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HYERS-ULAM STABILITY OF K-FIBONACCI FUNCTIONAL
EQUATION

M. BIDKHAM* AND M. HOSSEINI

ABSTRACT. Let denote by F}, ,, the nt" k-Fibonacci number where Fypm =kFyp_1+
Fj n—2 for n > 2 with initial conditions Fj o = 0, Fi,1 = 1, we may derive a func-
tional equation f(k,z) = kf(k,z — 1) + f(k,z — 2). In this paper, we solve this
equation and prove its Hyere-Ulam stability in the class of functions f : NxR — X,
where X is a real Banach space.

1. INTRODUCTION

The stability of functional equation originated from an equaton of Ulam [11]
concerning the stability of group homomorphisms. Later, the result of Ulam was
generated by Rassias [10]. Since then, the stability problems of functional equations
have been extensively investigated by several mathematiciens(see[1-9 ]).

For any positive real number k, the k-Fibonacci sequence, say{Fy , tnen is defined
recurrently by Fj, = kFj,—1 + Fin—o for all n > 2 with initial conditions Fj o =
0, Fj1 = 1.From this famous formula, we may derive a functional equation

flk,z) =kf(k,o—1)+ f(k,z —2). (1L.1)

A function f : N x R — X, will be called a k-Fibonacci function if it satisfies in
(1.1), for all z € R and k£ € N, where X is a real vector space.

Characteristic equation of k-Fibonacci sequences is 22 — kx — 1 = 0. We denote the
positive and negative roots of this function by «y , 6 (respectively); i.e,

k+VE 44 k=K +14
A A =

2 9

f)/

for any x € R, k € N.

2. General solution of k-Fibonacci equation

Let X bea real vector space. In the following theorem, we investigate the general
solution for equation of the form (1.1) which is strongly related to the Fy .
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Theorem 2.1. Let X be a real vector space. A function f : Nx R — X is a
k-Fibonacci function if and only if there exists a function h : N x [=1,1) — X such
that

flk,z) = { Fyih(k, o — [2]) + Fymh(k,z — 2] - 1) >0

(—=D)RIEy, _g—1h(k, z — [z]) — Fy—gh(k, x — [z] — 1)]_ x <0 (2.1)

where [x] stands for the largest integer number that does not exceed x.
Proof. From (1.1) we have

flk,x)=Fkf(k,x—1)+ f(k,z —2).
Since v+ 60 =k ,v0 = —1, hence

f(k,l‘) = (’y+8)f(l€,£(]—1)—7€f(k‘,l’—2)

=~flk,e—1)+0f(k,x — 1) —~0f(k,x — 2)

which implies that

{f(k‘,l‘) —Wf(k‘,l’— 1) = Q[f(k},l’— 1) —’7f(l€,[)3—2>] (2 2)
f(k,x)—@f(k,x—l):y[f(k;,x—l)—é’f(k;,x—Q)]' .
By induction on n, it follows that
{f(k’x) —Vf(k‘,l’— 1) = 9”[f(k:,$—n) _'7f(k:7x_n_ 1)] (2 3)
f(k,x)—@f(k:,x—l):fy”[f(k:,x—n)—é’f(k,x—n—1)]' .

If we replace « by x+n (n > 0) in (2.3), divide the resulting equation by 6™ (resp.y")
and replace n by —m in the resulting equation, then we obtain a equation with m in
place of n, where m € {0,—1,—2,...}. Therefore, (2.3) is true for all z € R, n € Z
and k € N.

Now by multiplying the first and second equations of (2.3) by § and — (respectively)
and then adding with together, we get

0n+1 _,.yn—i-l n_,yn
T fkx—mn)+
00—~ ( ) 00—~

forallz € R, n € Z and k € N. For n = [z], # > 0 in (2.4) and using Binet’s
formula

flk,x—mn—1) (2.4)

en_,}/n

J—
k, 0—~

Y

we have
f(k,x) = Fy o1 f(k, @ = [2]) + Fi f(k,x — [2] = 1)

and if x < 0, then for n = [z] = —|[z]|, we have
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g~ llzll+1 7—|[ﬂﬂ]l+1

f(k‘,:L‘)— 9_7 f(k,x—[x])
T e - )
-1 =l »yl[l‘ﬂ—l
—1 gl = 7\[2“ (ko (] - 1)

+

(79)|[£” 0—~
(=¥ B g1 f (k= [2]) + (1) By f (R, 2 — [2] = 1)
= (_1>M [Fk,—[x]—lf(k7x - [l’]) - Fk,—[:c]f<k7x - [1:] - 1)]

Since 0 < z — [z] < 1, and =1 < z — [z] — 1 < 0, if we define a function
h:Nx[-1,1) = X, by h:= f|NX[7171), then f is a function of the form (2.1).

Now,Let f be a function of the form (2.1), where A : N x [-1,1) — X is an
arbitrary function, we want to show that

and so f is a k-Fibonacci function.

Ifxr>2thenz—1>1, z—2>0.
and by (2.1) we have

f(k,2) = Fijg+1h(k, v — [x]) + Fi gh(k, 2 — [z] — 1)

f(k, r — 1) = Fk,[x—l]-i-lh(k, r—1-— [{[ — 1]) -+ Fh[x_l}h(k, r—1-— [x — 1] — 1)

Since (x — 1) — [x — 1] = « — [z], hence
f(kv T — 1) = Fk,[z]h(kax - [l‘]) + Fk,[az}flh(k)a T — [ZE] - 1)7
[k, —2) = Fy—1h(k,x — [2]) + Fim—2h(k,x — [2] = 1).

Therefore

K (s — 1) + fl 2 — 2) = KB (b @ — [2]) + kB bk, — [a] - 1)
+ Fi o)1 h(k, x — [x]) + Fyjq)—2h(k,x — 2] — 1)
= (kFk o) + Fioj-1)h(k, @ — [z]) + (kFl -1 + Ff)—2)h(k, x — [z] — 1)
= Fp bk, v — [2]) + Fymh(k, v — [2] = 1) = f(k, ).
fl1<z<2then0<z-1<1,—-1<x—-2<0and by (2.1), we have

[k, @) = Filgah(k, @ — [2]) + Fiomh(k,x — 2] = 1)
= Fypoh(k,x — [z]) + Fpah(k,x — [z] — 1)
= kh(k,x — [z]) + h(k,z — [z] — 1)
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f(k‘, xr — 1) = Fk,[m,1]+1h(kf, r—1-— [33 — 1]) + Fk7[x,1}h(kﬁ, r—1-— [$ — 1] — 1)
= Fypah(k,x — [z]) + Froh(k,z — [z] — 1)
= h(k,x — [z])

£l = 2) = (=) Bk, — [2]) = Fro- (k.2 — [a] — 1)
= —[Fgoh(k,z — [z]) — Fpah(k,x — [z] — 1)]
= h(k,x — [x] — 1).

Hence
kf(k, o — 1)+ flk,x —2) = kh(k,z — [2]) + h(k,z — [2] — 1) = f(k, ).
[fO<z<1 then —1<2z—1<0,-2<z—2< —1and by (2.1), we have
F(k,z) = Fyah(k,x — [2]) + Fuoh(k,z — [2] — 1) = h(k, z — [2])

flk,o—1) = (=1) EFwoh(k,x — [2]) — Fyah(k,x — [2] — 1)] = h(k,z — [z] — 1)

f(k,2=2) = (=1)?[Fy1h(k, v—[x])+ Fyoh(k, 2—[2]-1)] = h(k, z—[z])—kh(k, x—[2]-1).
Thus, we get
kf(k,x —1)+ f(k,x —2) = h(k,z — [z]) = f(k, ).
Finally, if x < 0, then we have

f(k,2) = (~1)¥[F gk, — [2]) — Fyaph(k, x — [2] — 1)

flkya = 1) = (=) YF oy ah(k,z =1 = [z = 1)) = Fpyh(k,z =1 = [z — 1] = 1)]
= (=) F bk, @ — [2]) = Fr ) 1h(k, @ — 2] = 1)]

Flk,z —2) = (~1)F Ay g ahlk,x =2 — £~ 2)) = Fi_ppgh(k,z — 2 [z — 2] — 1))
= (DB gk, — [x]) — Foageah(k.z — (2] = D).

Therefore
flk,x)=Fkf(k,x—1)+ f(k,z — 2).
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3. HYERS-ULAM STABILITY OF K-FIBONACCI EQUATION

In the following theorem, we investigate the Hyers-Ulam stability for equations of
the form (1.1).

Theorem 3.1. Let (X, ]|.||]) be a real Banach space. If a function f: N xR — X
satisfies the inequality

f(k,z) = kf(k,x=1) = f(k,z=2)[[ <e,  (31)

for allx € R [k € N, and for some € > 0, then there exists a k-Fibonacci function
G :N xR — X such that

forallz e R ke N.

Proof. As v+ 60 =k, v0 = —1, we get from (3.1)
f(k,x) = (v +O) f(k,z — 1) +10f(k,x —2)|| < e

€ k2 —3k—2
<12 (39
o5 el Y

or
Lf(k,x) =7 f(kx—1) = 0[f(k,x = 1) =y f(k,z = 2)]|| < e,
forall z € R, k € N.

If we replace x by x — t and then multiplying the both sides of this inequality by
0], we get

0" [f (k, x—t) = f(k,x—t=1)] =0 [f(k,x—t—=1) = f(k,x—t=2)]|| < [0]'c (3.3)
forallz € R, k€ N, and t € Z. Since

||Zet kox—1) =y f (ko —t = 1)] = 0 [f (k2 —t — 1) — 7 f(k,x — t — 2)]|

= Hf(kﬂ?) =y f(k,x = 1) = 0"[f(k,x —n) =7 f(k,z —n—=1)]||, (33)

hence
[f(k,x) =~ f(k,x —1) = 0"[f(k,x —n) —vf(k,x —n —1)]]| < ZW (3.4)

forallz e R, ke N, and t € Z.
From (3.3)for all x € R, k € N, we have {0"[f(k,x —n) —vf(k,x —n —1)]} is a
Cauchy sequence (]0| < 1). Therefore we can define G; : N xR — X by

Gy (k,x) = Tim 0"[f (k& — n) = 7f (k.2 — n— 1)}

Since X is a Banach space, so it is complete and (G is well defined function.We have
kGi(k,x — 1) + Gy(k,z — 2)
= k0 'Gy(k, ) + 072G (k,x2) = G1(k, 7)

if n — oo, then from (3.4) we have

2+k+Vk2+4

2 &

f (R x) = f(kyw = 1) = Gu(k, 2)|| < (3.5)
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forallz e R, k € N.
On other hand, from (3.1), we have

1f(k,2) = 0f(k,x = 1) = [f(k,x = 1) = 0f(k,x = 2)]|[ <,
forallz e R, k € N.

Now if we replace x by z + t and then multiplying the both sides of this inequality
by 77, we get

H’yit[f(l@x+t)_9f<k>x+t—1)]_’yit+l[f(ka$+t_1)_9f(k7 iL‘—l—t—Z)]H < 77t€7 (36)
forall x € R, k € N, and ¢t € Z. Therefore
H’yin[f(kax + TL) - ef(kax +n— 1)] - [f(kax) - 9f<k7$ - 1)”’

< R+ t) = 0f (ko + ¢ = 1] =y f (ko +t = 1) = 0f (k,x +t = 2)]]

t=1

<> lyle, (37)
t=1

forallz e R, ke N, and t € Z.
For all x € R, k € N(3.6), we have {y"[f(k,z+n)—0f(k,z+n—1)]} is a Cauchy
sequence and hence we can define G5 : N x R — X by

Go(k,x) = 7111_)1207_”[f(k,x +n)—0f(k,z+n—1)].
Since X is a Banach space, so it is complete and G5 is well defined function.We have
kGo(k,x — 1) + Ga(k,z — 2)
= ky 'Go(k, ) + v 2Ga(k, 1) = Ga(k, z).
If n — oo, then from (3.7), we have

92— k+VEE ¥4
2% c

|Ga(k, ) = f(k,x) = 0f (k,x = 1] <

forall z € R, k € N.
For

(3.8)

Gk, z) = efyGl(k,x)— eijg(k,:c),
we have
4 gl
1 f(k,z) = G(k,x)|| = || f(k,z) — 9_76‘1(1@1’) - e_sz(k,fc)ll
1
= |9_,ﬂ\l(9—7)f(k,x) — [0G1(k, z) = vGa(k, 2)]|]

< 011 (k2) = /2 = 1) = Gao)|

1
+ o —5NGa(k.2) = f(k @) — 6/ (k,x = D)

£ k* — 3k — 2
< — - By 3. d 3.
_2l<;(k+1 T ), (By 3.5 and 3.8)
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and it is easy to see GG is a k-Fibonacci function.

In order to prove G is also unique, we need the following lemma.

Lemma 3.2. Let (X, ||.||) be a real normed space and u,v € X are given. If for all
n € N and for some C > 0 we have

[ Frniru + F vl < C
then,
yu +v = 0.

Proof. We have,

Finllvu + ]| = [|[vFinu + Frnv + Frppit — Fipaul|

< Fomsrte+ Finl| + [Fronn — vEl[[ul]
T T
- u

v—0 0

= C+10]"[[ull,

for allm € N, k € N.
Since |0| < 1, if n — oo, then Fj,, — oo, and so yu + v = 0.

<C+| By Binet's formula)

Theorem 3.3. The k-Fibonacci function in Theorem (3.1) is unique.

Proof. Let there exist k-Fibonacci functions, G; : NXxR — X, and Gy : N xR —
X satisfying

€ k2 —3k—2

||f(k’x) —Gz(k‘,fl?)H < ﬁ(k—{_ 1- \/m )7 (39)

for all x € R, k € N,i € {1,2}. Since G; and Gs are k-Fibonacci function,by
Theorem (2.1), there exist functions g; : N x [-1,1) — X (i = {1,2}) such that

Fiow19i(k, 2 — [x]) + Fmgi(k, o — 2] —1) x>0

(—DEF, _go1gi(k, 2 — [2]) — Fygi(k, o — 2] = 1)] <0’ (3.10)

Gi(k,x) :{
forie1,2.
Fix a ¢ in [0, 1), from (3.9), we have
|G (k,n+1) — Ga(k,n + )|
<||Gi(k,n+1t) — f(k,n+t)|| + || f(k,n+1) — Go(k,n+t)]|
k* — 3k — 2
VL)

19
<2—(k+1-—
< 2k( +

foralln e Z, ke N.
by (3.10), we have
1 Fknt1lg1(k 1) = ga(k, 8)] + Fronlgr(k,t — 1) — ga(k, T — 1)]|
£ k* — 3k —2

= - < YR 24
1G1 (ks m+1) = Gallm 4+ )| < 25 (k +1 =~
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and

[ Fen-1[g1(k,t) — ga(k,1)] — Frnlgi(k,t —1) — ga(k,t — 1)||

k? —3k—2
e - - - < YA T A3 a4
Gy =) = Galk, —n o+ D] < 2 (k1= =),

foralln € N, k£ € N.
According to Lemma (3.2), we have
{ Vg1 (k,t) — go(k, )] + [g1 (K, t — 1) — go(kyt — 1)] =
—Y[g1(k,t = 1) — ga(k, t = )] + [91(k, ) — g2(k, )] = 0

( 7 1 ) ( g1(k,t) — ga(k, 1) ) _ (0)
1 -7 gl(kat_l)_QQ(kat_l) B 0 '
Since —y? — 1 # 0, hence

gl<k7t) - gQ(kv t) - gl(kﬂt - 1) - 92(k7t - 1)

Since 0 < t < 1 is arbitrary, therefore g, (k,t) = go(k, t), for any 0 < ¢t < 1, and from
(3.10), we have Gy (k,z) = Ga(k,x), for all z € R.

or

OJ
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