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 Simulation analysis to evaluate the impact of combined enhancement techniques on forced 

convection flow patterns and heat transfer is investigated in the present work. More 

precisely, a Newtonian nanofluidic flow flowing in complex sinusoidal geometry subjected to 

an external magnetic field is studied. This last is applied uniformly/non-uniformly to different 

values of the Hartmann number ranging from 0 to 50 in the fluid domain and oriented 

horizontally by; γ=0, γ= π/4 and γ=π/2. Hydrodynamic and thermal behavior changes are 

examined in terms of secondary flow intensity, velocity profile, shear and rotation rates, the 

temperature profile pattern and the non-dimensional Nusselt number. Findings illustrate that 

the improvement in parietal heat transfer varies depending on the applied procedure, where 

the percentage of increase varies from 1% to 14% depending on each case. Specifically, the 

full application of the magnetic field at an angle of 𝜋/2 improves the average Nusselt number 

from 10.5 to 12, almost by 14% compared to the no-magnetic-field scenario. Also, applying a 

partial magnetic field in the 𝜋/4 and 𝜋/2 orientations leads to an improvement in heat 

exchange of 3%, 5%, 7%, and 10% compared to the base case. 
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1. Introduction 

Standard heat exchangers often exhibit low 
efficiency and high thermal resistance, 
necessitating advancements in design and 
materials. These devices facilitate heat transfer 
between two fluids without significant energy 
losses to the environment. Their operation 
involves fluid flow through the channels and heat 
exchange across the channel walls. Enhancing 
these processes is paramount to improving heat 
exchanger performance. The surface area-to-
volume ratio is a fundamental factor influencing 

the heat transfer rate within channels, with 
smaller channels generally exhibiting enhanced 
heat transfer performance [1]. 

Extensive research has been dedicated to 
mitigating thermal resistance and augmenting 
heat transfer within microchannel heat 
exchangers (MCHXs). Steinke and Kandlikar [2] 
pioneered investigations into both passive and 
active strategies for enhancing MCHX thermal 
performance. While active methods, such as 
vibration, electric, or magnetic field 
manipulation, can boost heat transfer, they often 
require external energy input. Conversely, 
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passive techniques, which involve modifications 
to channel geometry or fluid properties, offer 
energy-efficient improvements. These 
researchers conducted a thorough analysis to 
assess the practicality of integrating these 
strategies into novel MCHX applications [1]. 

Straight channels are commonly employed in 
microchannel exchangers due to their low 
pumping power and laminar flow conditions. 
However, their linear flow profile often results in 
inadequate mixing, leading to poor heat transfer 
performance. The formation of thick boundary 
layers along channel walls exacerbates this issue, 
particularly under high heat flux conditions. 
Additionally, these channels struggle to dissipate 
localized heat generated by hotspots in 
microelectronic devices. To address these 
limitations, researchers have explored various 
channel modifications, including incorporating 
grooves, ribs, waves, dimples, and fins, to induce 
flow instabilities and enhance mixing [3]–[6]. 

Ghani et al. [7] conducted a numerical study of 
microchannel heat sinks with rectangular ribs 
and secondary oblique channels. By 
systematically adjusting channel parameters, 
they identified an optimal design configuration 
that maximizes heat transfer while minimizing 
pressure drop. The optimal configuration, 
characterized by specific values for λ, β, and the 
angle, achieved an impressive performance 
factor of 1.98 at a Reynolds number of 500. 
Monavari et al. [8] investigated numerically the 
influence of the shape of the nanoparticle on the 
thermo-fluidic behavior of a MCHS featuring 
various cross-sections (elliptical, hexagonal, 
circular, and triangular). Their study revealed 
that a triangular microchannel heat sink 
exhibited superior heat transfer coefficients 
compared to other geometries. By examining five 
shapes of nanoparticles (cylinder, platelet, oblate 
spheroid, brick, and blade) at different Reynolds 
numbers, the researchers determined that 
platelet-shaped nanoparticles maximized heat 
transfer enhancement. Fadhl et al. [9] used ANFIS 
and GMDH to model the dynamic viscosity of MgO 
nanofluids, which is critical for heat transfer 
applications. GMDH outperformed ANFIS, 
showing increased accuracy with an R² of 0.9996 
and an AARD of 5.13%. This makes it the 
preferred method for predicting nanofluid 
viscosity. 

Recent studies highlight various advanced 
designs of MCHXs, including zigzag and 
serpentine channels, which improve fluid 
dynamics and heat transfer rates. Among these 
shapes, wavy channels are considered one of the 
most commonly used solutions to enhance heat 
and mass transfer. 

The concept of wavy microchannels as an 
enhancement over traditional straight channels 

was pioneered by Sui et al. [6], [10], who 
attributed the improved heat transfer 
performance to Dean vortices generation. 
Subsequent research by Mohammed et al. [11] 
explored the influence of channel amplitude 
(125-500 μm) on wavy microchannel 
performance. Their findings revealed a direct 
correlation between microchannel amplitude 
and wall shear stress and friction factor. Xie et al. 
[12] extended this concept to wavy 
microchannels with double-layers, 
demonstrating the benefits of a counter-flow 
configuration. The potential of nanofluids as 
working fluids in wavy microchannels, 
investigated by Sakanova et al. [13]. Their 
findings demonstrated substantial enhancement 
in heat transfer, ranging from 5.34% to 24.1%, 
compared to traditional rectangular MCHSs. 
However, this improvement was accompanied by 
a notable pressure drop increase of 
approximately 150-421.7%. Saleem and 
Heidarshenas [14] numerically simulated a 
wavy-walled microchannel heat sink for 
electronic cooling applications. Employing 
nanofluids (water, copper oxide/water, and 
alumina/water), they introduced exergy analysis 
as a novel metric for examining the performance 
of heat sinks. Results indicated that nanofluids, 
particularly copper oxide/water, effectively 
reduced maximum temperature and exergy 
losses compared to pure water. Specifically, a 2% 
concentration of copper oxide or alumina 
lowered the maximum temperature by 2.38°C 
and 2.55°C, respectively, at a Reynolds number of 
500. Ghorbani et al. [15] numerically investigated 
the thermal-hydraulic performance of wavy 
microchannels for electronic cooling 
applications. By varying channel amplitude and 
wavelength, they investigated the impact of these 
parameters on fluid flow and heat transfer. Their 
findings demonstrated that large amplitude-to-
wavelength ratios resulted in enhanced heat 
transfer due to amplified secondary flows. The 
optimal geometry, as determined by a 
performance evaluation criterion, was a wavy 
channel with a wavelength of 2500 μm and an 
amplitude of 250 μm. This configuration 
effectively damped temperature fluctuations and 
prevented hotspot formation under high heat flux 
conditions. 

Hybrid cooling systems that combine multiple 
approaches also show significant potential. 
Continued development and research in these 
areas is crucial to meeting the thermal 
management challenges posed by the next 
generation of microelectronic devices. Research 
has shown that using nanofluids in conjunction 
with magnetohydrodynamic (MHD) can 
significantly enhance heat transfer [16], [17]. 
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Utilizing numerical simulation and machine 
learning, Kumar et al. [18]–[21] presented 
studies advancing heat transfer and fluid 
dynamics. Their work demonstrates proficiency 
in applying computational and machine learning 
methodologies to analyze and optimize fluid flow 
and heat transfer in intricate nanofluid and 
magnetic field systems. This work targets 
applications from thermal management to 
coating technologies. 

Hamzah et al. [22] conducted a numerical 
analysis of nanofluid natural convection in a 
wavy porous enclosure subjected to a magnetic 
field, utilizing a validated computational model. 
Their findings indicate that: the magnetic field 
exhibits limited influence at high Rayleigh (Ra) 
and low Darcy (Da) numbers; thermal conduction 
is enhanced at high Hartmann (Ha) and low 
Rayleigh (Ra) numbers; surface waviness and 
Darcy (Da) number significantly impact heat 
transfer suppression; and, at Ra = 10⁵, 
nanoparticle volume concentration reduces the 
mean Nusselt number, especially at high Ha. 

Through a series of studies using numerical 
and statistical methods, Shah et al. explored 
diverse heat transfer and fluid dynamics 
problems involving nanofluids and hybrid 
nanofluids. These investigations covered: ternary 
hybrid nanoparticles in pseudo-plastic fluids 
[23]; squeezed nanofluid flow over magnetized 
sensors [24]; water-based hybrid nanofluids in 
porous media [25]; and micropolar 
bioconvection nanofluids over Riga plates [26], 
showcasing their expertise in applying 
computational techniques to optimize heat 
transfer. 

Numerical investigations have focused on 
optimizing the MHD effect in microchannel 
configurations. Cho et al. [27] conducted a 
numerical study to investigate the influence of 
inclination angle, nanoparticle concentration, 
Rayleigh number, and wavelength amplitude on 
heat transfer and entropy generation in an 
Al2O3-water nanofluid-filled enclosure. Their 
findings revealed that inclination angle 
significantly impacted heat transfer, flow 
parameters, and entropy generation, particularly 
at elevated Reynolds numbers. Higher 
nanoparticle concentration correlated with 
increased Nusselt number and decreased 
entropy generation. Moreover, wavy surfaces 
demonstrated superior heat transfer 
performance to regular surfaces while 
concurrently reducing total entropy generation. 
Mamourian et al. [28] employed the Taguchi 
method to minimize entropy generation and 
optimize heat transfer in a wavy enclosure 
containing a copper-water nanofluid. By 
considering parameters such as a wavy surface 
wavelength, nanoparticle volume fraction, and 

Richardson number, they identified optimal 
conditions for a heat exchanger design. Their 
findings revealed a trade-off between entropy 
generation and heat transfer enhancement, with 
larger wavelengths generally leading to 
decreased heat transfer and entropy production. 
The optimal configuration was determined to be 
a volume fraction of 2%, a wavelength of 0.25, 
and a Richardson number of 0.001. Asadi et al. 
[29] explored the influence of nanoparticle 
concentration, Reynolds number, wavy channel 
amplitude, and negative magnetic field gradient 
on the thermal performance and hydrodynamic 
properties of a ferrofluid within a microchannel. 
Their findings indicated that increasing these 
parameters generally led to enhanced heat 
transfer, as evidenced by the Nusselt number. 
However, the application of a negative magnetic 
field gradient, while improving heat transfer, also 
resulted in increased pump work, especially at 
lower Reynolds numbers. 

The work conducted by Aidaoui et al. [30], 
[31] provided valuable insights into the 
synergistic effects of chaotic flow, nanofluids, and 
magnetic fields on heat transfer enhancement. 
Results indicated a significant increase in the 
Nusselt number, particularly for partial magnetic 
field applications in the perpendicular direction. 
The study highlighted the potential of this 
combined approach for improving heat transfer 
efficiency, with a potential improvement of up to 
13%, versus the initial case. Recently, Kenniche et 
al. [32] conducted a numerical investigation into 
enhancing thermal mixing and fluid dynamics in 
three-dimensional open flow channels using an 
external magnetic field (MHD). By employing 
complex geometry, nanofluids, and non-uniform 
magnetic fields, the study aimed to optimize 
mixing efficiency and heat transfer. The results 
indicated that a non-uniform magnetic field 
oriented at π/2 or π/4 degrees yielded the most 
significant improvements in mixing degrees, 
exceeding 90%. Additionally, the Nusselt number 
increased by over 45% under optimal conditions. 

In contrast to the abundant literature on the 
uniform magnetohydrodynamic (MHD) effects of 
nanofluids on hydrothermal characteristics, 
studies on non-uniform MHD are severely 
restricted. Moreover, while some research exists 
on non-uniform MHD in various geometries, the 
impact on wavy channels remains entirely 
unexplored. This study numerically analyzes the 
hydrothermal properties of nanofluids within a 
wavy channel, considering the effects of both 
uniform and non-uniform 
magnetohydrodynamic (MHD) fields. 

The non-uniform magnetohydrodynamic field 
will be applied to the wavy channel in two ways: 
firstly, a full application of MHD to the entire 
wavy channel, and secondly, a partial application 
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of MHD. By employing a combination of active 
and passive methods simultaneously with a non-
uniform MHD field, the study significantly 
enhances the partial heat transfer performance 
compared to scenarios with no magnetic field and 
fully applied magnetic field at all. In consequence, 
in this study, a numerical assessment is 
conducted to assess the thermal performance 
improvement of copper-oxide-water nanofluid 
flows within a wavy channel under the influence 
of an external magnetic field. Specifically, the 
impact of magnetic field orientation (0°, π/4, 
π/2) and Hartmann number (0~50) on 
hydrodynamic and thermal behavior is 
systematically explored. 

2. Problem Description 

This study investigates the flow of CuO-water 
nanofluid through a two-dimensional wavy 
channel. Figure 1 depicts the channel geometry 
characterized by four identical annuli with a 
rotation angle  and an axial width S. The full 
wavy channel is formed by five periods. The 
dimensionless parameters α = S/L and  
represent the channel’s axial width and rotation 
angle, respectively. For this study, α was set to 
0.1, and  was set to π/4. 

 
Fig. 1. The considered wavy channel 

A constant heat flux of 10,000 W/m² was 
applied to the entire outer wall of the channel, 
while a temperature Tc and uniform inlet velocity 
u0 were prescribed at the wavy channel entrance. 

The numerical simulations assume a two-
dimensional, steady, incompressible, and 
Newtonian nanofluid flow within the channel. To 
investigate the influence of the orientation of a 
magnetic fields, three scenarios were considered: 
a magnetic field applied across the entire five-
wave channel length, and two partial application 
scenarios, depicted in figures 1b and 1c. Table 1 
presents pure water and copper-oxide 
nanoparticles' thermophysical properties under 
the assumption of thermal equilibrium. 

Table 1. Copper-oxide nanoparticles and pure water 
thermophysical properties 

Property CuO Nanoparticles Pure Water 

Cp 383 4179 

ρ 8954 997.1 

k 400 0.6 

μ / 1003 10-6 

β 1.67 10-5 2.1 10-4 

σ 5.96 107 0.05 

3. Mathematical Formulation 

The continuity, energy, and momentum 
governing equations of the nanofluid flow were 
considered under steady-state conditions in this 
study. The fluid was modeled as an 
incompressible Newtonian fluid. 
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𝛼𝑛𝑓 indicates the thermal diffusivity of the 

Copper-Oxide-water, which is equal to 
𝐾𝑛𝑓

𝜌𝑛𝑓𝐶𝑝𝑛𝑓
. 

The energy equation for this study neglected 
the effects of Joule heating and viscous 
dissipation. 

The following equations presented the 
thermophysical characteristics of the nanofluid, 
including thermal expansion coefficient, density, 
specific heat, and electrical conductivity [33]: 

𝜌𝑛𝑓 = (1 − ∅)(𝜌𝑓) + ∅𝜌𝑠 (5) 

(𝜌𝐶𝑝)𝑛𝑓 = (1 − ∅)(𝜌𝐶𝑝)
𝑓

+ ∅(𝜌𝐶𝑝)
𝑠
 (6) 

𝜎𝑛𝑓 = (1 − ∅)(𝜎𝑓) + ∅𝜎𝑠 (7) 

(𝜌𝛽)𝑛𝑓 = (1 − ∅)(𝜌𝛽)𝑓 + ∅(𝜌𝛽)𝑠 (8) 
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The lowercase letters nf, s, and f refer to 
nanofluid, solid particle, and the base fluid 
respectively, while ∅ denotes the volume fraction 
of solid particles. 

Following Brinkman [34], nanofluid dynamic 
viscosity can be expressed as follows: 

𝜇𝑛𝑓 = 𝜇𝑓(1 − ∅)−2.5 (9) 

By using the Maxwell-Garnett model [35], the 
copper-oxide-water nanofluid thermal 
conductivity is: 

𝑘𝑛𝑓 = 𝑘𝑓

(𝑘𝑠 + 2𝑘𝑓) − 2∅(𝑘𝑓 − 𝑘𝑠)

(𝑘𝑠 + 2𝑘𝑓) − ∅(𝑘𝑓 − 𝑘𝑠)
 (10) 

The effective electrical conductivity of the 
CuO-water nanofluid was determined using 
Maxwell's model [35]: 

𝜎𝑛𝑓 = 𝜎𝑓(1 +

3 (
𝜎𝑠

𝜎𝑓
− 1) ∅

(
𝜎𝑠

𝜎𝑓
+ 1) − (

𝜎𝑠

𝜎𝑓
− 1) ∅

 (11) 

The governing equations were non-
dimensionalized using the following 
dimensionless parameters: 
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(12) 

4. Simulation Protocol  

The governing equations are solved using the 
Galerkin weighted residual element formulation 
with the suitable boundary conditions mentioned 
above. This formulation establishes the weakest 
version of the governing equations and sets the 
weighted average residuals of the approximated 
flow field variables to zero. The weight function 
is chosen from the same set of functions as ones 
of the trial functions. Triangular elements were 
employed for computational domain 
discretization. Triangular Lagrange finite 
elements of various orders are used to 
approximate all variables in the discretized 
computation domain. Commercial computational 
fluid dynamics (CFD) solver Comsol was used in 
this study. Convergence was achieved when the 
relative error of all variables reached 10-6. 

5. Validation  

To validate the accuracy of the CFD code 
configuration, a comparative study was 
conducted with the work of Pirmohammadi and 
Ghassemi [36] (see figure 2). The computed 
isotherms and streamlines for various Hartmann 
and Rayleigh number values were demonstrated 
high consistency with their results, confirming 
the reliability of the code for simulating the 
present heat and fluid flow phenomena. 
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Fig. 2. Validation of the current solver against  
the work of reference [36] 

To further validate the numerical solver, a 
comparative study was conducted on the findings 
of Selimefendigil and Oztop [37]. The study 
examined a nanofluid-filled cavity containing a 
rotating central cylinder within a magnetic field. 
By comparing the predicted local Nusselt number 
values for specific conditions (Ω = 0, Ha = 20,  
ϕ = 0.02) with the reference data, excellent 
agreement was observed, where the percentage 
deviation between the current solution data and 
the reference 37 is equal to 5.9% confirming the 
solver’s accuracy and reliability (see figure 3). 
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Fig. 3. Validation of the local Nusselt number evolution  

with reference to [37]  

6. Grid Study  

To achieve accurate results in this CFD study, 
a mesh independence test was performed. Four 
grid sizes of 6000, 13500, 24000, and 37500 
elements were examined using a structured 
triangular grid. To determine the optimal grid, 
axial velocity profiles at x = 12.5 cm along the y 
direction were compared across four grids 
(figure 4). The near-identical profiles of Grid 3 
and Grid 4 confirmed that Grid 3 provided 
sufficient accuracy, making it the selected grid for 
further simulations. 

 
Fig. 4. Axial velocity variation in y direction  

for various grid sizes 

7. Results and Discussion 

The current project aims to find the 
appropriate protocol to help the enhancement of 
the mechanical and energetic performance of 
laminar forced convection flow in a wavy 
geometry. Hydrodynamic and thermal 
comportments of the considered flow in the 
presence of an external magnetic force are 
presented under various parameters such as 
velocity field, shear and rotation rates, parietal 
heat exchange and temperature field. 

7.1. Hydrodynamic Comportment 

a. Shear and rotation rates  

It is well known that mixing procedures are 
strongly influenced by shearing and elongation 
processes. The strain tensor's non-diagonal 
component, shear, aids in dispersing droplets 
inserted into immiscible fluid flow. Stretching 
and folding the volume elements in the direction 
of flow is facilitated by elongation, the diagonal 
part of the deformation tensor. Moreover, flow 
rotation improves mass and heat mixing by 
generating flows in transverse directions. 

The average values of shear rate and rotation 
rate along with the magnetic field strength 
presented in terms of Hartmann number are 
illustrated respectively in figures 5 and 6. 
Examination is performed for various inclination 
angles of magnetic force at 0, π/4 and π/2 with 
fixed Reynolds number equal to 100. Two 
manners of applying external magnetic force are 
considered, either to the entire geometry called 
full-MHD or to selected parts of the geometry 
named partial-MHD. Also partial MHD is applied 
in two types; first to three portions of five, then 
two portions of five as shown in figure 1. 

In figure 5 (upper panel) the fluctuation of the 
shear rate as a function of Hartmann number 
ranging between 0 and 50 is presented at a fixed 
value of Re = 100. The effect of the magnetic force 
mode (full or partial) on the shear rate evolution 
is appeared for the three considered angles of 
orientation (0, π /4 and π /2). While the lower 
panel of figure 5 illustrates the evolution of the 
shear rate with Hartmann number and the effect 
of orientation angle in each manner of applying 
the magnetic field (full, the two types of partial 
modes). It is noted that the shear rate variation is 
either decreased or maintained constant except 
when applying the full MHD mode with an 
orientation angle of 0 where it decreased first and 
then increased from the value Ha = 20. This value 
appears critical where the fluid changes its 
hydrodynamic behavior. 

We have shown that the velocity field is 
significantly affected by magnetic fields, 
especially according to a well-defined protocol. 
This modification of the dynamic field leads to a 
re-evaluation of the local behavior of the flow, 
presented by strain rate, rotation rate, 
trajectories, etc. This fact is confirmed, because 
the strain and rotation tensors are directly 
related to the velocity gradient tensor. 

In figure 6, the rotation rate variation with 
Hartmann number with Re=100 is shown for 
various modes of MHD field in the three 
orientation angle cases (upper panel). Rotational 
motion is very important in fluids in order to 
achieve the fluid mixing process quickly. The 

0.0022 0.0023 0.0024 0.0025 0.0026

0.01088

0.01089

0.01090

0.01091

0.01092

0.01093

0.01094

0.01095

0.01096

0.000 0.001 0.002 0.003 0.004 0.005
0.000

0.002

0.004

0.006

0.008

0.010

0.012

 Grid 1

 Grid 2

 Grid 3

 Grid 4

X, (m)

A
x
ia

l 
v
e

lo
c
it
y
, 

(m
/s

)



Nekbil et al. / Journal of Heat and Mass Transfer Research 13 (2026) 245 - 259 

251 

rotation rate maintains the same evolution as the 
shear rate with a minimum value at a Hartmann 
number equal to 20. In the lower panel the 
rotation rate evolution is presented along with 
the Hartmann number for the considered 
orientations of the magnetic force and in the case 

of the examined modes of the magnetic field, 
full/partial. As a general overview, the 
orientation rate value is always decreased or 
maintained constant in all the proposed cases of 
magnetic mode and orientation by increasing the 
Hartmann number. 

 

 

Fig. 5. Shear rate Sm evolution with Hartmann number Ha by applying the MHD in partial and full modes for Re=100 

 

 

Fig. 6. Rotation rate m evolution with Hartmann number Ha by applying the MHD in partial and full modes for Re=100 

b. Intensity of secondary flow 

The intensification of transfer phenomena 
such as mixing and parietal heat exchange 
depends closely on fluid residence time increase. 
For this purpose, secondary flows are created by 
applying a magnetic field according to a well-
defined protocol. 

This leads to the creation of mixers that 
prevent dead zones from forming in the flow by 
breaking the flow regularity. The following is a 
presentation of the intensity equation. 

𝐼 =
𝑉̅𝑦

|𝑉|
 (13) 
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Figure 7 shows the fluctuations of the 
intensity feature along with Ha number ranging 
between 0 and 50 for Re=100, with an MHD field 
applied in three different manners, partial 1, 
partial 2, and complete, oriented in the 
directions; γ =0, γ = π/4 and γ = π/2. For the three 
considered modes of the external magnetic field 
(full, partial 1 and 2), the intensity decreases 
when the orientation angle is equal to 0. 
Moreover, a slight augmentation of the intensity 
is observed when the MHD force is oriented at an 
angle γ = π/4 whatever the MHD mode. This can 
be explained by the fact that the magnetic force 
work is increased when the angle γ = π/4. 
Besides, heat transfer is directly impacted by the 
intensification of secondary flows. 

c. Velocity profile 

The angle between the magnetic force and the 
fluid displacement in the channel is of paramount 
importance, as it determines the amount of work 
done by magnetic force. Therefore, we propose 
three main orientations: 0, π/4, and π/2. 

The synergy between the value of Ha, 
orientation angle (γ) and the mode of application 
(Full or Partial) of the magnetic field considerably 
affects dynamic field behavior. In other words, 
the velocity field profile becomes more complex 
when an appropriate protocol is applied to the 
flow domain. 

 

 

Fig. 7. Intensity evolution with Hartmann number Ha by applying the MHD in partial/full modes for Re=100 

The axial velocity profile drawn in the y 
direction at x=0.15 m is shown in figures 8 and 9. 
Simulated profiles are presented for different 
values of Hartmann number ranging between 0 
and 50. They are presented under the effect of the 
three magnetic field modes, full and partial 
oriented by the angles 0, π/4 and π/2. The 
considered Reynolds number during these 
computations is constant and equal to 100. 

For an orientation angle of the magnetic field 
γ=0, the velocity profile shapes have a parabolic 
form with a maximum value at the section center 
whatever the applied MHD mode. This form was 
kept until a value of Hartmann Ha = 20 where it 
started moving towards the channel wall 
recording an augmentation in its maximum 
values.  

The maximum velocity shifts sometimes 
towards the upper wall and sometimes towards 
the lower wall. This oscillation provides an 
excellent opportunity for better wall heat 

transfer. Based on this result, we can combine 
different protocols on the same pipeline. When 
the orientation angle is fixed at γ= π/2, for all the 
studied magnetic modes and with increasing the 
Hartmann number the axial velocity profiles 
become more flat with a decrease in the center.  

Moreover, an acceleration of fluid flow is 
observed near the duct wall which leads to 
improving parietal heat transfer. Also, close to 
the wall, a significant velocity gradient is created, 
which raises the strain rate. In the case of γ= π/4 
a mixture of the previous two patterns is 
observed depending on the magnetic field mode 
(full, partial 1 or 2).   

The protocol type can influence the flow 
regime. If the fluid is decelerated, the transition 
from laminar to turbulent is delayed. On the other 
hand, if the fluid is accelerated, the transition 
point occurs at a Reynolds number higher than 
the standard value. 
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Fig. 8. Variation of axial velocity profiles along Y coordinate at x = 0.15m for various Ha values,  

by applying the MHD in partial and full modes for Re=100 

   

  
 

Fig. 9. Variation of axial velocity profiles along Y coordinate at x = 0.15m by applying the MHD 
 in partial and full modes, for Ha = 50 and Re=100  

7.2. Thermal Comportment 

As known, in the fluid domain the velocity 
field transports the temperature, which is an 
inactive scalar. In order to assess the impacts of 
applying the MHD field in various modes and 
intensities, the thermal field will be examined 
with temperature profiles and the dimensionless 
number of Nusselt. 

a. Temperature profile 

Figure 10 indicates the evolution of 
temperature profiles with Y coordinate at a fixed 
point x= 0.15m. The examination is carried out 
for three values of the Hartmann number 0, 10 
and 50. The imposed MHD fields are applied in 
two methods, complete and partial and oriented 
to 0, π/4 and π/2. 
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It has been noted that when the MHD force is 
oriented by γ= π/2, profiles of temperature 
become more uniform. The disparity between the 
maximum and minimum values is lessened 
mainly in full and partial modes. As a result, the 
temperature reaches its maximum value near the 

domain boundaries. Indeed, the flow creates 
secondary flow that move the fluid transversely. 
While in the case of γ=0 with a fully or partially 
applied magnetic field, the parabolic form of the 
temperature profile is lost and its maximum 
value approaches the channel wall.  

   

   

Fig. 10. Variation of temperature profiles along Y coordinate at x =0.15m with full/partial magnetic modes  
and various orientations with Re=100 for the lower panel Ha=50  

b. Heat transfer 

The dimensionless quantity adopted to study 
parietal heat exchange is the Nusselt number, as 
defined by equations 14 and 15:  

𝑁𝑢𝑙 =
𝑞𝐷ℎ

𝑘 (𝑇𝑤 − 𝑇𝑚)
 (14) 

𝑁𝑢𝑚 =
1

𝐿
∫ 𝑁𝑢𝐿𝑑𝐴

𝐿

0

 (15) 

Tw and Tm represent wall and bulk mean 
temperatures, respectively. Num and NuL denote 
the average and local Nusselt numbers, 
respectively. 

Figures 11 and 12 demonstrate the progress 
of the mean Nusselt number with Hartmann 
number ranging between 0 and 50 and for a fixed 
value of Reynolds number equal to 100.   The 
average Nusselt values are analyzed for different 
protocols presented in terms of types of external 
magnetic field application (full, partial) oriented 

to 0, 𝜋/4 and 𝜋/2. Findings proved that the 
mentioned protocols of applying the external 
magnetic field to the fluid flows in a complex 
geometry always improve heat transfer. 
Depending on the applied procedure, the parietal 
heat transfer enhancement can range from 1% to 
14%. More precisely, the full use of the magnetic 
field directed by an angle equal to 𝜋/2 enhances 
the mean Nusselt value from 10.5 to 12 at Ha=50 
by almost 14% compared to the case without a 
magnetic field.  

By using this method, the fluid near the wall 
can be accelerated, which reduces the amount of 
dynamic and thermal boundary layers which 
posing obstacles to a better transmission of 
momentum and heat. Other combined techniques 
with applying partial magnetic fields in 𝜋/4 and 
𝜋/2 orientation also lead to heat exchange 
improvement with different ratios; 3%, 5%, 7% 
and 10% by comparison with the base case where 
no magnetic field is applied. 

   

Fig. 11. Mean Nusselt number evolution along Ha with full/partial MHD modes for Re=100 
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Fig. 12. Mean Nusselt number evolution along Ha, three angles of the magnetic field applied in full/partial modes with Re=100 

As mentioned before, the heat transfer 
between the hot wall and the fluid is 
distinguished by the Nusselt number, which is 
directly related to the fluid's flow characteristics.  

Figure 13 displays how the Hartmann number 
impacts local Nusselt number evolution at 
selected cross sections following the x direction 
while taking into account various modes and 
magnetic field orientations. 

The evolution of the local Nusselt number 
shows the fluctuating behavior of this quantity 
along the mean line of the channel. This behavior 

is explained by the rupture of the dynamic and 
thermal boundary layers due to the complexity of 
the geometry and the presence of the partial 
magnetic field, in particular at large values of the 
Hartmann number. Due to the large temperature 
differential between the lateral surface and the 
nanofluid flow in the inlet section, the local 
Nusselt number Nul exhibits maximal values at 
the channel entrance in all examined cases. Once 
the flux is fully developed, it generally remains 
constant, with the lowest values observed at the 
outlet, whether the magnetic field is fully applied 
or not. 

   

   

Fig. 13. Local Nusselt number evolution at selected cross sections following the x direction for Re = 100, two values  
of Ha (20, 50), and various orientations of the magnetic field applied with full/partial modes  

8. Conclusions  

In the present project, a 2D numerical study is 
conducted to evaluate the effect of combined 
enhancement methods on the local physical 
properties and thermal behavior of an open 
forced convection flow. Specifically, a Newtonian 
nanofluidic flow flowing in a sinusoidal geometry 
subjected to a non-uniform external magnetic 
field is studied. In addition to the passive 
techniques presented in terms of nanoparticles 
added to the base fluid and wavy geometry, a 
magnetic field is applied non-uniformly for 
different values of the Hartmann number ranging 
from 0 to 50 in the fluid domain and oriented 

against the horizontal by; γ=0, γ= π/4 and γ= π/2. 
The changes in hydrodynamic behavior of the 
flow of interest are examined in terms of velocity 
profile, shear and rotation rates, as well as the 
secondary flow intensity. Furthermore, the 
impact of the proposed improvement protocols 
on thermal comportment is analyzed by 
evaluating the temperature profile pattern and 
changes in the non-dimensional Nusselt number. 
After examination, the findings allowed us to 
draw some conclusions to help in the selection of 
optimal cases. The improvement of wall heat 
transfer varies depending on the applied 
procedure, where the percentage increase varies 
from 1% to 14% depending on each case. It is 
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estimated that utilizing hybrid nanofluids will 
increase heat transfer by approximately 5% in 
minichannel forced convection [38]. The full 
application of the magnetic field at 𝜋/2 with the 
horizontal significantly improves the average 
Nusselt number from 10.5 to 12 at Ha=50 by 
almost 14%. Using this combination, the fluid 
near the wall can be accelerated, which reduces 
the amount of thermal and dynamic boundary 
layers, the last constituting obstacles to a best 
transfer of momentum and heat. Combining a 
partial magnetic field with orientations 𝜋/4 and 
𝜋/2 also improves heat exchange by 3%, 5%, 7% 
and 10% compared to the base case without a 
partial magnetic field. This improvement is of 
great importance for being able to invest in 
stationary industrial applications containing 
cooling processes, namely hydrogen fuel cells, 
batteries, etc.  

Nomenclature 

B0       intensity of a magnetic field 

Cp      specific heat (J /kg K) 

Dh       hydraulic diameter (m)  

g         gravity (m/s2) 

Ha      Hartmann number 

I          Intensity 

k         thermal conductivity (W/m K) 

Nu      Nusselt number 

p         pressure (Pa) 

P         dimensionless pressure 

q        heat flux density (W/m2)  

Ra      Rayleigh number 

Re      Reynolds number 

Sm      shear rate (s-1) 

T        temperature (K) 

u, v     x and y directional velocities (m/s) 

U, V   dimensionless velocities  

x, y     Cartesian coordinates (m) 

X, Y   dimensionless coordinates 

Abbreviations 

Al2O3      Aluminum oxide 

Cu           Copper 

CuO        Copper oxide 

CFD        computational fluid dynamics 

MCHS    Microchannel heat sink 

MCHX   Microchannel heat exchanger 

MHD      Magnetohydrodynamic 

Greek characters 

α       thermal diffusivity (m2/s) 

θ       dimensionless temperature 

β       thermal expansion coefficient (1/K) 

γ       magnetic inclination angle (radians) 

ν       kinematic viscosity (m2/s) 

σ       electrical conductivity (1/Ω.m) 

ρ       fluid density (kg /m3) 

µ       dynamic viscosity (Pa.s) 

ϕ      solid volume fraction (%) 

Ω𝑚    rotation rate (1/s) 

Subscripts 

c      cold 

f       fluid 

l       local 

m     average 

nf    nanofluid 

s      solid 

w     wall 
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