ty = o — y|* + klz = Tz — (y = Ty)|* + 2(x — T,y — Ty) Vk €[0,1),
since | Tz — Ty|* = |z — y|?, and k|lz — Tz — (y — Ty)|? = 2(x — Tz,y — Ty) = 0.
For all z,y € [0, 3], we have [Tz —Ty|> = 9|z —y|*, |t —Tx— (y—Ty)|* = 16|z — y|?
and 2(z — Tx,y — Ty) = 32zy > 0. Thus
1
[Te =Tyl =9z —y* = |z =y + Sz = Tw = (y = Ty)*

1
< \x—y\2+Q\x—Tl’—(y—Ty)|2+2<$—Tx7y—Ty>.



EQUILIBRIUM PROBLEMS AND FIXED POINT PROBLEMS ... 59

Finally for all x € [-9,0),y € [0, 3] we have |Tx —Ty|*> = |z + 3y|* = 2® + 62y + 9y?,
2(x —Tx,y—Ty) =0, and 1|z — Tz — (y — Ty)|* = 8y>. Hence
1

o= y* + Slr = To = (y = Ty)I* + 2(z = T,y = Ty)

= 2% — 22y + 9°

= 2% + 6xy + 9y* — Sxy

> 2% 4 62y + 9y? (since — 8zy > 0)

= (v +3y)*> = |z + 3y|* = |Tx — Ty|*.

Hence, for all x,y € [-9, 3], we obtain
1
Te = Ty]* <lo =yl + gle = Te = (y = Ty)" + 2(e = T,y = Ty).

Thus T is §—strictly pseudononspreading, observe that F(T') = [—9,0]. We observe
that if x =1, y = 0,
Tx —TyP =9z —y*=9>1= |z —y|*+2(x - Ta,y — Ty)

So T is not nonspreading. For r > 0 and z € [-9, 3], by Lemma 2.3, there exists
x € [—9,3] such that for each y € [-9, 3]

f(w,y)+%<y—x,x—z> >0

1
Sy+ay—22°+—(y—a)(r—2) >0

T
sy troy —2ra’ oy — 2t —yz +az >0
sry*+ (re+x—2)y — 2ra® + 2 —22) > 0.

Put G(y) = ry* + (re +z — 2)y — (2rz® + 22 — xz). Then G is a quadratic function

of y with coefficient @ = 7,b = rz + z — z and ¢ = —(2rz? + 2? — xz). We next
compute the discriminant A of G as follows:
A =b* — dac

= (re+x — 2)? +4r(2ra® + 22 — z2)

=2* —2(rz + 2)z + (ro + x)° + 8ra® + dra® — draz

= 22— rxz — 2xz + 122 + 2r® + 2% + 8r%x? + dra? — drxz
= 22 — 6rez — 2x2 + 9ra® + 6rz? + 22

=2 —2(3rz + z) + (9 + 67 + 1)a?

= [z — (3r+1)z)?
We know that G(y) > 0 for all y € [-9, 3]. If it has most one solution in [—9, 3], so
A <0 and hence z = 3rz + x. Now we have x =T,z = 37;11.
Since T := 1 + (1 — B)T, we obtain
x € [-9,0);

Z,
Tor = { (48 —3)z, z€[0,3].
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Let {z,}°°, be the sequence generated by x; = x € [—9, 3] and

S (Un,y) + 2y =ty — 20) >0, Wy € C,

Tpr1 = o+ (1 — ap)up, n>1, (4.1)
Zn = . Z:Ln_:loT/g@xnv n Z ]-7

T n

We next give two numerical results for algorithm (4.1).

Let o, = ﬁ and r, = ;25. Choose § = % and ;1 = u = 1. Then algorithm
(4.1) becomes
1 1 Zn
xn+1:m+(]—_m) (37'n+1) nZ ]-7 (42)
Zn = %Z;;lo 5wy, n> 1.

Tp Zn
1.000000 | 1.000000
0.403000 | 0.268667
0.091832 | 0.044215
0.015249 | 0.005648
0.002909 | 0.000869

DU W N~ |3

123 | 0.000041 | 0.000001
124 | 0.000041 | 0.000000

Table 1:
Let o, = ﬁ and r, = nLH Choose g = g and 1 = u = —1. Then algorithm
(4.1) becomes
_ 1 1 Zn
Tn+1 = ~g00, + (1 = 200 (grn+1> n21, (4.3)
2y = L3 T, n> 1.

xn Zn
-1.00000 | -1.00000
-0.40300 | -0.40300
-0.13650 | -0.13650
-0.04360 | -0.04360
-0.01406 | -0.01406

[ SN ORICR ORI

68 | -0.00001 | -0.00001
69 | 0.00000 | 0.00000

Table 2:

Conclusion. Table 1 and Table 2 show that the sequence {x, } and {z,} converge to
0 which solves both the equilibrium problem of f and the fixed point problem of T'.
On the other hand, using Lemma 2.3 (3) , we can check that F(T,) = EP(f) = {0}.
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