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ON ABSOLUTE GENERALIZED NORLUND SUMMABILITY OF
DOUBLE ORTHOGONAL SERIES

XHEVAT Z. KRASNIQI**

ABSTRACT. In the paper [Y. Okuyama, On the absolute generalized Norlund
summability of orthogonal series, Tamkang J. Math. Vol. 33, No. 2, (2002),
161-165] the author has found some sufficient conditions under which an orthogo-
nal series is summable | N, p, g| almost everywhere. These conditions are expressed
in terms of coefficients of the series. It is the purpose of this paper to extend this
result to double absolute summability [N, p, qlx, (1 <k < 2).

1. INTRODUCTION AND PRELIMINARIES

Let ", a, be a given infinite series with sequence of partial sums {s,}. Then,
let p denotes the sequence {p,}. For two given sequences p and ¢, the convolution
(p*q), is defined by

(p* q)n Z Prtn-m = Y Pn-mlm-
m=0

When (p*q), # 0 for all n, the generalized Norlund transform of the sequence {s,}
is the sequence {9} obtained by putting

tfyjq = an m4mSm-

(p* q)n

The infinite series Y~ a, is absolutely summable (N, p, g), if the series

o0
Z |t — |
n=0

converges (t_1 = 0), and we write in brief
oo

> an €|N,p,q|.

n=0

The | N, p, q| summability was introduced by Tanaka [2].
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Let {¢,(z)} be an orthonormal system defined in the interval (a,b). We assume
that f(x) belongs to L*(a,b) and

) ~ Zan@n(x% (1.1)

where a,, = f; f(@)pn(z)dx, (n=0,1,2,...).

Let us write

R, = (p * q)m sz = anfmqnw and RZ+1 = 07 R% = R,.
m=j
Also we put

P,:=(px1), me and @, = (1xq), qu

m=0

Y. Okuyama [3] among others proved the following two theorems:
Theorem 1.1. If the series
) ) 2 1
PR et L
n=0 \j=1 \" ™ n-l

converges, then the orthogonal series

Z AnPn(T)
n=0
is summable |N,p, q| almost everywhere.

Theorem 1.2. Let {Q(n)} be a positive sequence such that {Q(n)/n} is a non-

increasing sequence and the series Y ml( ; converges. Let {pn} and {q.} be

non-negative. If the series Y o |a,[*Qn)w(n) converges, then the orthogonal se-
ries Y o o anpn(x) € [N, p,q| almost everywhere, where w(n) is defined by w(j) :=

2
1y 2 (B Ri 1

Let {¢mn(x) : myn = 0,1,...} be an orthogonal system on (a,b). The orthog-
onal development of any real function f(z) of class L? with respect to the system

{bmn(x)} is given by o
S5 o (). (12)

m=0 n=0

where

b
:/ F(2)bmn(@)dz, (m,n =0,1,...).

The series (1.2) shall be referred to as the double Fourier series of f(x).

Our main purpose in this paper is to study the absolute summability with index
k, 1 < k < 2, of the series (1.2), and to deduce some corollaries from the main
results.

Before doing this we introduce some notions and notations.
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Let > 00 > > ) Gmn be a given double infinite series with its partial sums {s,,, }.
Then, let p denotes the sequence {p,.,}. For two given sequences p and ¢, the
convolution (p * q),, we define by

R p*q Zzpszm i,n— k_zzpm in—k4ik-
=0 k=0 =0 k=0
Likewise we need the following notations:
m n
Ry, = Z me—i,n—lchkQ
i=v k=p

R;/rfn—l = Rynln 1=0, 0<v<m

Rﬂjﬁfl = Rﬁ“ln 1 =0, 0<pu<m
A (Rﬁn) - Rﬁn R;/rﬁnfl erlriil,n + Rfrlriil,nfl
11 = — — .
Rmn Rmn Rm,n—l Rm—l,n Rm—l,n—l

When (p * q)mn 7 0, the generalized Norlund transform of the sequence {s,,} is
the sequence {t"7} defined by

Pq
mn
(P * @on

Zzpm i,n—kqikSik-

1=0 k=0

The double infinite series > ~_, Zf;o Qmp is absolutely summable (N p, q)i, k& >
1, if the series

mn

o o
k— 5 ) k
Z Z(mn) Heb, tfnqn Lt ot tfan1,n71|
m=0 n=0
converges with the agreement that
tt;;:,lil — t’i?h — t&c{’il — 07 m, n = 0, ]_, ey
and we write in brief
oo o0
Z Zamn € |N(2)a p, qlk:

m=0 n=0
Throughout this paper K denotes a positive constant that depends on k, and it
may be different in different relations.

2. MAIN RESULTS

The main result is the following.

Theorem 2.1. If the series

co 00 - mor. er,r?n 12
5 55 o0 (22) o)
m=1n=1 v=1 "+ mn./ J

k
0o 00 ~ noro R%n 12 2
> (mn) 1{ ZASH <R ) |G0u|2}
m=1n=1 p=1 " mn/J




ON ABSOLUTE GENERALIZED NORLUND SUMMABILITY 65

and

is summable [N p. q|. almost everywhere.

Proof. Let 1 < k < 2. For the generalized Norlund transform %9 (z) of the partial
sums of the orthogonal series > °_ > | @mnPmn(x) we have that

tﬁrﬂz(x) = Zzpm i,n— k’qmszk( )

mn

=0 k=0
= § E Pm—in—k4ik E E al/,u,gbyu
R i=0 k=0 v= ou 0
= al/,ugbup, § E Pm—in—kqik
v=0 p=0 i=v k=p
= R E E R auu¢uu )
mn
v=0 pu=0

where s, () are partial sums of order (i, k) of the series (1.2).
Thus, since

Ry =R, =0, 0<v<m,
and
Ry =Ryl =0, 0<pu<n,

we obtain that
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Antml(x) = tp’q( ) — t?nqn () — tfnq 1n< )‘I't’:nq 1n— ()
- ZZRWL auu¢uu )
R v=0 p=0

mnll/O,uO

1 m n

R

mlnyo‘uo

Z Z Rm n— laVM¢V#(‘r)
Z Z R 1,nal/u¢lm($)

Z ZRm 1n— 1avu¢w(x)

mlnll/(],u()

RVO

m—1,n

RVO
_|_

Rm,n—l

R 7,;5) RVO
0#

R

m—

Rm—l n

1,n

ml’nl) avoPuo(x)

Rm—l n—1

m,n—1
+Z<Rw RTW1 B

Rmn 1

Rm—l,n
R

Rm 1In—1
* Rm—l,n—l) ao#d)ou(aj)

m—1,n

$30Y (e

v=1 p=1

Rm,n—l
mo RVO
> Ay < R::) a0 ()
O

" /R
Aqy (R:Z) aouébou

Applying twice the inequality

oo+ B]" <27 (laf" + [8]")

then the well-known Hélder’s inequality with p = %

orthogonality we have that

Rm—l,n

+ZZA11(

Rm 1n—1
+ Rm—l,n—1> Py (T)

2 ) )

v=1 p=1 mn

for r>1,

> 1, q such that p+q = pq, and
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b _ b m 3 RVO k
At < 2 [ ZAH<Rmn)aw¢yo<x> o
a a =1 mn
3 b noo O k
+4/ ZAH (R )aougbou(a:) dx
a “71 mn
k ’ - - A ?riln g
4 / ZZAH< Rm) ()
v=1 p=1
k
b m RI/O 2 2
< K( [ 12 80 (52 ot dzr)

pn=1
m n RVM 2 g
)
v=1 p=1 mn

Hence, the series

m=1 n=1 a
o0 o0 m 3 RVO 2 2
< KZ Z(mn)k ! Z [An <Rmn) ] |ay0)?
m=1 n=1 v=1 mn
[o¢] o0 n B RO 2
—i—KZ Z(mn)k ! {An <Rmn) } |ag,|?
m=1 n=1 u=1 mn

[NIE
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converges since the last do by the assumption. Since the functions |At%9 (z)|F are

nonnegative, then B. Levi’s theorem (see [1], page 771) implies that the series
22 (mm) AR @)
m=1n=1

converges almost everywhere. For k = 1, and k£ = 2 we do the same reasoning as

above using Schwarz’s inequality instead of Holder’s inequality. The proof of the
theorem 2.1 is completed. O

Now we shall prove a general theorem that is a consequence of the theorem 2.1.
Namely, if we put

[e's) ~ RO‘LL
s+ Sl (B
Mk n=u yn

o0 . RVO
wtO (v, k) = mk [An ( )] ;

—_
?r\m

m=v m“
(RN
W . - mn
W k) =g ;Z;mn P“(Rmn”’

then the following theorem holds true.

Theorem 2.2. Let {Q2(m,n)} be a positive sequence such that {Q(m,n)/mn} is a
non-increasing sequence with respect tom andn, and the series > > m

converges. Let {pmn} and {qmn} be two non-negative sequences. If the series

SO S Jamo P m, n)ew O (m, s k),

m=1n=1

SO S JagaPmQE " (m, n)w ) (m,ns k),

m=1n=1

and

DN lamal*Qm, n)w™D (m, n) (m, n; k)

m=1 n=1

converge, then the double orthogonal series Y oo o> o | @mn®mn(r) € NP, p, qls,
(1 <k <2), almost everywhere.
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Proof. From (2.1) we have

oo oo b
SO (mn)t / AR (2)Fdr <

m=1 n=1
> = m 3 RvO 2 %
e S (5 (2]
m=1n=1 v=1 mn
0o 0o n B ROH 9 g
+E Y Z(mn)k_l{ > [AH (Rm“> } |aoﬂ|2}
m=1 n=1 u=1 mn
oo 00 m n B fvn 9 %
LR {EE o (F2) )
m=1n=1 v=1 p=1 mn

Applying Holder’s inequality we obtain

T — 1
h= Kzz(mnﬁ(m,n))l_g .

N

IA
N
N
WE
WE
3
3
E={
3
S
N———
|
" N|

IA
=
NE
NE
8
5
|M8
3
3
=
El
S
>
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5| =
CR R
N———

VAN
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(e
(e
g
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=
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=N+ I, {2»)
)

(2.3)
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(2.4)
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k

S S (2) § S ()]

v=1 p=1 m=v n=p

IN

IS

= K{ZZ\%#IQQz1(V7u)w(1’”(%u;k)} : (2.5)

Using (2.2), (2.3), (2.4), and (2.5) we have that

[e.e] o
YD (m) A () d,
is finite by the assumptions. This completes the proof based on the same reasoning

as in the proof of theorem 2.1. O

Remark 2.3. For k£ =1 in theorems 2.1 and 2.2 we exactly obtain the two dimen-
sional versions of the theorems 1.1 and 1.2.

3. COROLLARIES

A double infinite sequence {u,,,} will be called factorable if there exist sequences
{¢n} and {d,,} such that w,,, = ¢, d,, and we focus on this case below.

Corollary 3.1. If the series

MIE

2N ol (mn) P Pu\ (P P\
So3 Pl S St [ (e - ) (5 - ) | o
m—1 p pmfl/ pn pn—,u,

m=1ln v=1 p=1

converges for 1 < k < 2, then the orthogonal series

Z Z amn¢mn(x)

m=0 n=0

is summable [N p.pl |, almost everywhere.
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Proof. The proof of the corollary follows from theorem 2.1 and the fact that

v v my my uv
A Rnfn Rﬁnn Rm,n—l Rm—l,n Rm—l,n—l
AT - - +

Rmn Rmn Rm,nfl Rmfl,n Rmfl,nfl
P,P, P.P. P,1P, P,..P
- Pm—l/ Pm—l—u P’;L—},L Pr/n—l—u
“\m TR\ T
1 U U / /
- — (Por Py — PPy (P_P_ —PP__)
Pum—lp;LPn_l( 1 1 ) n—1" n—p nt m—1—p

1 [ (
PP, 1 P;P,;_l

/

X (P;z_piz)Pn—u_Pn (an—,u,_p;z—u>]

b (&_Pm_y) (5@_3;#)]9 y
PoPr PPy \ P Pmv) \Py Do) W

Pm_pm)meu_Pm(meu_pmfu):| X

and

for all ¢, = 1. O

Corollary 3.2. If the series

S ) [ o o e el
22 3u0ma, ;1{;;@“%1) 'a””l}

converges for 1 < k < 2, then the orthogonal series

Z Z amnﬁbmn(l’)

m=0 n=0

is summable ]N(z), Ind,, |k almost everywhere.
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Proof. We have
A (R;’#n) C Qn Q) (@, = Q) Q= Qu) (@ — Q)

Ry Qu@r, QmQ_y
Q1= Q) (@ = Q) | Qe = Qo) (@ — Q)
Qm-1Q;, Q1G5

_ Qu—Qu (Q;— 1 @ — L_1>
B Qm Qn o1

Q1 — Qo (Q; — Q1 @ — ;_1>

Qm-—1 Qn o1

o (Qm — Q-1 _ Qm-1— Qu—1> <Q% - ;kl _ ;Lfl - Ll)
a Q@m Qm—1 @ n-1

L1y (L1
- @ (@ - Qm1> Qs (Q% %1)
QmQ;zQule;L—l

QQO—lQ;@ ;171

for all p,,, = 1. In this case, with the agreement Q_; = " ; = 0, we also note that

_ RO,u B RVO
An (R:Z> =0, An (Rzz) = 0.

Now the proof is an immediate result of the theorem 2.1. 0

Let g =1, forall 0 <k <m,0<i<n, a,8 > —1, and

Dm—in—k = Ef"lE,ffl, where E} = <r +]>
J

Then the mn—th term of the (C, a, f)—transform of a sequence {s;} is defined by

(see [1])
1 m n
TR oy ool )
E%En =0 k=0

In this way, [N, p, q|,—summability reduces to the |(C, , 3)|,—summability, and
for « = f =1 the following holds true.

Corollary 3.3. If the series
k
[e.@] o0 1 m n 2
> St
m=1n=1 v=1 p=1

converges for 1 < k < 2, then the orthogonal series

Z Z A P (T)

m=0 n=0

is summable |(C,1,1)|x almost everywhere.
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Proof. By convention E”; = 0 we have

An (Rw ) ZZ E;i};f; L i”i E%‘jEé‘f ;
i=v k=p i=v k=p mtn—1
mol a— a— B-1 B—1
-2 (% Emsf?) Bk Bl
- 53 () -2

m(m+1) n(n+1)
1

- (1= R
mn m+ 1 n+1
1

S -
mn

for all ¢;;; = 1. With this we have finished the proof.

1. B. E. Rhoades, Absolute comparison theorems for double weighted mean and double Cesaro

REFERENCES

means, Math. Slovaca, Vol. 48 (1998), No. 3, 285-301. 3

2. M. Tanaka, On generalized Nérlund methods of summability, Bull. Austral. Math. Soc. 19,

(1978), 381-402. 1

3. Y. Okuyama, On the absolute generalized Norlund summability of orthogonal series, Tamkang

J. Math. Vol. 33, No. 2, (2002), 161-165. 1

4. F. Moricz, On the a.e. convergence of the arithmetic means of double orthogonal series, Trans.

Amer. Math. Soc. Vol. 297, No. 2, (1984), 763-776.

I DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, UNIVERSITY OF PRISHTINA
5, PRISHTINE, 10000, KOSOVE

AVENUE " MOTHER THERESA ”
E-mail address: xheki0OC@hotmail.com



	1. SEC Introduction and Preliminaries
	2. SEC Main Results
	3. SEC Corollaries
	SEC References

