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Abstract

This paper establishes the best proximity point (BPP) theorem by using a newly developed contraction operator.
Using the results, the optimal solution to a system of fractional hybrid differential equations is then investigated. To
further illustrate the findings, an additional example is given.
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1 Introduction

Finding the points that are closest to a given point or subgroup is one of the main issues in approximation theory.
For W, a normed linear space (NLS), if ENT (&) # ¢, where € € £ and &£ is a non-empty subset of W, then the map
T: & — W has a fixed point. If there isn’t a fixed point for T, then for any & in &, the distance between ¢ and T (&) is
positive. If there is a minimum distance between & and T (¢), then ¢ is the best proximity point of T. As a consequence,
Ky Fan develops his best approximation theory. On the other hand, when T maps £ into a distinct subset B of W,
there is an issue. In this case, the extension of the problem is to find a point that approximates the distance between
these two subsets. These points are known as best proximity points.

The structure of this paper will be as follows: We first review some basic terms and ideas related to best proximity
theory. We then prove the best proximity point theorem for both cyclic and noncyclic contractive operators. We next
go over their particular cases in the next section. Lastly, we use our findings to look at the best way to solve a system
of fractional hybrid differential equations.

After Kuratowski and Hausdorff’s generalization, numerous scholars investigated the concept of MNC' in order to
obtain significant extensions of the theory of compact operators. The main competence is the application of measures
of noncompactness to ensure that the mappings satisfy the relevant inequalities. To help the reader understand our
problem and objective, we thus provide a brief history. We review the standard fixed point problem in a Banach space
w by using certain regularity assumptions from Schauder [2].

*Corresponding author
Email addresses: mallikasarmah29@gmail.com (Mallika Sarmah), math.anupam@gmail.com (Anupam Das),
dipak.sarma@cottonuniversity.ac.in (Dipak Sarma)

Received: May 2024  Accepted: July 2024


http://dx.doi.org/10.22075/ijnaa.2024.34085.5084

2 Sarmah, Das, Sarma

The authors of [10] first addressed the BPP results using MNC'. After that, they used their findings to look into
the existence of optimum solutions of a system of second-order differential equations. The application of MNC' to find
optimal solutions for i-Hilfer fractional differential equations with initial conditions was investigated by the authors
of [II]. Using the Caputo fractional derivative of order # € (0,1], the authors of [5] defined both strong and mild
solutions to the fractional hybrid boundary value problems in two types and investigated the presence of at least one
mild solution for each type. Finally, they proved how crucial it is to consider the initial conditions. In [I3], the authors
used Petryshyn’s fixed point theorem and MNC' to investigate the solvability of functional-integral equations in Banach
algebra. Additionally, they looked into the general class of functional equations, which includes a number of integral
equations that arise in real-world and non-linear analysis situations. Using a Darbo-type fixed point theorem and
MNC, the authors of [9] investigate the existence of solutions to infinite systems of second-order differential equations
in the Banach sequence space I,. Using a method related to MNC, the authors of [I2] work on existence results for
an infinite system of differential equations of order n with boundary conditions in the Banach spaces ¢y and [;. In
[7], the authors used a method related to MNC' and the generalized Meir—Keeler fixed point theorem to demonstrate
the existence of a solution for an infinite system of nonlinear integral equations in the Banach spaces l,, p > 1. The
authors examined if there are any solutions for nonlinear integral equations in [8]. Additionally, they presented an
iteration approach to provide very accurate solutions for the nonlinear integral equations. At last, they determined
the convergence condition and provided an upper bound of error.

Motivated by these works, in this paper we established a best proximity point theorem with the help of a newly
defined contraction operator by using MNC, and studied the existence of optimum solutions of a system of fractional
hybrid differential equations.

Theorem 1.1. [6] A continuous operator J : K — K where K is a nonempty, convex and compact subset of a Banach
space W, then J admits at least a fixed point.

Clearly it is the generalization of Brouwer fixed point theorem. Consider a Banach space W and a closed ball
c(f.g)={meW:[m—f| <g}inW. Suppose Z, for nonempty (z) denotes the closure of z and ¢onv (z) denotes
the closed and convex hull of the non empty set z which is the smallest convex and closed set containing z.

Also M3, and Ny, represents the family of non empty bounded subsets of W and subfamily of w consisting all
relatively compact sets respectively; R= (—o00,00), and R4 = [0,00). Measure of noncompactness (MNC) is defined
axiomatically as follows:

Definition 1.2. [I] A map G : My, — Ry is a MNC' (measure of noncompactness) in a Banach space W, if the
following conditions are holds for g

L kerg = {B e My, : G (T )=0}7A¢,

% € ker G if and only if U is relatively compact,
B, C V=G (‘ih> <g (‘ﬁz)7

§(3) - ¢ ().

o) -6 (1),

g(5m1+( ) ) ( ) (1—5)Q(i32),forée[o,1],
max {G (ml) ( ) (ml U %)

The set Voo = ﬂnzl‘ﬁn is compact and non empty, if (QNTH> is a decreasing sequence of closed sets which are

© N e W

non empty in M, and lim G (i?n> =0.

n— oo

In particular, the space W= C(I), where I is the closed and bounded interval, is the set of real valued continuous
functions on I. Then W is a Banach space with the norm ||D|| = sup{|D(8)| : § € I},D € W. Assume that U(# ¢) C W
is bounded. For D € U and r > 0, the modulus of continuity of D, represented by 3(D, r) i.e.,

j(D,I‘) = Sup{|D(5'1) — D(ég)l : 51,52 S I, ‘8’1 — §2| < I‘}.

Furthermore, we define

J(U,r) =sup{3(D,r) : D € U}; Jy(U) = }1_1% J(U, ).

1 o
A Hausdorff MNC 1 is given by 3(U) = 530 (U), see [2]. It is widely known that the map Jy is a MNC in W.
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2 Preliminaries

We collect some fundamental definitions and notations needed for the paper.

Definition 2.1. [6] Consider W be a Banach space. Then

1. W is uniformly convex Banach space if there exists a strictly increasing function D : (0,2] — [0, 1] such that,

[0 — aoll < @,

o B o+ ko 5 (51 =
o —oll < &, = |52 —aoll < (1-D (Z) ) &
||T<0 - /%O” 2 §1

for all 7o, ko, do € W, @ > 0 and 5, € [0,2a].
2. W is strictly convex Banach space if for 7y, Ko, a0 € W and @ > 0, the following conditions are holds:

70 — aoll < @,
, _ _ 7o + Ko
fo — aoll < @, = ||

— do” < .

To 7 Ro.

Consider a normed linear space (NLS) W. For any two non empty subset Ny, No of W7 the pair (Nq,No) is closed
if and only if both Ny, Ny are closed; (Ni,N2) € (H,C) if and only if Ny € H,No C C. In addition, we denote,
dist (H,C) =inf {||g@ — 7| : (t,7) € Hx C},

Ho = {ji € H : there exists 7y € C, ||z — Dp|| = dist (H,C)}

Co = {V € C: there exists ji; € H, ||ji1 — V|| = dist (H,C)}.

Definition 2.2. [6] Consider 3 be a NLS. A non empty pair (H, C) of 3 is proximinal if H = Hy and C = C,.
Also for a reflexive Banach space 9, if the pair (H, C) be a closed, nonempty, convex and bounded in O, then (Hg, Cp)
is also convex, nonempty and closed pair. Consider a function T: HUC — HU C. We say that T is,

relatively nonexpansive, if [|T () — T(?) || < || — »|| for any (i, ) € H x C,
cyclic, if T(H) C C and T(C) C H,
non cyclic, if T(H) € H and T(C) C C,

compact, if (T (H),T (C)) is compact.

= N

Definition 2.3. [6] Consider (H,C) be a nonempty pair in a Banach space W and E: HUC — HUC be a cyclic
function, then g € HUC is called a BPP of Eif ||§—E () || = dist (H, C). If E is non cyclic, then the pair (§,w) € Hx C
is best proximity pair if ||g — w|| = dist (H,C), for g =E(q),w = E(W).

Corollary 2.4. [6] Suppose a Banach space W and a nonempty, convex and compact pair (N1, Np) in W. Let a cyclic
and relatively nonexpansive mapping T : N; UNy — N; UNy. Then T have a BPP.

Corollary 2.5. [6] Suppose a strictly convex Banach space W and a compact, nonempty and convex pair (Ni,Ny) in
W. Let a relatively non-expansive and non-cyclic mapping T : Ny UNg — N3 UNs. Then T have a best proximity pair.

Definition 2.6. [5] The left Caputo fractional derivative of order ¥ > 0 is defined by

D'F () = % /Tl (=)™ """ () da, (2.1)

Y (m —7

d
where m — 1 <7 <m,D= FF and 7 (,) denotes Euler’s gamma function.
o
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3 Main result
Definition 3.1. [3] Consider the function C: L C W — W and & : My, — R*. C is said to be $-admissible if,

dG)>1 = & (ConvCx) > 1,

where 5 C U and 3, Cir € MW.

Definition 3.2. [3] Assume the function <o : Rt x Rt — R™ with the following conditions:
(1) maX{ﬂo,ﬁo} S w (ﬂo,flo), for all /j(,o,f/o Z 0,
(ii) @ is non-decreasing and continuous,
(iii) & (ao + Bo, 0 + EO) < @ (@i, o) + (Bo,io).

We use Q to represent the collection of this functions. For example, @ (fi,7) = i + .

Definition 3.3. [3] Assume a map ¢: Rt — R™ with a non negative sequence {a,,} such that

lim §(d,) =0 if lim a, =0.
n—oo n—oo

We use K to represent the collection of this functions. For example, ¢ (i) = fi. Assume that a map ©: Rt - Rt
and ¢ € K with the following conditions:
(i) ©is continuous with 6 () = 0 if and only if i = 0.
(i) lim 3 (i) <O (a) if lm fi, = i > 0.

We use S; to represent the collection of this class of functions. H and C will be nonempty convex subsets of a
Banach space W in this section.

Definition 3.4. Consider (H, C) be convex and nonempty pair in a Banach space W with a MNC G on W. A mapping
T : HUC — HUC which is cyclic (noncyclic), is said to be a (0, @, [, 0)-contractive operator such that for any convex,
nonempty, proximinal, closed, bounded and T-invariant pair (t1,¢2) such that dist (¢1,¢2) = dist(H, C), we have,

$ ()0 [ (G(T()UT(2),F (G(T()UT ()] <[ (G (1 Uw), F (G (11 U)))], (3.1)
where 3 is a non empty subset of II=HUC, 6c Sg, ©weQ, peKand F : RT — R" is an non decreasing and
continuous function. Also the function T is ®-admissible with & (f[) > 1.

Theorem 3.5. Consider a relatively non expansive, cyclic and (@, @, [, §)-contractive operator T: HUC — HU C,
then T has a BPP, if Hy # ¢.

Proof . Since Hy # ¢, (Ho, Co) # ¢. By the given conditions on T, clearly (Hg, Co) is a closed, convex, proximinal
and T-invariant pair. For each py € Hg, there is a gy € Cq satisying ||po — go|| = dist (H,C). Since T is relatively
non expansive, we get, ||Tpo — Tdoll < [P0 — Go|| = dist (H, C), which implies Tpy € Co, that is T (Hg) C Cp. Similarly,
T (Cp) C Ho, hence we get T is cyclic on Hy U Cy.

Let us assume that I%O = Hg, Wy = Cy and { (in,ﬂﬁn) } be a sequence of pairs with in = conv (T (in,1>)

and 20,, = ¢onv (T (W,—1)), for all n € N. Now our claim is, X,,;1 € 2,, and 20,, € X,,_; for all n € N. In fact
0, = conv (T (Wy)) = conv (T (Co)) C conv (Hp) = Hp = Xo. Hence we can write,

T(W,)CT (xo) and Wy = comw (T (W) C cono (T (aeo)) _

With the similar argument, we get by using induction, 2,, C Xno1. Similarly, we get j:n+1 C 25, for all n € N.
Hence we can write X,,40 C W, 11 C X, C W, _1, for all n € N. So in Hy x Cp, the decreasing sequence of NBCC

pairs is { (ign,w2n> } Moreover,

T (Ws,) C T (£2n—1> C conv (T (iQn—1>) = Xoy, (3.2)

T (xgn) C T (Wan_1) C comv (T (Wan_1)) = Won,. (3.3)
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Hence we get (%2n,ﬁn2n) is T — invariant pair, for all n € N. Now, if the pair (&, ) € Hyg x Cq is proximinal, we
have,

dist (3%2”, an%) < ||T2"% — T2"yj|| < || — §i|| = dist (H,C).

Now we are to show that, for all n € N, the pair (.’%n, Qﬂn> is proximinal. For n=0 we have (%O, QBO) is proximinal
pair. Let us assume that (ik,ﬁﬁk) is proximinal and an arbitrary 7 such that 7 € £k+1 = conv (T (%k)) So
T = 22:1 U, T(J;) with J; € Xp, 1 € [1,00),¥; > 0 and 2221 U, = 1. By assumption, we have (.%k,ﬂﬂk) is
proximity pair, there exists p, € 2y for 1 < k < 7 such that |, — pgll = dist (ik,ﬁﬁo = dist (H,C). Consider
p= Y1y W4T (7). Then j € com (T (W) = Wy, and

||w—p||—||zw Zw ||<ZW||J piell = dist (H,C). (3.4)

Hence (ik+1, Qﬁk+1) is the proximinal pair and by induction hypothesis our claim is proved.

If max {_C'; (f%gnn) .G (Wan,) } = 0, for some ng € [1,00) U {0}, then we have T : .’%gno U Way,, — :%Qno U Wa,,, is
compact. By Corollary T have a BPP. Hence we consider that max {G (%n) .G (20,,) } > 0, for all n € [1,00).

Since %2n+1 CT <§2n) and Way, 11 C T (Way, ), we have,

I EICICHRIENN PACICNITENS)))

6 [ (max {0 (£20s1) 6 (Waner) o/ (max {G Bz ) .G (Warin) }))]
[ (o (o) ) s (oo ofemmom) )
) - ) ;

o0

Clearly, {g (ign U Qﬂgn)} is a decreasing and non-negative sequence. Thus, there exists ¥V > 0 such that

n=1

n— oo

lim G (.%2” U Qﬂgn) = V. If possible, consider ¥V > 0. Then we have as n — oo

Ol (V.F V)] <alw (V. F (V)
<O, W),

a contradiction. Thus V=0, that is nh_{lgo G (ign U Qﬂ2n> = 0. Thus
Jm 6 (%an 02 ) = max{ tim G (%) Jim 6 () } =0

If Xoo = ﬁfj’zo.’%gn and Weo = NI, Wa,, We get the non empty, compact, convex pair (XOO,QﬁOO) which is
T-invariant with dist (3%00, Ql]oo) — dist(H, C). Thus T has a BPP. O
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Theorem 3.6. Consider a relatively nonexpansive, noncyclic and (é), @, F, 8)-contractive operator T: HUC — HUC
on a strictly convex Banach space W, then T has a best proximity pair, if Hg # ¢.

Proof . Following the proof of the Theorem define a pair (%n,ﬁﬁn) as X,, = conv (T (.’%n,1>) and 20, =

cont (T (W,—1)), n € N with Xo = Ho and Wy = Coy. We get a NBCC' and decreasing sequence of pair { (im‘)ﬂn) }
in H() X C(). AISO7

Thus, the pair (.’%n, Qﬁn> is T-invariant for all n > 1. Following the proof of the Theorem|3.5, we obtain a proximinal

pair (f%m Qﬂn>, for all non negative integer n such that dist (f%m Qﬂn> =dist(H, C). Now if max {G (Z%no .G (2W,,) } =
0, for some positive integer ng, then T : %no U, — %no U0, is compact. Hence from Corollary we get the

desired result. Thus we consider that, max{g (Z;En) Ne (25,,) } > 0. Since :%n+1 CT (Z;En) and 2,11 C T(20,), we
have,

e {zvv(v(T %n) ) )}
gé(k)@[@(g T (X, T(ﬂﬁn))»F (g( X, ) UT ‘mw)))]
<t (6 (% vam) 0 (Ba0m,)))]

Clearly, {Q (in U0, } is a decreasing and non-negative sequence. Thus, there exists ¥V > 0 such that
U

lim G (.’%n UQﬂn) = max{ lim G (f%n) , lim G (20,,) } =0.

n—o0 n—o0 n—oQ

If Xoo = ﬂj’fzoin and Woo = N72,2W,,, We get the non empty, compact, convex pair (%oo,ﬂﬁoo) which is T-
invariant with dist (.%OO, QUOO) = dist(H, C). Thus T has a best proximity pair. O

The next results are special cases of Theorem The noncyclic version of the following corollaries are satisfied
in strictly convex Banach spaces.

Corollary 3.7. Consider a cyclic relatively nonexpansive mapping T : HU C — H U C such that for any nonempty,
bounded, closed, convex, proximinal and T-invariant pair (1, ¢2) with dist (¢1,¢2) = dist(H, C),

270 [ (G (T (1)) UT (12)),F (G(T () UT ()] < 6[& (G (11 Ua), F (G (11 U2)))], (3.7)
for w > 0. Then T has a BPP if Hg # 0.
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Proof . Putting (w) = 2%, w > 0 in equation 1) of Definition and using Theorem [3.5] the result follows. [J

Corollary 3.8. Consider a cyclic relatively nonexpansive mapping T : HU C — H U C such that for any nonempty,
bounded, closed, convex, proximinal and T-invariant pair (1, t2) with dist (¢1,¢2) = dist(H, C),

2711@ [_C'; (T (Ll) UT (Lg)) +F (G (T (Ll) UT (Lg)))] <0 [G (Ll U L2) +F (Q (1,1 U Lg))] . (38)
Then T has a BPP if Hy # 0.

Proof . Putting ¢ (i, 7) = i + 7 in equation (3.7)) of Corollary and using Theorem the result follows. O

Corollary 3.9. Consider a cyclic relatively nonexpansive mapping T : HU C — H U C such that for any nonempty,
bounded, closed, convex, proximinal and T-invariant pair (1, ¢2) with dist (¢1,¢2) = dist(H, C),

Qwé [G (T (Ll) uT (LQ)) +F (g (T (L1) UT (LQ)))] < G (L1 U L2) +F (g (L1 U Lg)) . (39)
Then T has a BPP if Hg # 0.

Proof . Putting ¢ (i) = & in equation (3.8 of Corollary and using Theorem the result follows. O

Corollary 3.10. Consider a cyclic relatively nonexpansive mapping T : HU C — H U C such that for any nonempty,
bounded, closed, convex, proximinal and T-invariant pair (1, ¢2) with dist (¢1,¢2) = dist(H, C),

2V [G(T () UT(2)) + 7 (G(T(1)UT(12))] <G (1Uta) +F (G(11Ur2))- (3.10)
Then T has a BPP if Hy # 0.

Proof . Putting 6 (1) = [ in equation 1’ of Corollary and using Theorem (3.5, the result follows. [

Corollary 3.11. Consider a cyclic relatively nonexpansive mapping T : HU C — H U C such that for any nonempty,
bounded, closed, convex, proximinal and T-invariant pair (¢q,¢2) with dist (¢1,¢2) = dist(H, C),

G(T(11) UT(12)) <G (11 Usa). (3.11)

Then T has a BPP if Hg # 0.

Proof . Putting £ (i) = 0 in equation (3.10]) of Corollary we get
G (T (L1) JT (Lg)) < 211} [Q (T (Ll) UT (LQ))] < G (Ll U Lg) R
and using Theorem the result follows. O

4 Applications

We use our conclusions to look into the optimum solution to a system of fractional hybrid differential equation.
Consider the following system of fractional hybrid differential equations:

D" [&(r) = F (1,€(m))] =M (8,2(d)), (4.1)
D" [ (m) = F (r1,32(n))] = Z (8, 2(2)). (4.2)
with £(0) = 7, #(0) = Bo, 7o, Bo € R, ¥ € (0,1], 71 € [0,1] = | and H, Z,F are continuous functions with
|H(,2(0) || <y, [|Z2(8,%(0)) || < l2. Now, we consider the following system of integral equations equivalent to



8 Sarmah, Das, Sarma

~ - ~ ~ ~ 7 (T
5(7-1):7r0—F(O,wo)—i-F(ﬁ,s(Tl))—i-f (1~ -
B Q)’f‘ 1 (43)
( ) 50_ (0 50)+F(7'1’ +f ~77%)
for 71 € [0,1] = I. Also, assume that (R, ||.||) is a Banach space and two closed ball P, = E; (7?0, 5), Py =E (BO, l~)> in

R, with b € [0,00). Counsider a standard Banach space N = C(§, R) of continuous function with supremum norm for
FCI Let

Z(0,%(0)) do,

lec(g,Pl) —{6:F > P 2N}, and m:c(g,ﬁg) —{5:3— Py:zen).
Then (N1,N3) is NBCC pair in N. Now for every & € Ny, 3¢ € Ny,

18 = 5| = sup | () = 3 (m1) | = 70 — Foll.
T1€l

Thus dist(N;,No) = |70 — Bol|. Now, we define T : N; UNy — N such that,

R L (o /30)+F<m Vg OBz @) i zem,
T 5 T1 = N
Fo—F (0,70) + F (11, (1)) + [y _i; H(0,€(0)) do, €€ Na.

Clearly, T is cyclic, and if || — T (7o) || = dist (N1, Ny), for 7o € Ny U No, then 7 is the optimum solution of the
system (4.3). Thus 7 is the BPP for the operator T.
Theorem 4.1. [4] Consider Uec [?91,1\92} with 191 < 192. Let V is Lebesgue integrable on [191,192] and V does not
change its sign in [191, 192} with a € (191, 192) Then the generalized mean value theorem of integral calculus gives,

1\92 7 7 7 1\92 7
/ OO dz:U(d)/ W (7) dr.
’[91 '[91
Theorem 4.2. Consider U € C [f?l, 192] with 191 < 192 and 7 > 0. Let V is Lebesgue integrable on [f?l, 192} and V does
not change its sign in [12}1,1\92] Then there exists @ € (191,5) C (191,192) such that Ig (GV) (€) = U (a) Ig V (&), for
1 1

almost every € € (191, 192} For¥>1lorVec [1\91,1\92}, the above result holds for every ¢ € (1\91,1\92]

Proof . Here

Z, (00 €)= = [ (0~ 070220V (@.50) a2

1

Consider \}(é) = %V (0,€(0)) . Now we have,

4 (60) (5) = /ﬂ " 6(6.2(2) V(8.2 (2) do
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Theorem 4.3. Assume that Jg isa MNC on N with 0 < # < 1, F (ji,7) = fiv, fi,7 € R, |1& (1) —2E (12) | < |[m2—T71),
1 y
{|§(71) | + MIQT{"} <L, for L > 0. Then an optimal solution exists for the system of equations 1D if:
(7
For all € € Ny, ¢ € Ny, 71 € § there exists [ > 0 and § > 0 such that,

(1) [E(m) =3 (m)| <1,
(i) [Bo — 7ol < 5,

(i) |z<@,é<@>>—ﬂ<@,az<@>>|sa<f+1>{|é—ff|—s—1}.

Proof . First, we show that the operator T is cyclic. For & € Ny,

7€) = Boll = o = 7 (0.50) + 7 (o) + [ 7 ;(2“2@,5(@)) 4o
“|r ez -7 @a)+ [P 2 G 4
<|reveen|+ | @a)|+] [ 2 2@ @) 4
<nle )+ =t [ (-2 ag
<IE(n) |+ gyt
<1

Hence, T (£ (11)) € No. By using a similar method, we can show that T (¢(71)) € Ny for € € No. Thus, T is cyclic.
We now show that T (Ny) is an equicontinuous and bounded subset of Ny. Consider € € Ny and 71 € §F with 0 < 7 < 1.
We have,

e =7 (0.8) +7 e+ [ O 2 Gz ia a
<fpo-r (i) [+ |r oz | +] [ 22 2 2o af

T1 = r—1
slﬁo|+|né(n>\+|2/o %d@‘

< Vol + 7l (m) | + %l /0 o @)Md@‘
< |50|+|g(71)|+a(l%)l2 [—(ﬁu— 0) L
< 1ol + 2 ()| + gyl

< |50| + L.
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Therefore T (Nq) is bounded. Suppose 71,72 € §, 71 > 72 and € € N;. Then

71

bo— 7 (0.50) + 7 (nz)+ [" OBz @) oG+ 7 (0.50) -

(m2,€(72))

<|mé (1) — & (12) | + /On %Z(é’é(é)) 2= /oT1 %Z(é’é(é)) aet

[ e - [T R 2 o) 4
S~ 4| [OOSR 2 @y o [T o2 G20 4
<|mé () — 1€ (12) | + On e é)r_:)’zfgm 2 }Z (2:£(2) dé’ * / o ;(é;;T_ 2(2¢() dé’

L\ Fo1 NFo1y g~ 1
{(Tl_Q) — (12— 0) }do +W|2

{8 ) (5

@ .
Le{-m-o o)

T1 .
/ (2 —0) ! d@‘
T2

<o —7m1|+ =
v

<|r2 — 71|+

FEED

1
=|ry — -
|2 T1|+i(r“—|—l) 2{

1
=l — -
|2 T1|+’y(f—|—1) 2{

As 1o — 71, ||IT(€(11)) —T(£(72)) || = 0. That is T (N;) is equicontinuous. We can show that T (N2) is equicontinuious and
bounded in N; with the similar manner. Thus by Arzela-Ascoli theorem, we conclude that (Ni,N2) is a relatively compact pair.
Now for each (&, 3) € Ny x Na,

(
Bo—F (O,Bo) +F (11, (1)) JF/OT1 %Z(@,é(@)) dp — 7o+ F (0,7%0) — F (11,5 (11))

<S4+ |mé(n) — s (n) +ﬁ2¥) /Tl (-0 1{2@’5(@))_%@’%@)}@
<5+ |E(n) - 2(n) Jwgu)a(wﬂ) /OT1 (nfé)%’l{le’fxlfsfl}dé‘
<&+ |E(m) — 5 (m) +:yg?ﬁ):Y(’f‘-i-l){|5—%|—S—l}’{_(Tlﬁ_Q)r}:

1 -y - . 7
<s+1+ (%+1)7(r+1){|5—%\—s—l}\(ﬁ)\
1 -
<&+ 1+ (%+1)’7(7X+1){|67%|737l}
¢ -
<l = ||

Thus T is relatively nonexpansive. Now, we assume that the pair (t1,t2) C (N1,N2) is a NBCC, T-invariant, proximinal pair
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and dist (11, 12) = dist (N1, N2) . Using theorem 1.2} we get,
20 () UT (1)) =max { 30 (7)) 30 (7)) |
sup {:lo ({Té (1) : €€ u1}) } sup {30 ({T3 (1) : 5 € 12}) }}
™

T1€l

:max{i?g T ({BO - (0 ﬂo) +F (1,€ (1)) +/OTI (11 ;(ig 13(@,5(@)) d@}) },

= maxy sup
T1 €l

~ 1 ~ LT F*Z' -
:Fg 30< 7'1%(71)+m7{(z,%(z)) ()" 14 € (0, )})}}

gmax{zo ({L Lz (;,5(2))}) % ({Lz 1 (G (0 ))})} <o Ua).

Thus by using Corollary [3.11f T has a BPP. Hence, the system (4.3]) has s € N; UNs as an optimal solution. O

Example 4.4. Assume the following system of equations with ||Z(3,€ (0))|| < 1, |H (3,2 (@) || <1,1=1,5=1

— ) )

r=1, %Hé—;t” <|E—%*||—2and 7, € F=[0,1] as
&(n) =F (n,&(m1)) — F (0,0) + /OT1 ﬁsin (g) da,
3 (m1)=1—F (0,1) + F (1, 3 (T1))Jr/oT1 ﬁsin (g) dp.

Consider Ny = {m1} and N2 = {71 + 1} on § = [0, 1] . Define an operator T : N; U N2 — N such that,

F F 3 n 1 in 3 1
— L—F (0,1)+F (11, (1)) + [, 70 s ()dg, £ €Ny,

15 -
sin| = | do, € € Na.

/1(7'1,5(7'1))*/1(0,0)+fonm 2

Here H : § X 13 —> 19, and Z : §F x 17 —> ¢1 with ¢ = {7}, 1o = {m1 + 1} on F = [0,1]. Now for & € Ny, 5r € No,
we have,

12 (8,€(2)) — M (a,5(2) | = Hsin< ) _Sm( ) H

2 cos B sin 5 H
< 2|| cos 5 [[|] sin 5 H

E_=x
g2222’_;é—w
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Since the above system of equations satisfies all the conditions of theorem (4.3)). Therefore r € {0,1} = Ny UN; is the optimal
solution for the above system of equations at 71 = 0 as ||r — T (r) || = 1 = dist (N1, Na2).

5 Conclusion

This paper established a best proximity point theorem with the help of newly defined contraction operator by using MNC,
and we used it to determine the existence of optimum solutions of the system of fractional hybrid differential equations. The
approach used in this article can therefore be used to obtain the existence of optimum solution of other fractional differential
equations.
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