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Abstract

We explore the existence criteria for solutions of a coupled system of two higher-order nonlinear ordinary differential
equations supplemented with nonlocal and Stieltjes-type coupled boundary conditions. Such problems are useful in
view of their occurrence in certain physical phenomena (see Section 1). In our first result, we apply the Leray-
Schauder alternative to establish the existence of solutions to the given problem, while the second result deals with
the uniqueness of solutions for the problem at hand, and it is based on Banach’s fixed-point theorem. Examples are
included to illustrate the results obtained. Finally, we indicate some new results arising as special cases of the ones
presented in this paper.
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1 Introduction

During the last few decades, there has been shown a great interest in the study of boundary value problems. It
has been mainly due to the occurrence of such problems in diverse disciplines, such as, cellular systems and aging
models [I], fluid flow problems [29], conservation laws [8], magneto Maxwell nano-material [I7], nano boundary layer
fluid flow [7], magnetohydrodynamic flow [I6], etc.

It has been observed that much of the work on boundary value problems is concerned with classical boundary
conditions. However, the changes happening within the given domain cannot be modeled with such conditions. This
led to the concept of nonlocal conditions [19], which can describe the changes happening at some interior points
or sub-segments of the given domain. For details and examples of nonlocal boundary conditions, see the articles,
12, 13} 14} 15, 22} 26].
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Integral boundary conditions provide a practical approach to model the flow and drag phenomena in arbitrary
shaped blood vessels [25] 28], heat conduction [10, 20, 23], biomedical CFD [I1], etc. Some interesting results on
boundary value problems with integral boundary conditions can be found in the papers [2, [3 4 [5] 9] 18] 211, 27].

In a recent article [4] , the authors discussed the existence and uniqueness of solutions for the following problem

u™ () = f(t,u,v), t EH[O, 1],
u@%z%@)uﬂD?Qu(mza.HWWJMWZQ

au(l) + Bu'(1) = /0 u(s)du(s),

where f:[0,1] x R — R is a continuous function, 0 < £ < 1, p is a function of bounded variation and «a, 3,6 € R.

In this paper, our objective is to generalize the problem studied in [4] to a coupled system of two higher order
nonlinear ordinary differential equations complemented with nonlocal and Stieltjes type coupled boundary conditions.
In precise terms, we investigate the problem

) 1
u(0) = Gro(n), w/'(0)=0, u (0)=0,..., u™2(0) = 0,
v(0) = Cou(n), v'(0) =0, v 0)=0,..., o™ (0) =0, 1 (1.1)
au(l) + Bu/(1) = ; v(s)du(s), azv(l)+ Ba0'(1) = ; u(s)du(s),

where (1, (2, 1,00, 81,82 € R, 0<n <1, f,g:1]0,1] x R — R are continuous functions and p is a function of bounded
variation.

Here it is imperative to mention that the problem (1.1]) is novel in the given setting and the results obtained for
this problem specialize to some new ones by fixing the parameters in it (see the Conclusions section).

We organize the remaining paper as follows. In Section 2, an auxiliary lemma dealing with a linear version of
the problem (|1.1)) is proved. The existence and uniqueness results for the given nonlinear problem, based on Leray-

Schauder alternative and Banach’s fixed point theorem respectively, are derived in Section 3. Examples illustrating
the main results are also presented in this section. The paper concludes with some interesting observations.

2 An auxiliary lemma

Lemma 2.1. Let (1o # 1 and y1,y2 € C([0,1],R). Then the system of linear higher-order ordinary differential
equations

uM () = yi(t),  o™(t) = ya(t), t € [0,1], (2.1)
subject to the boundary conditions (|1.1]) is equivalent to a pair of integral equations

0
1 ym—t L1 = 9" 21— s) + Bi(n — 1)) (2.2)
a0 | [ / e (r)drauts) - [ AL ]

+ Ty(t [/0 Ay 1 ] y1( Ydrdu(s) — /0 (1—s)m" [0427(; : f))!-i— Ba(m — 1)]y2(8)d81| 7
/ - ) ?/2( )ds + 1 T5(t) /07' %yz(s)ds + CTs(t) /On %yl(S)dS
0

+ Ty (t [ 0 /O s—r) - y2 Pdrdu(s /0 (1—s)"" al(fll__ls;—’—ﬁl(n_1)]y1(8)d‘9] (2.3)

/1 —5)"?laz(1 = ) + fa(m — 1)]

m = 1) yz(s)ds} ;

1 J—
+ Tyt [ / s 1) y1 r)drdu(s
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where

T (t) =0 + Q5tn_1, Tg(t) =0y + Qﬁtn_l, Tg(t) =Q3+ Q7tn_1,

T4(t) = Q4 —+ Qgtnil, T5(t) = Qg —+ ngtmil, Tﬁ(t) = QlO —+ Ql4tm71,

Tr(t) = Qi1 + Qst™ Y, Ts(t) = Qi + Qyet™ 1,
aa(Gn™ K+ GGn™ T ) — o6(Gn™ T T + GG )

Pr=ot U(l—-Gé2) ’
Q= oy + o5(Gn™ L 4 GGn™ T ) — o7 (Gn™ T T + C1C277"_1k72)7
U(l—-G¢2)
Qs = (Clnmfllﬁ + ClC2nn71K2), Oy = (Clﬂmfléﬁ + C1<277n71\72)’
U(l—¢ie) U1~ (iCo)
Qs = (04KCo [; Cfesjz)7 Qg = (05K [; 07\72)’ Q0 = %7 05 = %’
Oy = 05 + 04(CCn™ Ky + (Ko) — 06(Cilan™ 1T + CQJQ),
U(l - ¢i62)
Qo = o1 + o5(C1Gen™ Ky + H3Ko) — o7 (Géon™ ' Ji + C2J2)7
U(1l - i62)
0y = Ciéen™ 'Ky + C2/C27 Oy = Gln™ T+ Czjz,
U1 - (iC2) U(l - G1¢2)

Qs = (04]C1(;06~71), Oy = (05K1 [; 07‘71)7 Q5 = %’ Qg = %7
0_1:;7 _— G1 ’ — (2 ’

1-GC 1 -GG 1 -6

1 1 1 1

04 =1 oG </0 Codpu(s) — a1> , 05 = 7 G (/o du(s) —C1a1> ,

1 ' 1 '
o = 106G (C2a2 _/0 dﬂ(3)> ) o7 = 1- GG (a2 _/o C;wlu(s)) ’

G (G — [ dps))

- 1
Ji 1-0G +ar+ Bi(n—1),
o= B | 1 )
TR
= + n- ,
' 1=GG /0 T
Ko = ™ (iozngo Aut) +ag + fBa(m—1), U= T1Ks — oK.

Proof . Solving the ordinary differential equations in (2.1]), we get

where ¢, ...

0,...,

! (t — 8) ! n—1
u(t) = A 7'y1 (s)ds +cot+cat+ ...+ cp_1t R

(n—1)!
o(t) = /0 %yz(s)ds +bo+bit+ ... 4 by t™

,Cn—1,00,...,b;jn—1 € R are unknown arbitrary constants. Applying the conditions u'(0)
w2 (0) = 0 and v'(0) = 0,0 (0) = 0,...,v™2)(0) = 0 in (2.5), we get ¢; = ¢ = ...

.ybm—1 = 0. Then, (2.5) becomes

(t—s)"
/ ,mU%+%+%4W”,
O

t_S m ! m—1
I Ty Y2(s)ds + bo + b1t
0

(2.6)
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Using ([2.6]) in the conditions «(0) = (1v(n) and v(0) = (u(n), we get

co = (/077 (TZmi)T)!lyg(s)ds +bo + bm_mml) , (2.7)
" bo = o (/On Mgl(s)ds +co + cn_lnnl) . (2.8)

Now, using ([2.6) in the conditions:

aju(l) + Bu'(1) = /0 v(s)du(s), agu(l)+ B2v'(1) = /0 u(s)dpu(s),

we obtain . ) ) )
1—s)"— 1—g)—
Qaq < ) 7< (n _5)1), y1(s)ds +co + Cn—l) + 51 </0 7( (n _8)2), y1(s)ds + cp—1(n — 1))
) ) (2.9)
1 s m—1
_ (S B 7’) m—1
= /O /0 myg(r)dr +bg + bym_18 du(s),
1 1 — g)ym—1 1 1 — g)ym—2
Qg (/0 (Gl i m 8)1), Yy2(s)ds + by + bm1> + B2 (/0 (Gl i (m 5)2)| y2(s)ds + byp—1(m — 1))
' ' (2.10)
1 s —1
_ (S — T)n n—1
= A </0 W]ﬂ(’f")d?“ +cCo+Cp_18 du(s).
We can rewrite equations - as
co = Ay + Agbg + Asby,_1,
= By + Bacy + Bscp—1, (2.11)
Cico + Cacn—1 + C3 = D1bg + Dabpm—1 + Ds, '
E1bo + Edby—1 + E3 = Fieg + Facn_1 + F3,
where " ) ) v v .
- (n—s)" _ me1p (n—s)"t
—51[/0 = 1)1 ya(s)ds|, A2 =G, A3 =Gn™ ", By C2[/0 (= 1) y1(8)d8},
By = (o, By = Cn™ ™, Ci=a1, Co = a1 + Bi(n— 1),
1 n—2
_ [ A=5)"ea(d =)+ Bi(n —1)]
C3 - A (n _ 1)! hn (S)d‘s’
! gm—1 (s—r)™
Dy = du(s), Dy = du(s), D3 = ) y2( )drdu(s), &1 = as,
0 0
Y (1= )™ 2[as(1 — —1
E=ay+ P2(m—1), & = / (1=s) [ag( s)'+ 52( ) ya2(s)ds, (2.12)

Fi= [Lauto), o= [ 5 ants), 7= // e ().

Solving the first two equations in (2.11]) for ¢y and by in term of ¢,—; and b,,—1and using the notation in (2.12]),
we obtain

co = G1 + Gobp—1 4+ Gzcn—1, bo = H1 + Hobm—1 + Hscn—1, (2.13)

where A+ AB A AB ABs + B AsB B
glzﬁ,gf—?’ Gs= "2 Hy = T My = 0 Py = (2.14)

mi mi mq mi mq

and m; = 1 — A3Bs # 0. Substituting the values of ¢y and by from (2.13) in the last two equations of (2.11]), we get

Cn-1J1 = bm_1J2 + T3, cn—1K1 = b1 Ko + K5, (2.15)
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where J1, Jo, K1, Ko are given in (2.4]) and
A1[B2Dy — Ci] + B1[Dy — AC]

J3 = + D3 — Cs,
mi
A1 [B2&) — Fi| + Bi[€1 — Ao F. (2.16)
Ky = 1[B2&1 — Fi] + Bi[&1 — A 1}+537]__3.
my
Solving the system for b,,_1 and ¢,_1, we find that
1 1
Cp—1 = ﬁ(jslcz — JoK3), bn—1 = E(J:’JQ - J1K3), (2.17)
where U is given in . Inserting (2.17) in , we obtain
=06+ — (92(53/C1 TiK3) + G3(T3Ke — J2K3)),
(2.18)

bo=Hi+ = (HZ(j3’C1 TJiK3) + Ha(T3K2 — J2Ks)).

Substituting the values of ¢,,—1, bn—1, co and by into (2.11]) together with the notation (2.4)), we obtain the solution
(2.2) and (2.3). One can obtain the converse of the lemma by direct computation. O In the sequel, we set

n

Ti= max |T,(t)], i =1,2,...,8, &1 = (0w, w2 = (o s

1
o W3 = —'(a1+51n),
tEOl m! n. n:

(2.19)

n

1 Ls
Wy = (a2 + fam), ws = / —du ), we = / Ed,u(s),
0 .
where T;(t) are given in

3 Main results

Let Q = {u(t) | u(t) € C([0,1])} be the space equipped with norm ||u|| = sup{|u(t)|,t € [0,1]}. Then, (Q,| - |) is
a Banach space and consequently, the product space (Q x Q, ||u,v||) is also a Banach space endowed with the norm
[[(w, V)| = [Jull + [v]| for (u,v) € Q@ x Q.

By Lemma 1, we define an operator P : Q x Q — Q x Q associated with the problem as
P(u,v)(t) := (P1(u,v)(t), P2(u,v)(t)), (3.1)

where

/tfs Suv)dSJrClTl()/n(ns)m'lg(suv)ds

VTR (m-1)
+ Tt )/O (’zn_)l) F(5,u,v)ds + Ts(t / / ; =)™ o w)drdu(s) 52
_ /Ol (L—9)" 2[0‘1(;1_15))!+61(”_ W 55, u,0) )ds| + Tu(t / / 5711 (r,u, v)drdu(s)
L EL ES TS P )
Pa(u, v)(t) :/t%g(s,u,v)ds
5
L1 | /077 Mg(s u, ) ds} +Ty(t [gz /077 o _1f(s,u,v)ds 59

+ Tx(t) /0 ; (s =)™ I g r,u,v)drdu(s /O (1—s)"" al(;l_—f))'-*-ﬁﬂ”_1)]f(s,u,v)ds]

+ Tx(t) /01/0 Sn__rl (ryu,v)drdu(s /01 (1= 9" a?(l:f;'—’_ Ga(m )]g(s,u,v)ds} .
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To establish our main results, we need the following assumptions.
(M) There exist real constants m;,n; > 0, (i = 1,2) and mg >,ng > 0, such that, Vu,v € R,
£t u,0)] < mo +maul + ma|v],
lg(t, u,v)| < ng + ny|u| + nalvl.
(M3) There exist positive constants ¢; and ¢3, such that, V¢ € [a,b] and u;,v; € R,i=1,2,
|f(tur,v1) — f(E ug,v2)| < Li(Jur — uz| + |v1 — val),
|g(t,u1,v1) = g(t, Uz, v2)| < Lo(|ur — uz| + o1 — v2]).
For the sake of convenience in the forthcoming analysis, we set

Ry = min{l — (R1m1 + Rgnl), 1-— (leg + Rzng)}, mi,n; >0,1=1,2,

Ry =711 +r2, Ry=71+72,
1 B B B B B (3.4)
= + Towg + T'3wz + T'ywg, T1 = Tiw1 + T3ws + T'awy,

_ _ _ 1 _ _ _
ro = Tewy + Trws + Tgws, T2 = oo + Tswy + Trws + T'gwy.

3.1 Existence of solutions

In this subsection, we discuss the existence of solutions for the problem (|1.1)) by using Leray-Schauder’s alternative,
which is stated below.

Lemma 3.1. Let T': Q@ — Q to be a completely continuous operator (that is, a map that restricted to any bounded
set in @ is compact). Let 8(T) = {x € Q : & = AT (z) for some 0 < A < 1}. Then, either the set §(T") is unbounded
or T has at least one fixed point.

Theorem 3.2. Assume that condition (M;) holds and
Rimi + Ronq <1, Rimg + Rong < 1, (35)

where R; and Ry are given in (3.4). Then, there exists at least one solution for the problem (I.1)) on [0, 1].

Proof . First of all, we show that the operator P : Q x Q — Q x Q defined in is completely continuous. Notice
that the operator P is continuous as the functions f and g are continuous. Let © C Q x Q be bounded. Then, there
exist positive constants ¢y and tg, such that, |f(¢,u(t),v(t))| < of,|g(t, u(®),v(t))] < tg,¥(u,v) € O©. Then, for any
(u,v) € ©, we can obtain

t

(t -5 (g — syt
P1(u, v)(t)] < t:%lz] { / WU(&U»U)WS + Cl|T1(t)|/0 W\Q(S»%U)\ds

—s)"" 1 s—r)™
+ G|Ta(t) |/ |f(s,u,v)|ds + |T5(t) / / g(r,u,v)\drd,u(s)
(1—s)"" 2[|041|(1—8)+\ﬂ1|(7”b— D] Ss—m)!
[ — 7G5 ,0)lds] + |T3(6) / | S o drauts)

b (1L~ 5)™?[ag|(1 — 5) + |Bal(m — 1)
4 / T |g<s,u,v>|ds}}

< Lf |: + TQCL}Q + T3(,d3 + T4w6:| + i |:T1W1 + T3W5 + T4W4} < LfT1 + LgT,
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which implies that
[P1(u, 0)|| < vpri+ eqmr.

Similarly, one can obtain that
[ Pa(u,v)|| < tpra+ tgTa.

From the forgoing inequalities, we get ||P(u,v)(t)|| < tfR1 + tyR2, where R; and Ry are given in (3.4), which

shows that the operator P is uniformly bounded. Next, we establish that P is equicontinuous. For ¢1,t5 € [0, 1] with
t1 < to, we have

|P1(ur, v1)(t2) — Piuz, v2)(t1)
SLf{ /Ozwf(s,u,v)ds/l(tls)nf(s,u,v)ds

(n—1)! 0 (n—1)!
+|T2(t2)—T2(t1)|§2/n (77( 5>) 1F (5,1, 0)| ds + | Th(t) — Ts(t1)] U / S =™ o, 0) dr dia(s)

+/01 (1—3)”‘2[a1(511—18))!+61( Dl M)MS} [ Ta(ts) — U / 57:1 £(r,u,0)| dr dp(s)
+/wvﬂw2mu—@+mm—n%@%wm4}
0

JUED

(m—1)! l9(s, u, v)| ds

Hﬂ®%JWMQA

(m—1)!
S%Q(tz — )"+ [ty — 7)) + [T1(t2) — Th(tr)|egwn + [Ta(t2) — Ta(t)eswa + [Ts(t2) — Ts(t1)|(eyws + tgws)
+ |Tu(ta) — Tu(t1)|(eswe + Lgwa),
which tends to zero independent of (u,v) € © as (t2 — t1) — 0. Similarly, one can find that
P (u1, v1)(t2) — Pa(ug, v2)(t1)| < % (2(t2 —t1)" + [t5 — t7]) =0,

independent of (u,v) € © as (to — t1) — 0. Thus, the operator P is equicontinuous. Finally, we verify that the set
O = {(u,v) € Q x Q|(u,v) = AP(u,v),0 < A < 1} is bounded. Let (u,v) € ®. Then, (u,v) = AP(u,v) and so
u(t) = AP1(u,v)(t), v(t) = AP2(u,v)(t), t € [0, 1]. Thus, it is easy to find that

|u(t)| =7rimg -+ T1ng + (r1m1 + F1n1)||u|| + (Tlmg + 771’I’L2)H’U||7 (37)

and
|’U(t)| = Tr2Mmyo + 77277,0 + (’I"le + 7727711)”11,” + (Tgmg —+ ’FQTLQ)H’UH7 (38)

where r1,r9, 71, and 79 are given in (3.4]). Hence, we have
||u|| + ||’U|| < (7"1 + ro)mo + (771 + fg)no + [(7"1 + Tg)ml + (fl + fg)n1]||u|| + [(’I‘l + Tg)mg + (71 + fQ)’IlQ]HUH,

which, in view of (3.4), can be written as
Rimgy + Rang

() < =

Therefore, the set ® is bounded. Hence, by Lemma the operator P has at least one fixed point. Therefore,
the problem (1.I)) has at least one solution on [0,1]. O

3.2 Uniqueness of solutions

Here, we establish the uniqueness of solutions for the problem (1.1 by means of the Banach’s contractions mapping
principle.

Theorem 3.3. Assume that (M3) and the following condition hold
R0y + Rols < 1, (39)

where R; and Ry are given in (3.4). Then, the problem (1.1)) has a unique solution on [0, 1].
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Proof . Define a closed ball B, = {(u,v) € @ x Q : ||(u,v)|| < r} with

. Rip1 + Ropo
T 1— (Rl + R2€2)7

(3.10)

where
sup |f(t70a O)| = M1, Sup |g(t70a O)| = H2-
tel0,1] te[0,1]
Then we show that PB,. C B,., where P is defined in (3.1)). For (u,v) € B, it follows by assumption (M) that

\f(s,u(s),v(s)ﬂ = |f(87u(s)7v(s)) — f(5,0,0) + f(s7070>‘
< |f(s,u(s),v(s)) - f<87070)| + |f(8,0,0)‘
< O(llull + [loll) + p1 < bfl(u, )] + 1 < b + .

Similarly, we have
l9(s, u(s), v(s))| < lor + pia-

Then, for (u,v) € B, it follows by using the arguments used in the previous theorem that

1 _ _ __ _ _
[P1(w, v)|| < [lrr + ] - + Towy + Tsws + Taws | + [lar + po) | T1wr + T3ws + Tawy
<ri(lr 4 pa) + 7o (lor + po).

Similarly, we get
[P (u, )| < ra(ar + 1) + To(Llor + pi2).

From the above estimates together with (3.10), it follows that ||P(u,v)|| < r. Therefore, PB, C B, as (u,v) € B,
is an arbitrary element. Next, we show that the operator P is a contraction. For (uy,v1), (uz,v2) € Q X Q, we have

[P1(u1,v1)(t) — Pr(uz, v2)(t)]

< sup]{ S ) = fsuaelas 10 o [T o) - gl ua, o)

0] [ [ U s o) f(s, ) ]

0 /os w l9(r, ur, v1) — g(r; ug, va)| drdp(s)

+/1 (1—35)"2|ay(1 —8)+ B1(n—1)

(n—1)! | f(S’Ul,U1)—f(s,uz,v2)|ds]

+ [Ty (t)] /O /Os(s(n__r)l”)—!|f(r7u17vl)—f(r,uz,vz)ldrdu(s)

lg(s,u1,v1) — g(s,u2,v2)| ds

(1= 5)"2|ag(1 = s) + Ba(m — 1)
+/0 (m—1)!

}

1 — — — " — —
S 41 [E + TQQJQ + T3u)3 +T4w6} (||U1 — U2|| + HU1 - 7]2”) +£2 |:le1 +T3W5 —|—T4UJ4} (||’U,1 — U2|| + ||’U1 — ’UQH)

< (b1 + Lo71) (Jur — ua| + |v1 — v2l),

which, on taking the norm for ¢ € [0, 1], yields

[P1(u1,v1) = Pi(ug, vo)|| < (brr1 + Lar1)([Jur — uz|] + [|v1 — va2f|). (3.11)

In a similar manner, we get

[P2(u1,v1) — Pa(ug, vo)|| < (brrg + Lar2)(|[ur — uz|| + [|v1 — va2f|). (3.12)
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From (3.11)) and (3.12), we deduce that
[P (u1,v1) = Pluz,v2)|| < (Raly + Rala)([lur — ual| + [[v1 — val]), (3.13)

where Ry and Ry are given in (3.4]). By the assumption(3.9)), it follows from that the operator P is a contraction.
Thus, by the Banach’s contractions mapping principle, the operator P has a unique fixed point, which corresponds to
a unique solution to the problem (1.1)) on [0,1]. O

Example 3.4. Consider the following boundary value problem:

et wusin(v) 1 v

, t € [0,1],

T VEZ+16 VE2+4(14v]) 0.1
—t 2

U(3)(t):;+eisin(u)+ v L
t*+5 244 (t2+3) (1 + |u])’

u(0) = ¢ /077 v(s)ds, ¥'(0)=0, u (0)=0, (3.14)
v(0) = ¢ /OW u(s)ds, v'(0)=0, v (0)=0,
aju(l) + Bu/(1) = /0 v(s)dus, asv(l) + B0’ (1) = /0 u(s)dus,

?|

u®(t) =

t €10,1],

where ¢(; = 0.1, (2 = 0.2, a; = 2.3, ag = 1.6, B1 =0.9, B =1.2, = 0.5, u(s) = s2.

Using the given data in (2.4)), and (3.4), we find that T; ~ 0.604769, T ~ 0.217167, T3 ~ 0.203422, T, ~
0.029208, T ~ 0.330367, T ~ 0.648649, T7 ~ 0.023645, Ts ~ 0.255020, w; =~ 0.002083, ws =~ 0.000521, ws
0.245833, wy ~ 0.866667, ws ~ 0.066667, ws ~ 0.013889, r; =~ 0.092193, ro ~ 0.009692, 7 ~ 0.040135, 7»
0.389949, R; =~ 0.101886, R: =~ 0.430084. Also, it is easy to find that

~ ~ ~
~ ~ ~
~ ~ ~
~ ~ ~

1 1 1 1 1 1
|f(t,u,v)] < 7 + Z|U| + §|U|a lg(t,u,v)| < 5 + 1\U| + §|v|,

Rymy + Rong &~ 0.132992 < 1 and Rymg + Rong &~ 0.194304 < 1. Clearly, all the assumptions of Theorem [3.2] are
satisfied. Therefore, there exists at least one solution to the problem (3.14).

Example 3.5. Consider the problem (3.14) with f(¢,u,v) and g(¢,u,v) given by

flt,u,v) = ¥tan_1(u) + ! i + o’
T V2 100 (#24+10) L+ o)~ 47 (3.15)
e~ . 1 t“+4 ’
t,u,v) = sin(u) + cos(v) + .
glt1,0) = g sinla) + s cos(n) + S
Note that ¢; = 1/10 and ¢, = 1/2 as
1
|f(tau1avl) - f(t,UQ,U2)| S T0(|u1 - u2| + ‘Ul - U2|)7
1

lg(t,ur,v1) — g(t,ug, v2)| < §(|U1 — ug| + |v1 — val).

Moreover, R1¢1 + Rols =~ 0.225230 < 1. Clearly the conditions of Theorem are satisfied. Hence, the problem (3.14])
with f and ¢ given in (3.15) has a unique solution on [0, 1].

4 Conclusions

In this paper, we have derived the existence and uniqueness results for a coupled system of two higher order
nonlinear ordinary differential equations supplemented with nonlocal and Stieltjes type coupled boundary conditions.
Our results are new in the given configuration and enrich the literature on nonlocal coupled boundary value problems
of systems of higher order nonlinear ordinary differential equations. Furthermore, some new results arise from the



10 Agarwal, Ahmad, Alsaedi, Wali

present ones as special cases by fixing the parameters in the boundary conditions. For instance, by taking (; = 0 = (s,
our results correspond to the ones associated with the boundary conditions

w(0) = 0,4/(0) = 0,2 (0) =0,...,u"2(0) =0,
v(0) = 0,7'(0) = 0,0 (0) =0,...,0"=2)(0) =0,
1 1
aju(l) + Bu’(1) /0 v(s)du(s), asv(l)+ B20'(1) = /0 u(s)du(s).

In case we take ;1 = 0 = B3 and a; = 1 = a» in the present results, we get the ones for the boundary conditions
of the form
o (0)=0,...,u"2(0) =0,
0 (0)=0,...,0m2(0) =0,

1 1
u(l) = / v(s)du(s), v(1) = / u(s)du(s).
0 0
Letting @y = 0 = a2 and B; = 1 = (35, our results correspond to the ones with the boundary conditions
u(0) = Gro(n), u'( 0,...,u""2(0) =0,
v(0) = Gau(n), v'(0) = 0,0 (0) = 0,..,0" "2 (0) = 0,
1 1
W) = [ wsduts), V1) = [ uts)ducs)
0

In future, we plan to extend our work by considering boundary conditions involving multipoint, multi-strip and
flux-type integral terms. We will also study the multivalued variant of the problem (1.1).
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