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Abstract

Using volume comparison theorems and the Sobolev inequality with almost Ricci solitons, we study an important
version of the gradient estimate for the solutions of Au = f + Hu, for some function f, H, and we obtain an upper
bound for the gradient of w on almost Ricci solitons.
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1 Introduction

Sobolev inequality enables us to obtain many applications in differential geometry. For example, it plays the
main role in the maximal principle, gradient estimates and consequently upper and lower bounds of the heat kernel.
The Cheeger-Colding-Naber theory has been extended to integral Ricci curvature bound in the noncollapsed case
and has important results [I4] [I7]. In fact, Rose in [14] showed that under locally uniformly integral bounds of the
negative part of Ricci curvature, the heat kernel admits a Gaussian upper bound for small times. After that, Dai et
al. [9] extended many of the basic estimates for integral curvature to the collapsed case. Zhang and Zhu [19] followed
their arguments to prove Sobolev inequality on manifolds with considering a lower bound of the Bakry—Emery Ricci

1
curvature Ric+ -Lxg > —\g, where Lx is the Lie derivative along the vector field X, and Ric is the Ricci tensor, and

A is a positive constant. Afterwards, they used volume comparison theorem, and Sobolev inequalities for elliptic and
parabolic gradient estimates (see also [9], [I0] for more information). Actually, they considered the following equations

1 K
i+ ~Lyg > — < - 1);
RZC+ 2£Vg fel Aga |V|(y) —= d(y,O)O" o€ [07 )7

and moreover volume noncollapsing condition vol(B(a,1)) > p, for some constant p > 0, when a # 0. Here d(y, O)
represents the distance from O to y, and K > 0 is constant. By these assumptions Zhang and Zhu obtained following
upper bound for the solution of Au = f in B(z,r):
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n
for any ¢ > 5 and moreover

sup  u® < C(n, A K, o, p) [([ull3, po.)? + 7 (1130, 82))%]

5 1
(95727”)

where
1

T (;{ |f|ng)q.
a.B(zr) B(z,r)

)

As well, Wang and Wei in [16] studied on the Riemannian manifolds with integral Bakry—Emery Ricci cuavature,
and extended the local isoperimetric constant estimate in [5] to integral Bakry—Emery Ricci curvature, and got some
applications for a complete smooth metric measure space M}L = (M", g, e/ dvol), the Riemannian manifold (M™, g)
coupled with a weighted volume e~/dvol for some f € C°°(M), where dvol is the usual Riemannian volume element
on M respect to the metric g. As a prominent result, they obtained a gradient estimate for solutions of Aju = h,
where u and h are smooth functions on M}’ Lately, Richard Bamler in [2] improved an important gradient bound
based on Zhang and Cao-Hamilton’s works at [4] [1§].

1.1 Ricci almost soliton

Let (M™,g), be a complete smooth Riemannian manifold equipped with a smooth vector field Y € x(M), and a
smooth function A : M™ — R. Let (M™,g,Y,\) satisfies in the following equation

1
Ric + iﬁyg = )y,

then it is called an almost Ricci soliton, and if the vector field Y = Vh, for a smooth function h, it is called a
gradient almost Ricci soliton. Actually, almost all Ricci solitons are the generalized Ricci solitons, considering the
soliton constant A to be a smooth function introduced in [13]. An almost Ricci soliton (M, g, Y, \) is trivial if it is
a Ricci soliton, and a Ricci soliton is trivial if the soliton vector field Y is Killing. There are some articles about
the sufficient condition for an almost Ricci soliton to be a Ricci soliton, see [7, 1T} [I5]. Lately, in [§], necessary and
sufficient conditions for a compact almost Ricci soliton endowed with a geodesic soliton vector field were examined to
be a trivial Ricci soliton. Also in [6], had been shown that under some certain conditions a compact gradient almost
Ricci soliton could be isometric to the unit sphere S™, and in [3| [II] obtained some result about the condition that an
almost Ricci soliton could be an Einstein manifold.

In this paper, we consider a condition on the Ricci curvature involving vector fields, which is weaker than almost
Ricci soliton, and hence can be applied to almost Ricci soliton. We stata ed new version of the gradient estimate by

solving the following equation
L1u = f, (11)

here, Lyu = Au— Hu and H : M — R is a smooth function under. Proving this type of gradient estimate, first we
had used Sobolev inequality on a manifold M™ that its Ricci cuavature tensor satisfies

1
Ric+ gﬁvg > —Ag, (1.2)

where Ric is the Ricci tensor, A is a smooth function, and V' is a smooth vector field which satisfies

K
% < 1.3
VIw) < oy (13)
for any y € M. Here we denote the distance between two points y,0 € M by d(y,0), K > 0, and 0 < o < 1 are
constants. Here is our main result:

Theorem 1.1. Suppose that on a Riemannian manifold M™, (1.2)), (1.3)) hold. Mreover, let the volume non-collapsing
condition holds
Vol(B(x,1)) > p.
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For ¢ > g, if uw and f be smooth functions, and [A| < N for a constant N such that 1D holds with |H| < Iy,

0 <wu<ly, and |VH| < I3 for constants Iy, 2,3, then there exists a positive constant ro = ro(n, N, K, «, p,11,12,13)
such that for any x € M and 0 < r < ry, we have

Suﬁ) ‘vu‘z < C(TL, Na K7a7p7l1a127l3) [(Hf||;q,B(w,r))2 +T72(”u||;,3(2¢,7‘)>2]'

B(z,ir)

2 Main Results and Proofs

We may use following isoperimetric and sobolev inequality. The proof process is just like [5], we can prove the
theorem for any r < ro = ro(n, K1, K, a, p).

Theorem 2.1 (Isoperimetric inequality). Let M be an almost Ricci soliton which next three conditions hold on
it.

1
Ric+5Lxg 2 =29, [VI(y) Vol(B(z,1)) > p,

< K
~d(y, 0)*
for all z € M and some constant p > 0 and K > 0. (we could just have the first two equations when o = 0). In
addition suppose that function A is bounded from above by K7, then there is a constant ro = ro(n, K1, K, «, p) such
that for any r < rg and f € C5°(B(z,)), we have

ID} (B(z,7)) < C(n)r.

Here ID} (B(x,r)) is the isoperimetric constant defined by

n—1

ID; (B(z,1)) = VOZ(B(I,T))H-SEP {%}’

where the supremum is taken over all smooth domains Q C B(z,r) with 9Q N 0B(z,r) = (.

Theorem 2.2 (Sobolev inequality). Under the same conditions as in the above theorem, we have the following
Sobolev inequalities for any f € C5°(B(z,r)), and r < r¢:

n n—1

(;4 If”—ldg) "o f  (vild, (2.1)
B(z,r) B(z,r)

n—2

and
2n

(f f|n—2dg) "osc d (vrpdg (2.2)
B(x,r) B(z,r)

Moreover, for the case that X = V f for some smooth function f, we get

n—1

n
(;4 |fn1dg) "osCGrd |Vilds (2.3)
B(z,r) B(z,r)

In addition we need the volume comparison theorem which was state in [I] as follows:

Theorem 2.3. Assume that for an n-dimension almost Ricci soliton (1.2]) and (1.3) hold. Moreover consider a positive
constant K; as an upper bound for A. Suppose in addition that the volume non-collapsing condition holds

Vol(B(z,1)) > p, (2.4)

for positive constants p > 0, K > 0 and 0 < a < 1, then for any 0 < r; < ro < 1, we have the volume ratio bound as

follows
Vol(B(z,72)) < Cn Ky K ap)[Ky (3 =)+ K (ra—rp)t =) VOUB(2, 1)) (2.5)

n n
T2 1

In particular, this result are true by considering the gradient soliton vector field V = V f.
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Proof . Take v = |Vul? + || f?||* Due to the Bochner formula, we have

q,B(z,r)"
7A|Vu|2 |V2u|*+ < Vu, AVu > +Ric(Vu, Vu), (2.6)
then
Av = 2|V2u|? + 2 < Vu, VAu > +2Ric(Vu, Vu). (2.7)

Since Au = f + Hu, we infer
Av > -2 < V(Hu),Vu > +4+2 < Vu,Vf > +2Ric(Vu, Vu). (2.8)

Applying conditions that stated in theorem, we obtain

Av > 2u; fi — 20 — (Ly g)ijuin; — 2hv — 2uH;u;. (2.9)
For any positive p, we get
AvP = poP A+ p(p — 1)oP 2| Vo2
> 2poP Yu, fi — 2\po? —pvpfl(ﬁvg)ijuiuj — 2pvP Y uHu; — 20 poP + pp%lv*ﬂvaF. (2.10)

Let B = B(x,r), then by (2.10) for any n € C§°(B;(1)), and p > 1, we have
[ 19 = [ gver + orogp
B B
:/ v?P|Vn|? — n*oP AvP
B

< / 0¥ |Vn* = 2p0*v® " g fi + 20p0° 0 + pn?o® T (Ly g)sjuing + 2pn* v T uHu + 2l pn o
B
(2.11)
Since (Ly g)i; = ViV + V,;V;, we get

1 _ _
2/ 7721)210 1(£Vg)ijuiuj :_/32771)217 lﬂjViUin+(2p—1)772Uzp 2’UJVU1UJ+772 2p— ‘/'iuijuj+772@2p 1Vz‘Uiujjo

(2.12)
As we know v; = 2u;;u;, so becomes
; / 7721)2p 1(/3vg)ijuiuj < /Bv2p|vn|2 + nzv2p—2‘v‘2‘vu‘4 _ %nvp—lviuiuj[(nvp)j _ Up??j]
—%77202”_11/;1)1- + %77 VP2 f2|Vul? + 17 22|V |2 — n*0?P " Wiu; Hu. (2.13)
By the definition of v, we know that |Vu|* < v?, so
5 [ v < [ VR PV~ g Vi () = )
—%m}pVi[(nvp)i —oPn;] + %n202p_2f2|Vu|2 — *0*P " Wu; Hu. (2.14)

Since |A| < N, |H| <y, and |u| < I, (2.14) changes as follows

8p—1 2(2 +5
/n2v2p YLy g)ijui; < /LU%WTI‘Z_,_M 202 |V |2 + *|V(77Up)|
B B 4p 2p

1 1
+§,’72U2p—1f2 T §l1l27']2’l}2p|V|2 + §l1l2n2v2p—2|vu|2
& —1 22p—1)2+5 I
J e s
B 4p 229

*IV(nv’))\“r SRS hl R (2.15)
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By the same argument of [19], we have

42p — 12 +1 1 1
/ n?v?P "ty f; < / Mn%zp*lf + —0?|Vn2 + —|V(nP)|% (2.16)
B 2p 2p 8p

Substituting (2.15] 7 and ( in , it follows that
2 [ (v < / 2P| Vnf? + (8(2p —1)7 + 2P0+ 27 Vnf? + 2 [V
B B

8p—1
+=L o T + (2(2p — 1) + 5p + plala)iPo |V 2 + |V ()

+p?v?P T2 4 plilon®v®P T + ANp*v®P + Apn*v®P T uHu; + dplin*o®?

/IV(nv”)\2 < /16pv2”|Vn\2+70p2n2v2”‘1f2+30p2n2v2pr|2
B B

+8p(N + 1)n*0?P + 2plylon*v?P |V |2 + 2plylan*v®P 1 + 8pnv®P~ uH u;. (2.17)
Now by the fact that |H;| <3, we get
/ 8p772 Py Huu, < 8p/B772v2p_1lglg|ui|
< 4p/ 20?2 (lylg)? +4p/Bn2v2p_2|ui|2

4p(1213)2/ 2p+4p/ 22, (2.18)

IN

Hence, we can rewrite (2.17) as

/ V)P < / 16p0? |V + T0p2nP0® L f2 4+ 30p% 20 [V ]
B B

+8p(N + 1)n*v* + 2plilon®v™ [V |? + 2plalan®v® ™ + 4p(lals)*n* 0 + dpp*o™ =" (2.19)

1 1

(5,22,?), Z = 071,27...7 wl(t) =1 fOI' t (S [0,7"i+1],

Constructing a cut-off function ;(s) such that for r; =

%

< 1p; < 0. Then define 7;(y) = ¥i(s). Thus, (2.19) becomes

52
suppy; C [0, 7], and — r

/ IV(ni?)]? < / 16pv?? | V| + T0p*niv? =L f2 + 30p* 20|V |2 + 8p(N + l1)nio*
B(a,r) B(a.r:)

+2pllon; v [V |2 + 2plylon; v~ + dp(lals)*nf v + dpnpiv®P 1. (2.20)

r < we can conclude next inequalities by the use of Young’s

3
Using volume comparison Theorem [2.3 for g e

inequality.

B(z,r;) i _||f2||qur) B(xz,r;) K
2g a-1

<C<n,N,K,a,p>p2( [ m-vp)q—l) ‘
B(z,r;)
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2 g—1 o 2 b (¢—1(O-1)
a. . b —-a). . b
SC’(n,N,K,a,p)[F(?{ (ni'Up) q—1 ) a X(% (mvp) q—1 b_l) q
B(z,r;) B(z,r;)
2 q-1 a 1 2 2¢ b (@=1)0b-1)
a.——.b ba — (1—a). ﬁ b(1—a)
<e 7{ (mv?) 4—1 ) T° e 1-aCl-apl-a 7{ (niv?) q-1b- q : (2.21)
B(z,r;) B(x,r;)
n n
By the same argument for g € (5, 2—), we conclude that
«@
2g q-1 1
30}727{ m21}2p|v|2 < 30;02(% (m,up)q - 1) q (?{ |V|2q> q
B(z,r;) B(z,r;) B(z,r;)
2q qg—1
< FeNbap(§  genaT)
B(x,r;)
on M —2 a 2 1
< eri_?'a(% (mv")n—Z) o4 l—apl—acl—ari—?ﬂ?{ nvap. (2.22)
B(xz,r;) B(a,r;)
Therefore,
on n—2 a 1 1
2pl1l2% v |V)? < {erﬁa(y{ (niv”)n — 2) " 4el-apl—acl-— ar;"’ajé n?v2p:|. (2.23)
B(z,r;) B(xz,r;) B(z,r;)

So substituting (2.21)), (2.22) and (2.23)) in (2.20), we have

0int g,y |V (0iv”)|? S?{ 8p(N + 11)niv°" + 16pv°? Vi | + 2pl1laniv® ™" + 4p(lals)*ni v + dpniv® ™!

B(z,r;)
2q qg—1
04746 bll
ve(f ey
B(z,r;)
a 1 2 2¢ b (¢—=1HOB-1)
- (1-a). Y b(1—a)
e l-acl—apl—a 7{ ?) a—1b-1) 4
B(xz,r;)
on  n—2 1 2 a 1
+25r;2a<j£ (nw”)n*2> " f(pl-aqpl—a) 1*aclfar;2“7{ niv’?. (2.24)
B(xz,r;) B(z,r;)

2q — 2
Now using Sobolev inequality lb and (2.24)), if we take a = 23 and b = 22 5 We get
q n—

m n—2

(74 (niw)n*?) "oscotf WP
B(z,r;) B(z,r;)

<C(n)r} b{ 8p(N + 1) niv™ + 16pv? |Vn|? + 2plilan; v~ + dp(lals)*nfv*? + 4p17?v2”’1}
B(z,r;)

o n—2 a 2q 4q
+C(n)€rffza(%(nvp)"_2) " 4 Cn)e 1-aC2q—np2q—ny2oRe niv*?
B

B(z,r;)

2n  n—2 a 4q 2
+C(n)n~26(7{ (mv”)"_Q) "+ Cn)rie 1_“(p2q’”+p2q*”)j{ niv?P.
B(xz,r;)

B(z,r;)

We choose € small so that due to r; <r <1, and o < 1, we obtain

m n—2
(%( )(Uivp)n_ 2) " < C(”? N, Kaaapalhl%l?’)r?% pv2p|V77i|2 +p77i21]2p +p77i21)2p71' (225)
B(x,r;

B(z,r;)
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Using volume comparison theorem for ro = ;41 and r1 = r;, we infer

m n—2 om n—2
(f @) " < comgan(f  @on-z)
B(z,ri41) B(x,r;)
< C(n,N,K,a,p,li,la,l3) f.( )22ipv2p + 2pv?P.
Bz,
Then
n—2 op n—2

(]{ ,UMiH) n (?{ (,Up)n72> n
B(z,ri41) B(z,rit+1)

C(n, N, K, a,p,l1,12,13) (2 ' + p) f ot
B(x,r;)

i

IN

Cln N Kyap bl  r 2 f

B(z,r;)

IN

i

as p = 5 andp:% for : =0,1,2,..., this means that
||V||Zi+1,B(z,ri+1) < CM_ (24i71 + 22i)H_ ||v||;i,B(z,Ti)‘ (226)
So, _ _
sup v < CP @Y A2 ot 3 <O N K a,p,h b )T g (2.27)
1 1,B(z,—r) 1,B(z,—r)
B(z,—=T) 4 4
2
On the other hand, we have
2 2 2
/ n°|Vul® = / —n°u(f — Hu) — 2nuV,;uV;n
B(x,r) B(x,r)

1 1 1
/ 7u2n2 + ff2772 + 7]2[112 + fnz\Vu|2 + 2u2|Vn|2.
Bla,r) 2 2 2

Due to the definition of 7, we have

% n’|Vul> < 47{ w0’ + 207 + n’lls + u?|Vn)?
B(x,r) B(z,r)

100r 2 (|ul3, Ba,r)* + 4l £ 15 B + lila.

IN

Accordingly, we achieve

. Vol(B(xz,r .
e A (LR T PP
1,B(z,1r) VOl(B(JI, Z71)) B(z,r)
< C(TL, Na Ka @, p, llle) [T72(|‘u||;,]3(m,r))2 + (HfHSq,B(z,r))Q] .
Thus,
Sulf |vu|2 S ”UH 1 S C(TL, N7 K7O(7pyllal27l3)|:r72(”u |;,B(z,r))2 + (Hf”;q,B(z,T))Q:I'
oo, B(z, =)
T, T 2
B( 5 )

This completes the proof. [J
Remark 2.4. Note that the same results hold without noncollapsing condition when v = 0.

According to the previous theorem, it could be easy to conclude:
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Corollary 2.5. Suppose that the following condition holds for a gradient Ricci almost soliton
Ric + Hessh > —\g,
and more over we had two condition for potential function h as follows

‘h(y) - h(Z)| < Kld(ywz)aa and sup (TﬂHVh”ZB(m,T)) < Ks.
zeM,0<r<1

Then there is a constant rg = ro(n, N, K1, K2, «, 8,11, 12,13), such that by the same conditions as last theorem, the
solution of (1.1)) satisfies

SUB‘ ‘VU‘Q < C(n, N, K1’K27a7ﬁﬂll7l27l3) [r_2(‘|u||;,B(z,r))2 + (HhHSq,B(z,r))QL

B(mi)

n
for any ¢q > 7"

Remark 2.6. Note that if in (LI), H = 0, and X be a constant then we obtain similar results as [19], and if only
H = 0, then we have the same result for A < N with constant C = C(n, N, K, «, p). Also, for the case that A be a
constant, for example A\ = b, then just C' changes as C = C(n,b, K, «, p,l1,l2,13). Moreover, when A = 0, then we
have C = C(n, K, a, p,l1,l2,13) such that

sup Vul* < C(n, K, o, p,1, 2, 13) [(1 £ 3, 5(0.0)* + 772 (ull3 500 ?]-

B(m,gr)

By this fact coefficient C for the Corollary changes as follows:
(i) if H =0, then C = C(n, N, K1, K, o, 8),

(ii) if A =, b is a constant, then C' = C(n,b, K1, Ko, o, 8,11, 12,13),
(iii) if A =0, then C' = C(n, K1, K2, a, B, 11,2, 13).
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