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Abstract

This paper establishes Bullen inequalities for h-convex functions using Riemann-Liouville fractional operators. In
addition, a novel fractional version with a relatively easy calculation utilizing the B-function is presented, which
generalizes numerous inequalities known in the literature.

Keywords: h-convex function, B-function, Bullen inequality
2020 MSC: 26D10, 26A51, 26A33, 26D15

1 Introduction

The well-known Hermite-Hadamard inequality reads as follows [9], for the convex function f:

b
1(50) <52, [ s < 100 (1)

In [3], Bullen improved the right side of (1.1) by the following inequality, which is known as Bullen’s inequality:

b_lafabf“)dtﬁ ! {f(a);f(b) +f<a;b>} < D10,

Bullen-type inequalities are estimated for functions with convex first derivative absolute values [I1, Remark 4.2].
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Bullen’s inequalities provide an estimate of the average value of a function that is convex on both sides while
simultaneously ensuring that the function is integrable. This inequality has been extensively studied in the literature,
leading to numerous directions for extension and a rich mathematical literature (see [11] - [15]).
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The analysis of fractional calculations is a generalization of classical analysis, and it advanced rapidly thanks to
the exciting concept of convexity. Its extensive applications in functional analysis and optimization theory have made
it a very popular research area. In [I6], the author introduces a novel class of functions called h-convex functions.

Definition 1.1. Let h: J C R — R, where (0,1) C J, be a non-negative function, h # 0. We say that f : I CR — R
is an h-convex function, if f is non-negative and for all z,y € I, A € (0,1) we have

fQz+ (1= Ny) <hQA)f(z) +h(1 =) f(y). (1.3)
If inequality is reversed, then f is said to be h-concave.
By setting

e h(A) = A, Definition [1.1| reduces to convex function [13].
e h(A) = 1, Definition [1.1| reduces to P-functions [0} [14].
e h(X) = \* , Definition [1.1| reduces to s-convex functions [2].

n
1

e h(A) = A%, Definition reduces to polynomial n-fractional convex functions [12].

S|

k=1
Recently, Benaissa et al. [I] presented a new class of function called B-function defined as:

Definition 1.2. Let a < b and ¢ : (a,b) C R — R be a non-negative function. The function ¢ is a B-function, or
that g belongs to the class B(a,b), if for all = € (a,b), we have

oo =)+l o) < 20 (“57)). (1.4

If the inequality (|1.4) is reversed, g is called A-function, or that g belongs to the class A(a,b).
If we have equality in ([1.4)), ¢ is called AB-function, or that g belongs to the class AB(a,b).

Corollary 1.3. Let h: (0,1) — R be a non-negative function. The function h is a B-function, if for all A € (0, 1), we
have

() + h(1 = A) §2h<;). (1.5)

e The functions A(A) = A and h(X) = 1 are AB-function, B-function and A-function.

e The function h(A) = A%, s € [0, 1] is B-function.

n
1

A%, n,k € N is B-function.
k=1

e The function h(\) =

Let f € Ly[a,b]. The left- and right-sided Riemann-Liouville fractional operators with order 8 > 0 are defined as
follows:

p - L zx— pt z>a
Vof@) = 5 [ =0 0 2>

b
3 fla) = ﬁ/ (t— 2t f)dt, @ <b.

Based on earlier research, we developed an additional version of Bullen inequality for h-convex functions using
Riemann-Liouville integral operators.
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2 Bullen inequalities

Lemma 2.1. If 3 > 0 and f : [a,b] — R is a differentiable function such that f’ € L; ([a,b]), then the following
identity holds.

2| 2 3 =L
L 8 )
Proof . By using the integration by parts, we deduce
L e (-
s -9 [ e (-9
bfa) [f (“;b> . f(b)] - (b“_ﬁa) (bfa)ﬁ /b (b— 1w fu)dp
)

() o] - () ere ey A, s
()

1 {f(a) +f(b) Ly (a—l—b)] _2°7Ir(B+ 1) [ygagbrf(b)ju me)_f(a)}
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2

Similarly,

;+ <b4_,8a> /Olj—lf<(1_;)a+;b) dt
V()] « (522) (625) [ o™ s
)

() b3t o)« (520 a0 s

As a result,

b—a 1 [f(a)+ f(b) a+b 20-17(B + 1) -
s mom = g [R50 - B0 [y 0 ey 1)
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This gives us the desired result. [J

We present now the first result on Bullen’s inequality estimation.

Theorem 2.2. Let h be a B-function on (0,1) and assume that the assumptions of Lemma hold. If |f/| is an
h-convex function on [a, b, then the following Bullen inequality for Riemann-Liouville fractional operators holds

’; LI ()] - QBE;F%; 910+ s(a;)ﬂa)H <220 () m Il + |f’<2|.]2 )

() (2 ()

where
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Proof . Using the absolute value of identity ([2.1)) and the h-convexity of the function |f’|, we deduce

5 (550)] E g0 0

<5 e (o (-2)0) [l ((-5) e 20)
_b;“/o oz () ir@ien (1= S o (1= 2) e en (4) o] a
st @i o [ -2¢] o) +n (1-§)]

Since h is a B-function, applying inequality 1' for A = %, we get the following inequality

H gf(uf(a;bﬂ 2ﬁ<;r—(ﬂ>ﬂ>[< oy f0)+ <;>f(“’H

L2 (3) v ron [ -
20 (3) 1@ |+|f<>|]<(2)é(;fﬂ%;;f)).

With 8 =1, we can derive the following Bullen inequalities for h-convex functions through Riemann integrals.

O

Corollary 2.3. Let h be a B-function on (0,1) and assume that the assumptions of Lemma hold. If |f'] is an
h-convex function on [a, b], then

;[f(a);f()Jrf(aer)] 1a/:f(t)dt b

Consider some specific situations involving h-convexity.

“0(3) 1 @I+ ro. (2.0

1. Applying Theorem 2.2 to h(t) = t* with s € [0, 1], we get the following result.
Corollary 2.4. Assume 8 and f are defined as in Theorem If | f'| is an s-convex function on [a, b], then

’; [ﬂa) ) <a+b)} BRARACER) {meﬁ PO+ Ty f(a)” < (;) Ks (1 (@) + £ 0]

2 2 (b—a)8 £ 03
where Kg is determined by . For § =1, we obtain .
b b ®
LI ()] [rwa] <2t (3) r@ieron. e

Setting s = 1 in inequality (2.6]), we get Bullen inequality (1.2) via Riemann integral for convex function .

2. Putting h(\) = 1 in Theorem [2.2] we get the following new result for the class P-function. It is also equivalent
to the situations s = 0 in inequalities (2.5 and (2.6] .

Corollary 2.5. Assume 8 and f are defined as in Theorem If | f'| is a P-function on [a,b], then
1 [ f(a) + f(b) a+b\] 207'T(B+1)
— | f - 7 (

Ty O+ T )| < K @1+ 7O

2

[P0 g (U] - [ rwa
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1 n
3. Setting h(\) = - Z AF in Theorem
k=1

Corollary 2.6. Assume § and f are defined as in Theorem If | f'| is an n-fractional polynomial convex
function on [a, b], then

3 P (5] - 2 [y 0+ ]| <5 Z@ Ko Il 17 o

k=1
L@ ()]

and

o N~ (I ,
> (3) w@rren e

The inequality (2.7) is a novel generalization of the inequality (1.2)) by just using n = 1.

Theorem 2.7. Let h be a B-function on (0, 1), p, ¢ > 1 with %+% = 1 and assume that 3, f are defined as in Lemma
If | f'|” is an h-convex function on [a, b], we get the following Bullen type inequality

‘;[ﬂa);ﬂb)”(a;bﬂ 2ﬁ<;r(§>ﬂ)[< oy f0) + <2b>f(“>H

<7 (/0 g —”Brdt)? (h (;)) [ @ + 17 ®)]?
gb;“ (/01 ’1 - 2tﬂ’th)q (h (;)) (1" (a)l + |/ (B)]] - (2.8)

Proof . Using the absolute value of identity (2.1)), we get

A0 (5] Z 1+
Sb_ a /
8

_ 1
( a—l—(l—;)b) dt+l’8a/o ‘1—2#3”]“((1—;>a+;b)‘dt,

and applying Holder inequality and Av + B < 2= » b

A+ B)?, we conclude
()] 2 o ]

() (o) )
5 (et ([ (539
<5 ([t 2o [ o (2)9) -

t t
"(1-< =b
r((2)ery)
Assuming |f’|? is an h-convex function, we have

% {f(a) ;f(b) f <;b)] _ Zﬁ(;Fji); b {Jfazbrf(b) + 3ﬁa+b>_f(a>} ]

;“ (/1 ‘1—2tﬁ‘th>; 23 [/01 (h (;) |f’(a)|p+h(1— ;) If’(b)lp) dt
+/01 (n(1-3) 1r@rn( )If()l”)dtr
<2 ([ el dt>l ([ 1 (5) 0 (-3)] dt); 1 (@) +17' ()P

~— o~

P o1
dt].
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=



182 Hallouz, Benaissa, Azzouz

Applying inequality (L.5) for A = £, we get

b ()2

2
<t (/ 1 _ztﬁ\thf’ (h (;)) 17 @I + 17 O]

This ends the proof the first inequality in (2.8)).
For p>1and A, B > 0, we get AP + BP < (A + B)P, yielding the second inequality in (2.8). O
Putting 8 = 1 in Theorem we obtain

. (1—20)9, te(0,3)
’17215’ -
(2t—1)1, te(3,1),

ﬁfa Ly /) + Jf(,;b)f(a)} '

thus

1 q 1 1 1
1—21&‘ dt:/ 1—2t‘1dt+/ 2 — 1)4dt = ,
/] oz [ na=

and the following Bullen inequalities via Riemann integral for h-convex function hold.

Corollary 2.8. Let h be a B-function on (0, 1), p, ¢ > 1 with 1% + % = 1 and assume that f is defined as in Lemma
If |f'|” is an h-convex function on [a, b], we get the following Bullen type inequality

[ (250 - 2 [ 252 () (62)) oo

2 2
o (LY (6 (2) 1en o

Now, some special cases on h-convex function are established.
(1) Let h(A) = A* with s € (0, 1] in Theorem [2.7]

3 =

Q=

Corollary 2.9. Assume 8 and f are defined according to Theorem [2.7 If | f’|P is a s-convex function on [a, ], then
'1 [f(a)+f(b) . <a+b>} _ 2578+ 1) [

T gy SO+ TS

AL 2 G- [ :
= (/01 i ‘Z’fﬁ\thy (;) 1@ + 17 ®)]?
Sb;a (/01 ’1_2t5‘th)‘1’ (;)v I/ @)+ 1f ), 29)

and

<o (q+11) () r@rrort e

[0 (23] 10w

boa (1> “ (;) £ (@)] + 1 ®)]. (211)

<
- 4 qg+1

Remark 2.10. Setting s =1 in (2.10)), we have the following.

If | f/|? is a convex function on [a,b] and p, ¢ > 1 where % + % =1, then

LCESCRVYEES) [y yor:

(2.12)

b—a  (If@F +|f B\
S4(q+1)3< 2 ) '
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(2) Setting h(/\) = 1 in Theorem [2.7] we get the following new result about the class P-function. Consider s — 0F

in the inequalities ([2.9) and -

Corollary 2.11. Assume S and f are defined as in Theorem If | f'|P is a P-function on [a,b], then

’;[ﬂ“);f(Hf(“”)}—ﬁ;”i;” Ty SO+ (b)fm)H

([ -2 dt) 17 @F + 150

IA

AL —2tﬂ\th)q 17/ + 150,
and
[0 g ()] - [ s < (qﬂf[f’<a>|f’+|f’<b>|”]5
< qi1>;[|f’(a)l+|f’(b)|]-

(3) Letting h(A) =

3\}—‘

n
Z A% in Theorem we have the following new result for the n-fractional polynomial
k=1

convex function.

Corollary 2.12. Assume  and f are defined as in Theorem If | f'|P is an n-fractional polynomial convex function
on [a,b], then

2

'1 [ﬂa);ﬂb) *f (a;bﬂ - 2B<;F_(i>; : [jfw*f(”” e b)“‘””

2

1

<z ([ ‘“B\th); (i @) 17 @F +17)F)?

1

N 1 % n k
<! a(/ ’12tﬁ’th> 1 (1>
4 0 nkzl 2

L0 (1)) <

<L (qil) (ik_ (;)) If @I+ 17 (213)

The inequality (2.13)) is an extension of the inequality (2.12). Just set n = 1.

) 1 (@) + 1 O,

=

> [ (@) + 11 ®)I]
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3 Application

We consider the means for arbitrary positive numbers b > a > 0 as follows;

e The arithmetic mean:
a+b

2

Ala,b) =



184 Hallouz, Benaissa, Azzouz

e The generalized logarithmic mean:

bn+1 _ an+1

Lt = )*, neR—{-1.0}.

b—a)(n+1)
Proposition 3.1. Let b>a>0,p>1andn > 1+ %, then the following inequality holds:

A(a™,b™) + A™(a,b)
2

b— v
— Ly(a,b)"| < L‘I)IA (a(nfl)p’ b(nfl)p> ) (3.1)

Alg+1)s

Proof . Applying Remark and taking f(t) = £ for ¢ > 0, we get f(£) = nt"~". Since
(1P =nPp(n—1) (p(n —1) = )r"=H=2 > 0,

the function |f’(¢)[? is convex. O
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