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Abstract

In this paper, an inverse problem of determining the time-dependent coefficient of a semilinear parabolic equation
involving the Caputo fractional derivative in time, with nonlocal boundary and integral overdetermination conditions,
is considered. FExistence, uniqueness, and stability results of a classical solution are established using the Fourier
method, the iteration method, and Gronwall’s Lemma. Moreover, we provide an example to illustrate the obtained
results.
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1 Introduction

In recent years, partial differential equations in particular of the parabolic type, involving partial derivative of
non-integer order known as fractional order have attracted many researchers because of their applications in many
areas of science and engineering, as shown in [5] [14, [20] and references therein. In many practical situations, various
parameters are unknown such as fractional order, diffusion coefficient, source or reaction term in parabolic or fractional
parabolic problems, which were studied in [T}, 3], 4} [8, @] 10, 1T} I3}, 17, 19, 21] according to the data. Let us mention
that in [10, [IT], the authors treated the inverse problem of identifying the unknown time-dependent coefficient in
the quasilinear parabolic equation with the nonlocal boundary and integral overdetermination conditions. In [4],
the inverse problem of finding the time-dependent source coefficient for the a semilinear fractional reaction diffusion
equation with the nonlocal boundary condition

w(0,8) = u(1,¢); uy(1,t) =0, t e 0,7

has been considered.

In this article, we are concerned with the inverse problem of determining the pair {u(z,t),a (t)} for the following
time fractional equation

Cagttu(x, t) = Uge(z,t) — a(t)u(x,t) + F(x,t,u(z,t)), (x,t) € Dr (1.1)
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with the initial condition

u(z,0) = ¢(z),  xel0,1] (1.2)
the nonlocal boundary conditions
Uz (0,1) = ux(1,¢); u(l,t) =0, te0,T] (1.3)
and the integral overdetermination data
1
/ u(z, t)de = E(t), te€0,T] (1.4)
0

where Dr = (0,1) x (0,77, C@{)ﬂ’t stands for the Caputo fractional derivative of order 0 < a < 1 with respect to
the time variable, ¢(z) and F(x,t,u(x,t)) are given functions on [0,1] and Dy x R respectively, meanwhile, the
unknown potential coefficient a(t) which can be regarded as a control parameter, see [3] has to be determined. The
integral data is needed for the unique solvability of our inverse problem. The nonlocal boundary conditions (|1.3))
are commonly referred to as the boundary conditions describing the relationship between the desired solution values
on multiple points, which can be more useful than the standard classical boundary conditions for describing some
applications of heat conduction or thermo-elasticity, see [3, [2].

The keys factor in the solvability of our inverse problem is based on the expansion of the solution by using a
bi-orthogonal system of functions obtained from the nonlocal boundary conditions, the construction of convergent
iterations and the use of some known inequalities, mainly those of Gronwall, Cauchy and Holder.

The rest of the paper is organized as follows: In Section 2, we recall some definitions and basic results for the
convenience of the readers. In Section 3, our main results are discussed about the existence, uniqueness of the solution
{u(z,t),a(t)} of the inverse problem (1.1))-(1.4)) and its continuous dependence upon the data (¢, E(t)).

2 Preliminaries

In this section, we introduce notations, definitions from fractional analysis (see [16, 12} [I8]) and preliminary facts
which are used throughout this paper.

Definition 2.1. For an integrable function f : R™ — R, the left sided Riemann-Liouville fractional integral of order
0 < a < 1 is defined by

I f(t) == ! )/O(t—s)a_lf(s)ds, t>0,

NG
where I'(.) denotes the Gamma function which satisfies I' (o + 1) = aI' (@).

Definition 2.2. The left sided Caputo fractional derivative for a function f of order 0 < o < 1, is defined by

d 1

t
DR F(t) = 1 (1) = m/o (t—s)~“f'(s)ds, > 0.

Notice that the Caputo’s fractional derivative of f(t) exists and is continuous for ¢ > 0 when f € AC|[0,T].
Furthermore, we have

Dy, £(t) = Dgs (f(t) — £ (0)). (2.1)

where D, is left sided Riemann-Liouville fractional derivative defined by

d
D§ f(t) = ﬁféjo‘ (t), for0<a<l.

Proposition 2.1. For 0 < o < 1 and f € AC[0,T], we have

ISE DS, f(t) = f(t) — £(0).

Let us give some results concerning the Mittag-Leffler function and start by its most used definition.
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Definition 2.3. The Mittag-Leffler function of two-parameter is defined by
Z’VL
E,p(z) = — «a>0,8>0, with z € C.
8(2) ngof(oerﬂ) s

In particular, for § =1 we recover the classical Mittag-Leffler function E, 1(z) = Eq(2).
Corollary 2.1. The following properties hold

(i) for0 < a< B <1,XAeR", E,g(—At¥) is a bounded positive monotonic decreasing function on the positive real
axis.

(ii) The Mittag-Leffer function E, (At%) is invariant with respect to the left Caputo fractional derivative, that is

DS Eo(MY) = AE,(At?), for a > 0,\ €R. (2.2)
The following lemma is a well known property of Mittag-Leffler function and can be found in Podlubny’s book [16].

Lemma 2.1. If 0 < o < 2, 8 is an arbitrary real number, u satisfies that ma/2 < p < min(7, ar) and C* is a real

constant, then
*

1+ z]’

|Ea,p(2)| < p < |arg(z)| < m,lz] > 0.

From this result, we conclude that for 0 < a < 1, A > 0 and ¢ € [0, 7] that

AC*

AE, o(—=At?) <
al )—1+Ata

< o0. (2.3)

Now, because of the relation (2.1) and linearity of fractional differential operators, we can extend Lemma 15.2 of
Samko et al [I8] to the following Lemma.

Lemma 2.2. Let (f;(t));>, be a sequence of functions defined on (0,77]. Suppose the following conditions are fulfilled:
(i) For a given o > 0, the a-derivatives “Dg, fi(t),i > 0 for t € (0,7T] exists.

oo o0
(ii) Z fi(t) and Z “Dg, fi(t) are uniformly convergent series on the interval [e, T for any & > 0.
i=1 i=1

o0
Then, the function defined by the series Z fi(t) is a-differentiable and satisfies
i=1

“DgLY filt) =) DR filh).
1=1 =1

Theorem 2.1. Let o € (0,1), f € L'[0,T],c € R. Then the solution of the problem

D ult) +du(t) = f(t), t>0
u(0) =c
is given in AC'[0,T] and satisfies
u(t) = cEq (=A%) + /t(t —8)* B o0(—A(t — 5)*) f(s)ds.
0

Next, we consider the following system of functions on [0, 1]:

¢ = {¢O (J)) 7¢17n (l‘) 7¢27TL (m)};z.ozl’ U= {% (l‘) ’wlm (.Z‘) aw2,n (x)};z.ozla (24)
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where

do(z) =2(1 — ),  ¢1n(x) = 4(1 — 2) cos(V/An),  don(x) = 4sin(y/Anz), (2.5)
Yo=1, V1n(x)=cos(v/ Inx), Won=axsin(y/A.z), (2.6)

with A\, = (2n7r)2 ,n > 1. Since the nonlocal boundary value spectral problem obtained from and is nonself-
adjoint and the set of eigenvectors with the eigenvalues \,,,n > 1 of this spectral problem is not complete in the space
L?(0,1), another complete set of eigenvectors and associated set of eigenvectors of the adjoint problem is
obtained. The system is bi-orthogonal and forms a Riez basis in L?(0,1). For more details, see [7, [, [15]. We
denote the inner product in L2(0,1) by

1
(f.9) = / f@)g(@)de, Yfg e L2(0,1).

To define what we mean by a classical solution, let us introduce the following classes of functions
cto (ﬁT) = {u(.,t) cC'0,1], t€]0,7] and u(z,.) € C[0,T],x € [0, 1]};
02 (Dy) = {u(.,t) €C2(0,1), te(0,T] and “Dg ju(x,.) € C (0,17, € (0, 1)}.

Definition 2.4. The pair {u(z,t), a(t)} is said to be a classical solution of inverse problem (L.1)-(1.4)) if {u(z,t), a(t)} €
[C%* (D) N CH0 (Dr)] x C[0,T] and a () is positive on [0,T] such that equation (1.1) and conditions (1.2)-(1.4)
are satisfied.

Finally, we recall the Gronwall’s lemma.

Lemma 2.3. Let u(t) and v(t) be nonnegative continuous functions on some interval [0,7]. Also, let the function
f(t) be positive, continuous, and monotonically nondecreasing on [0, 7] and satisfies the inequality

w(®) gf(t)+/0 v (s)u(s) ds,

then

w(t) < f (t) exp (/Otv(s)ds>, for t € [0,T].

3 Main results

In this section, we will give the results about existence, uniqueness of the solution and the continuous dependence

upon the data of our inverse problem ([1.1f)-(1.4)).

At this stage, for arbitrary a € C'[0,T] and by applying the Fourier method, the solution u(x,t) of the direct
problem (|1.1))-(1.3) can be expanded to uniformly convergent series form using the bi-orthogonal system (2.4) in
L?(0,1) as follows

(@, t) = uo()do() + Yt (O)1n(x) + Y Uz n(t)Pon(@); (3.1)

n>1 n>1
where ug(t) = (u(.,t),%0), wpn(t) = w(,t),Ykn), n>1,k=1,2
are to be determined. We denote, the coefficients of the series expansion of ¢(z) and F(x,t, u(x,t)) in the basis (2.6]
by
o =(p,%0), Prn= (P Ykn); k=1,2n2>1
FO(t,u) = <F(',t7u('7t))v¢0>v Fk,n(t;u) = <F('at7u('>t))7¢k,n>; k:1727n2 1,

respectively. By properties of bi-orthogonal system (2.4]), we obtain from (1.1)-(1.3]), the following Cauchy problems
on [0,7] and n > 1

(3.2)

“Dguo(t) = —a(tyuo(t) + Fo(t,u),
uo(0) = o,
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{CDnguLn(t) = A1 n(t) = a(t)ur n(t) + Fia(t, u), (3.3)
Ul,n(o) = P1n,
CDguzp(t) = =Mtz (t) + 2V Anurn(t) — a(t)uz,n(t) + Fon(t,w), (3.4)
UQ’n(O) = PY2,n- .

Thus, by applying the integral operator I, to the fractional differential equation of the Cauchy problem (3.2)) and
from Proposition 2.1 we get

uo(t) = o — ﬁ /Ot(t —5)* " a(s)uo(s) — Fo(s, u)] ds, (3-5)
While, according to Theorem the solutions of problems , satisfy
Urn(t) =91 nFo1(—AptY) — /Ot(t —8)* By o=t — 8)%) [a(s)u1n(s) — F1n(s,u)] ds, (3.6)
Uz (t) =020 Bt (—Ant®) + 24/ A, /0 t(t — 8)* By a(=An(t — 8)*)urn(s)ds
- /Ot(t —8)* By o=t — 8)%) [a(s)uz.n(s) — Fan(s,u)]ds, (3.7

for n > 1, respectively. On other wise, from (1.4) we observe that

Now, applying cDg'+ to the additional condition (1.4)) we obtain
1
°DyE(t) = / Ca&’tu(az,t)dx
0
1

= [ Brastant) = at)ut ) + P tule )] da

=u,(1,t) —uy(0,t) —a(t) E(t) + /0 F(z,t,u(z,t))dx,

which yields
Fy(t,u) = “Dg, E(t)

“O="E

Throughout this paper, we assume that the following conditions hold

(A1) € CU0,1],  9(1) = 0,¢'(0) = ¢'(1),¢"(1) = 0,0V (0) = o) (1).
(Ag) F(x,t,u) is continuous on Dy x R and satisfies the following conditions:

(1) F('7t7 u) € 04[07 1}7 for ¢ S [07T]7 F(xat7u)|m:1 = 07
Fm(xat,u”x:() - Fx(xat,u”r:l - 07 me(xat,u”m:l - 07
Fxmz(xv ta u)|m:0 = szz(‘r» t7 u)lz:l;
(2) there exists a nonnegative function b € L?(D7) such that for each u, % € R

n n

e F(x,t,u) — pr

F(z,t,a)] <blx,t)lu—1a|, n=0,1,2
with B = ||b||.2(p,) and M, = OgltagXT 16(,t) [l 22(0,1) < 00

(3) M =max{[| 2= F(.,.,0)||r2(py); n=0,1,2},
Mp = oo, [ F(-t,0)[[22(0,1) < 003
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(4) Fy(t,u) > 0 for t € [0,T].
(43) E€ AC[0,T],  min E(t)=Epn >0, “Dg E(t)<0forte0,7] and
= Jy p(a)da
Definition 3.1. We denote B the set of continuous functions on [0, T

{u(®)} = {uo(t), ur n(t), ugn(t); n =1}
satisfying

o ()] + Y (lur (8] + [uzn(t)]) < oo for ¢ € [0,T].

It can be shown that (B, |.||s) is a Banach space with

llulls = Jmax |u0 |—|—Z ( max. |u1,, (¢)| + max |u2n(t)|)

0<t<T

Lemma 3.1. If (A4;) i

n>1 n>1
positive constant C, we have

ol + Z (Ip1,nl + lp2,0l) < Cliellcapo,n-
n>1

Proof . First, we have by Cauchy’s inequality

ool = | / 2)dz) < lollz2(oa-

By integration by parts four times, we get for n > 1

1
1
P R r——C
0 (277,77)
' 1 W @)
n = x)xsin(2nmwz)dr = T n
pan = [ plepwsinnmnide = ool 4 ol
Taking the sum and using Holder’s inequality, we obtain
1/2 1/2
1 (4) (4)
STlowal < [ Y —— >l < Chlle™ |l L20,1);
n>1 n>1 (27””7) n>1
> ¢l < Z < Call | 2fo,uy-
n>1 (

Thus, we conclude the uniform convergence of the above series. Moreover

ool + Y lerml + Y lpaml < lellL2po. + (C1 + C2) 1™l 200,15

n>1 n>1

< Cllellctio-
O

Remark 3.1. In the same way, from (A;)-(A2), we can deduce the uniform convergence of the following series

Z)‘n‘wln'ﬂ ZAH‘FQ,n(t7u)|7 Z(\/E)k Z(\/E)HFLH(LUH for k = 1,2,3.

n>1 n>1 n>1 n>1

Now, from the decrease of the Mittag-Leffler type functions and the estimation ([2.3), we have for A, = (27m)2 ,n>1

1
sup Eo(=Apt®) =1, sup Eua(—M(t—5)%)===<1 and MNE,o(-A({t—5)%) <N, 0<t<s<T.
0<t<T o<t<s<T ['(a) /

(3.10)
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3.1 Existence and uniqueness of the solution

Theorem 3.1. Let (A1) —(As) be satisfied. If 1/2 < o < 1, then the inverse problem (1.1)-(1.4) has a unique classical
solution {u(z,t),a(t)} on [0,T] for a large T.

Proof . Before going further, we will explain two techniques noted Step K and Step G, that we will use in most of
all the estimates in the other steps.

Step K: Adding and subtracting f(f fol(t — 5)2LF(z,5,0)W,(z)drds to the first memeber of the following

inequality, we obtain
¢ 1
§/ (t —s)* ! / [F(z,s,u(z,s)) — F(z,s,0)|W,(z)dx
0 0

+/Ot(t— 5)>t

(t — s)* ' F(x,s,u(x,s))W,(z)dxds ds

1
/ F(z,s,0)W,(z)dx|ds,
0

using the Cauchy-Schwartz inequality, we find

VT E (2, s, u(x, 8)) W (x)dads

< (/0 (t — 5)2 2d5>1/2 (/Ot (/Ol[F(x,s,u(x,s))—F(x,s,O)]Wn(x)dx)2d3> -
+ (/Ot(t — s)2a_2ds>1/2 (/Ot (/01 F(m,s,O)Wn(x)dx>2 ds) -

g% </Ot </01[F(x,s,u(a:,s)) _ F(x,s,O)]Wn(x)dx)st> - + 5% (/Ot (/01 F(x,s,O)Wn(x)da:>2 ds> 1/2.

Step G: When we get the following form of inequality on [0, T] with continuous functions v(t) and P (t)

1/2

vt <@+ e ( [rs)

we take the square to have

(v (t))? < 2P (t) 4 2P} /Ot(v(s))st. (3.11)

Appling the Gronwall’s Lemma on (3.11), we get (v(t))® < 2P? (t)exp (2P5t), therefore, we obtain v () <
V2P (t) exp (P22t) .

Step 1: Let us define an iteration for the Fourier coefficient of (3.1)) for N > 0 as follows:

u§ () =E@); (3.12)
uih Y () =) () — / (i §)2 1 Eg o (A (t — 5))a®™ (s)u{TV (5)ds (3.13)

/ / ) B o (=An(t — $)*)F (2, 5,u™ (x, 5)) cos(v/Anz)dzds,
a0 (1) =ull) (1) +2/A, / B (At — )l (5)ds (3.14)
~ / (b= )" B~ Alt 5))a™ (s)ught (s)ds
// ) B0 (=An(t — $)*) F(z, 5,u™ (2, s))z sin(v/ Apz)dzds,
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with
(1) = o, Ui (D) = PraBan(=Mat®),  uph(t) = P2nBaa(~Aat®): (3.15)
Again, we define an iteration for (3.9) on ¢ € [0,7] for N >0
1 1
aM(t) = 0 [—CD8+E(15) —|—/ Fz,t,u™ (z,t))dz| . (3.16)
0

First, by definition the estimate of Mittag-Leffer type function in (3.10) and Lemma we get

1@ ll5 < leol + D (1,0l + l2,0]) < Cllellcao,
n>1

thus u(®) € B. For N = 0, we have on [0, T

1

a O (t) = 30} { “DsE(t) + /01 F(z,t,u® (x,t))dx} >0

1 [F(m,t, w (2, 4)) — F(z,t, 0)} da

Adding and subtracting % fol F(z,t,0)dz to the above equation, then using the Lipschitz condition, we get
CDe, E(t)] 1
O ) < | 0t
CO=TEw T

1 /1
+ == F(x,t,0)dx
B J, T
|“Dg, E(t)| 1

< J%(t) +E(t)/01b(x,t)‘u()( dv+ = /FxtO

From Cauchy’s inequality, (42) and (Ajs), we find

(1) < B! (118 Ellowo) + 15 () 2.0 lle® s + 1 F (1, 0) |20, -
Taking into consideration that
C Tl_a ’
H D86+EH0[07T] < m”E ||L°°[O,T]a for0<a< ].,

then for some positive constant D, we get

e clom < Byt (D”EHAC[O,T] + My[ul® |5 + MF) .

Since u(® € B, we deduce that a(®) € C[0,T]. It’s clear that, from (3.12) we have for N > 0

(N+1) ()] <
max [uf" 1)) < | Bloom. (3.17)

Next, we consider uglfl(t) and uglzl(t) are given by li and 1) for N = 0 respectively. Using 1) and

a®) € C[0,T] we obtain

Y R (2, s, ul® (2, 5)) cos(2mnz)dads| .

t
01 < vl + o lletoay [ (6= )7 [u(0)] s +

Applying Cauchy-Schwartz’s inequality and Step K, then we integrate twice by parts the integrals depending on
F with respect to = on [0, 1], we get

¢ 1/2
1 1
D)) <lra] + 109 cor L ( / |u§,i<t>|2ds)

L T ! cos(2mnx) 2 2
+ = / / [Foe(z, s,u(o)(x, 8)) — Frp(x,8,0)]———>dx | ds
47T2 0 0 n2

1/2
Lo ([T P ?
+7/ /FM(MO)MM ds)
47T2 0 0 n2
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where 12
To™ 1
fi (3.18)

—  for-<a<l.
V2a—1 2

Applying Step G and after that taking the maximum, we get

L, =

(1)
Oglta<XT|u w0l

1/2
L, T ! cos(2mnzx) 2
< \/iexp (”a(O)H%[O,T]L?xT) [|(P1,n| + 477_(_2 (/0 (/0 [Fazm(ﬁ& S7U(0)($7 S)) - sz(xv 570)]ngd‘r> ds

1/2
L, T ! cos(2mnx) 2
o r TR
42 </0 (/0 we(:9,0) n? dl‘) @

Taking the sum of both sides of the last inequality, we find

max |u1 )] <A (a(o))

0<t<T
n>1 n>1
I 1 T 1 2 1/2
«
+ A (a(O)) o E — /0 (/o [Frg(z, 5,0 (2, 5)) — Fypp(z, s,0)] cos(Qﬂ'nx)da:) ds
n>1
1/2
I 1 T 1 2
©) Ze il
+A(a )471_2 §>1 3 (/0 (/0 Fyp(z,s,0) cos(27rnx)dx> ds) ,
where

A (a(o)) = V2exp <||a(0)||%[O,T]LiT) . (3.19)

Then, Holder’s inequality gives

max \u (1) <A (a(o)) Z [©1,n]

0<t<T
>1 n>1

—|—A(a<0)) % ( ) 7114) (g/ (/ [Fro(z, 5,0 (2, 5)) — Fex(z,s,0)] cos(27mx)dx)2ds) b
+ A (a(O)) % (Z nl4> - (Z/ (/ Fpo(z,8,0) cos(27rnx)dac) ds) 1/2.

n>1 n>1

1 4
Using the fact that Z i 79LO’ then from Bessel’s inequality, the Lipschitz condition and by (As3), we get
n>1
max [u{')(6)] < A (a(0)> [B||u<0)||5 + M} . (3.20)
n>1 Ost<T n>1 12
In the same way, according to (3.10) and a(®) € C[0,T], we have
(1) N, ! 0) ' e
< YA _ a _ \a—
0l ol + 5, Oglngl 01 [ (¢ 51+ 10 ey [ - 0 ol ds

Y E (x5, ul® (2, )2 sin(2mna)dxds| .
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Applying Cauchy-Schwartz’s inequality and Step K, after that we integrate by parts the integrals depending on
F with respect to = on [0, 1], we find

« a—1/2 t 1/2
(W) ()] < N\T ) T (1) (42
O] <lpnnl + T s 0]+ 0 loto o ( [ k(o)

+ \1/1% (/Ot </01[Fz(;v,s,u(o) (x,s)) — Fz(x,s,O)]C()S(iLmdx)zdLe) -

1/2
To1/? Lot cos(2mn) 2
/. F$ ) 70 d d .
+ 2a—1</0 </0 (z,s )7n x) s

Applying Step G to the last inequality, we get

N\T®
= max [ui') (1)
QT TLO<t<T

+ = (/T (Al[Fz(m,s,u(O)(x,s)) - Fz(m,s,o)]ws(dex)zd8> i

S (O] V2 exp (011240, L2T) [ p2.al +

2 n

1/2
Lo ( [T/ 1} 2 2
+—= / ( Fx(x,s,O)COS(me)dx> ds )
2m 0 0 n

where L, is given by(3.18). Taking the maximum and the sum of both sides of the last inequality, by Holder’s
inequality, we get

1/2 1/2

Y 2
i, 2001 <4 (69) Tl +4(s0) B0 (£ L) (5 (s k)

0<t<T
n>1 n>1 n>1 n>1

1/2 ) 1/2

+A (a(o)) % ; % ; /OT /Ol[Fz(x,s,u(o)(x,s)) — F,(z,s,0)] cos(27m;v)dx) ds

1/2 1/2
o La 1 T 1 2
+A <a ) o Z ) Z/o /0 F.(z,s,0) cos(27mx)dx) ds ,
k>1 n>1
where A (a(?) is defined by (3.19). By the fact that
1/2
2 m?
n>1 n>1 n>1

and Bessel’s inequality, we get

L
(0) (0)) ZA
OIEtEE(TW ()| <A (a ) E |p2,n] +A(a > 7 1OI<Hta<XT|u (t)|

n>1 n>1
) 1/2
+A a acsu z,s)) — F, m,s,O' dxds
2f< O(z,5) = Fala,5,0) )
(0) o
+A(a ) 2\/6||F$('7'70)||L2(DT))
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NY\T*
where Ly = =2~ The Lipschitz condition, (A3) — 3 and estimate ([3.20) give
2 I,
< — .
e fush) (0] <A (a©) 3 ool + (4 () V6 2 e (3:21)
n>1 n>1

()1 1 69) o+ 525] 1]

According the estimates (3.17)),(3.20), (3.21]) and the fact that

5 = max [uf" |+Z<max Jug') ()| + max |“2n(t)|>’

0<t<T 0<t< 0<t<T

we get
[ulls < 1| Ellcio.r) + @i (@) ligllcoa + Qa(a”) [Bllu® s + M|

where

A2 (a©) L, 1 A(a?) Ly 1
0y — Y. 0y — ©)
a’) =max | A (a ; , a’)=A (a L, + + .
Qi(a’) < ) V6 Qa(a’) ) 12/10 2415 26
As a result u(!) € B. In the same way, by induction we get for general value of N > 1

[u™ 5 < |E|lcpom + Q@™ " D)l@llotpo + Qa(a™ =) [B||U(N71)||B + M} :

By induction, we have uN=Y(t) € B and V=1 (t) € C[0,T], then uM(t) € B. Also, a®™) (t) > 0 on [0,T] for
general value of N, we have

1™ llegory < B! (DBl acio.zy + Mollu™ |l + Mr) -

Finally, since u(™ € B, we deduce that a(N) € C[0,T].

Step 2: In the sequel, we will study the convergence of the bounded iterations (u(N+1)(t))N>O and (a(N) (t))N>O
in B and C[0,T] respectively. Let us denote - N

M, = max{la® ooz N = 0} My, = max{ [u™ |5 N > 0}. (3:22)
First, from (3.16|), we have for N > 0

aN @) — N (1) = ﬁ { /0 1 F(x, t,u™ ) (2,1))dx — /O 1 F(z,t,u™ (z,t))dz|

by using the Lipschitz condition and (As), we find
1
laN D (1) — M (1) < E;l/ bz, )| NV (2, 8) — u™) (a2, )| da. (3.23)
0

Then, Cauchy’s inequality and (A43) — 2 give

la™F — oMo 7y < Bt Myl[utN D — w5, (3.24)

Next, to estimate ||u(N+TD — u(N)||5 for N = 0 we start with the first term

us? () — ul () = E(¢) — o,

then

(0)
max [uf! () = uf (O] < |1 Bllcor + Ieloron (3.25)
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Then, applying the same estimation used in Step 1 on

uf)h (#) —ui)(t) = - / (i 8)2 1 Ega(~Au(t — 5)%)a O (s)ul') (s)ds

/ / ) By (= (t — 8)*)F(z, 5,u% (x, 5)) cos(2mna)dads,
we obtain o
(0) 1) (0)
max |u (t)—u S ()] < — Mg |lu' g + Bl||u™|p+ M| . (3.26)
S osisT L a 12\/>[
In the same manner from
s n (1) = u® (1) = 2/ / Y B (=t — 8)*)uil™ (5)dls
t
- / (t = )1 Eaa(=Aalt — )00 (s)ul) (s)ds
// ) N G (t—s)a)F(x,s,u(o)(x,s))xsin(anm)dmdS,
we get
(1) O < |22 T*Ma La (0)
3 gm0~ 0] < [ ot e WVl + 5 [ Bl s+ ] (3.27)

Consequently, from (3.25)),(3.26)) and (3.27) we find

IM,T™ Ly L., L,
I =l < 1Blltom + ellonosy + (2 + 22 ) M+ (550 + 220 ) [BIuOls + 3] =,

V6 1210 2v6
For N = 1, to estimate ||[u(® — u)||;5, we start with the fact
M) — V() =0, N>1. (3.28)

Then, to estimate the following expression
t
upn(t) = ui(t) = - / (t = 5)* " Eaa(=An(t = 5)*)aV(s) [u) () — ull)(s)] ds
t
— [ = B = ) [V 0) — a5 s

/ / ) B o(=An(t — 8)%) [F(:z:, s,ul(z,s)) — F(z, s, u®(z, s))} cos(2mnx)dxds,
we use (3.10)), (3.22), Cauchy’s inequality and estimate (3.23)), we get

) 1/2
220 = 0] <ML / 2266) o) s

t 1 2 1/2
(1) —1 (1) B (0)
+0g1%xT\u1,n(t)\Em La ( /0 ( /O b(x, s)ut™ (z,s) —u (x,s)mx) ds>

+ L, ( /O t < /O 1 [F(:c, s,ul(z,8)) — F(z, 5,00 (z, 5))} COS(?ﬂ'nm)da:)z d5> - .

Applying Step G, we obtain
1/2
u$?),(t) — i) (1) <V2exp ((LaMa)® T) max

0<t<T

ulfn(t)‘ E'La (/Ot (/01 b(z, s)|uM (z, s) — u<0)(x,s)dx>2 ds)

t 1 2 1/2
+V2exp ((LaMa)2 T) La </0 (/0 [F(x, s,u™(z,8)) — F(z,s,u® (x, s))] cos(27rmc)dx) ds> .
(3.29)
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Taking the sum of both sides of the obtained inequality, we integrate twice by parts the terms depending on F
with respect to x, by Holder’s inequality, Bessel’s inequality and the Lipschitz condition, we find

1/2

S 1)) — ul (1)) < Hy ( / / b2<x,s>|u<l><x,s>—u<°><x,s>|2dxds) (3.30)

n>1

with

H, =V2exp ((LaMa)2 T) <M LBy’ + 12[\//>)

In the same way, using previous approximation techniques on
210 =20 =2V [ (=9 Bt = )% [0~ )] s
[ Bl At = 97000 [i06) ~ 5] s
- /O t(t — )" B (<A (t — 5))ul) (s) [a(l)(s) - a<0>(s)} ds

¢ 1
+/0 (t —8) ' By a(=An(t — s)”‘)/0 [F(x, s,uM(x,5)) — F(x,s,u0 (z, s))} zsin(2nnz)dzds,

from (3.10), Cauchy’s inequality and estimate ([3.23)), we get

t o 1 ¢ 1/2
W20 = 01 < [ L) - uhods + Loty ([ ufh(s) — uf(o)Pas)

: 1 2 1/2
-1 1) (1) _ ,(0)
+E, L, OI;Z%XT s, (1)] (/0 (/0 b(x, s)|u' (z,8) —u (x,s)d:c) ds)

+ La (/()t (/01 [Fm(x,s,u(l)(%s)) - Fm(x,s,u(o)(x,s))} (de)zds> 1/2.

Applying step G, we get
2 1
s (t) = usin (1)

<Vaewp (L0 T) N [ (1= 921 L (5) = ) (0)1ds

1,n

P 2 1/2
+V2exp ((LQMQ)2 T) E, 'L, max \uglgl(tﬂ / </ bz, s)|uV(z, s) — ul®(z, s)dm) ds
0<t<T ' ® o \Jo

1

" 2 1/2
+V2exp ((LaMa)Q T) L, </0 (/0 [Fx(x,s,u(l)(a:,s)) - Fx(x,s,u(o)(a:,s))] cos(22n7rz)dx) ds) . (3.31)

™n

Taking into account that, by the estimate (3.29)) we get concerning the following term

Zml ui’n(s) = ui (s)]

2 1/2
2 -1 1 1) ' ' (1) _ 0
<V2exp ((La M,) T) E.. Lq §>1 — OmétaSXT’uLn(t)‘ ; ; b(x, s)|u'™ (z,8) — u'” (z,s)|dx | ds

t 1 2 1/2
+V2exp ((LaMa)zT) L, Z 1 X (/0 </0 [F(m, s,uV(z,s)) — F(x,s,u® (z, s))} cos(Qﬂ'nx)dx) ds) ,
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by Holder’s inequality, the Lipschitz condition and Bessel’s inequality, we get
1 ) t 1 2 1/2
Z - (221( ) —ull) (s)] < \/gexp ((LaMa)?T) La [Eﬂleu +1] (/ (/ bz, s)|uP (z, s) — u'® (:c,s)|dx) ds> .
0 ’ 0 0
n>1

Hence, we find

/t g 12 _uln( )|ds <\/gexp ((LaMa)QT) L. [E;llMu-I-l]

y (/Ot (/01 b, ) [u® (z, 5) — u® (z, s)|da:)2 ds) - /Ot(t 5 Lds,

(3.32)

Taking the sum of both sides of the inequality (3.31)), according to (3.32)), Holder’s inequality, Bessel’s inequality
and the Lipschitz condition, we obtain

1/2

t 1
S [ (1) — u$) (0)] < H (/ / b2<x,s>|u<1><x,s>—u<°><x,s>2dxds) , (3.33)
0 0

n>1

with

= zip/aé (ex0 (LM T)) Lol (510, 41) + \/gexp ((LaMa)*T) La (E;lMu - ;) .

Thus, from formula (3.28)), (3.30) and (3.33]) we deduce

1/2

@ () —u® (1) | < H (/ / B (z, 5)[u (2, 5) — (0)(a:,s)|2dxds> , (3.34)

where H = [Hy + Hs)]. As a result
' ~u® s < HBu —us.

Applying the same estimation techniques and from (3.34]), we obtain for N = 2

1/2

u® () — u® (1)| < H ( /0 t /0 B ) u® (2, 5) — Ve, S)deds>

¢ 9 1/2
< HogltagXT ||b(.,t)||L2(071) </ ‘U(Z)(S) - U(l)(S)’ d5>

1/2
< 1 o, .0 ||L2<01>) (/ [ 106 = w0 aras)
1/2 ;

< H*MZE (//drds) §H2M§—25.

Similarly, for a general value of N, we get

Ty
[uN+D — (M5 < HNMNi (3.35)

Thus clearly, we have |[uN 1) —u(M]|53 — 0 when N — oo and from ([3:24)) we deduce that [|[a ¥+ —a™)||co 77 — 0
when N — co. We conclude that the iterations (u(N+1)(t))N>O and (a(N)(t))N>O are of Cauchy’s type in the Banach
spaces B and C'[0,T] respectively. Following this, these sequences are uniformly convergent to elements of B and
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C'[0,T) respectively. Then, we will show that Jim uND (1) = wu(t), Jim aNFtY(#) = a(t). Similarly to the
— 00 — 00
previous step, we obtain

1/2

lu(t) —u™H )| < H ( /0 t /0 1 V2 (z, s)|u(z, s) — u™)(z, s)zdxds>

< | Ju(s) - (o) s "

which implies that
t t
) = a0 (0P <210 [ Juls) — al¥ D ()Pds + 2(800)° [ O 0(s) a5,
0 0
Then, by Gronwall’s inequality and (3.35)), we find

Ju (t) = NV (1) [P < 2(HM,)? exp(2(HMy)*t) /Ot [N HD () — uN(s) Pds

2N o2 t
< Q(HMb)2exp(2(HMb)2t)% / sVds.
. 0

Finally, we conclude that

N+1

(HMb)N+1TT

_ g (N+1) 2
= D s < VEexp(HM)*T)E s

)

when N — oo, we obtain u’N*1(t) — u(t). Furthermore, we can find
la = a™logo,r) < By Mllu — u™ |5,

then, we deduce that a(™)(t) — a(t) when N — oco. As a consequence, u € B and a € C[0,T]. On other hand, the
series expression (3.1]) of the solution wu(z,t) gives

e, O] < 2uo(0)] + 43 Jur ()] +4 3 Jua(0)]:

n>1 n>1

From Lemma[3.1]and Remark [3.1] we conclude by (3.6)),(3.7) and (3.8) that the majorizing sums of the series (3.1)

and its z-partial derivative ) ., 0, are absolutely convergent. Then, they are uniformly convergent and their sums
are continuous in Dp. In addition, the series of xa-partial derivative Y on>1 Oze Of 1) is uniformly convergent in

(0,1) x [g,T], for any € > 0. In addition, from the expressions of fractional derivative (3.2))-(3.3) and (3.4]), we get the
following inequalities
1“ D uo(t)] < llallcrorluo(®)] + [1Fo(- w)ll oo,
|9 Dgsurn(t)] < Anluan(®)] + llalloro,zill[wrn (O] + [1Fua( @)l o,
|“ DGtz ()] < Anlugn(8)] + 23/ Anluan ()] + l|all ooz |uz,n (B)] + | Fan (- w) loo.11,

due to Lemma [3.1] and Remark we deduce the uniform convergence of the series Z Anjut o (t)] Z VA |u1 o (t)]

n>1 n>1

and Z An|tz.n(t)]. Then, from the Weirstrass M-test, we show that the series Z CD8‘+ w1, (t) and D07 CD8‘+ Uz (1)
n>1 n=1
are convergent, also from (3.8)) we observe that, D&, uo(t) is bounded. By virtue of Lemma the a-partial derivative
C88‘+7t of the series |D and the series Y o, “9y+ ; are uniformly convergent in (0,1) x [¢, 7], for any e > 0. Thus,
u € C%%(Dr) N CYO(Dr) for arbitrary positive a € C[0, T.
Step 3: To prove the uniqueness result, we assume that problem ([1.1])-(1.4)) has two solution pairs {u(t), a1 (t)},
{v(t), az(t)}, first from (3.9) we have

lar = asllop,r) < En' My|lu — ]| (3.36)
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Next, as done previously, we have

() — v (1) | < HM, ( / uts) - v(s)Fds) "

Applylng Step G, we get |u (t) — ( )| <0;t € [0,7] and consequently w (t) = v (t) on [0,7]. Furthemore, from

S
we deduce that a; (t) = as (t),t € [0,T]. D

3.2 Continuous dependence of {u,a} upon the data
Theorem 3.2. Under assumption (A;)-(As), the solution {u(z,t),a(t)} of the inverse problem (1.1))-(1.4) depends
continuously upon the data of {p(z), E(t)}.

Proof . Let {u(z,t),a(t)}, {a(x,t),a(t)} be two solutions of the inverse problem (1.1)-(L.4)), corresponding two sets
of the data {¢(z), E(t)} and {@(x), E(t)} respectively. First, we have

°D*E(s) “D*E(s)
E(s) E(s)

la(s) —a(s)| < da. (3.37)

Adding and subtracting % to the first term of the right sided of (3.37)), we get

CDfE(s) ~ 9DE(s)
E(s) E(s)

CD(E(s) — E(S))’

D _ D - _
F"E — Ellacom + ﬁ||E||AC[O,T] I1E = Ellcon-

IN

Next, adding and subtracting f de and ( By E%s)) fol F(z,s,0)dx to the second term of the right
sided of ([3.37)), we get

/1 F(z,s,u(z,s)) Fl(x,s u(z,s
0

dx < / |F(z,s,u(z,s)) — F(x,s,u(zx,s))|dx

E(s) E(s)
n E(S 1 Flz,s,u(z,5)) — F(z,s,0)|de
*‘Eé) £|J, POl
& Olb(x,s) u(z, s) — alz, s)|dz
e E}) b il + | 5 = 01 (e, 5,0)dz
<E;, / ) — e, 5)|de + B2 B — Bllogr) [MyMy + My]

where, My = ||bllcio,1), Ma = ||u||s. Thus, we deduce that there exist positive constants p;,7 = 1,2

als) = a(s)| < |2 = Bllaciry + e | b(o.s) . s) = e )lds (3.38)

and hence -
la = allcpo,r) < mllE — Ellacio,r) + peMsllu — ul|s. (3.39)

Now, to estimate u(x,t) — u(x,t) we start with

luo(t) — to(t)] < | E = Ellcpo,my-
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Also, from ([3.10) we have

[ur,n (1) = 10 (t)] < P10 — @1n

T / (t — )2 a(s) — a(s)] |1 n(5)]ds
+ / (t— s)o‘*ld(s)|u17n(s) — ﬁl,n(s)\ds

+ .

0
/ (t —s)* L [F(x,s,u(x,s)) — F(x,s,u(x, s))] cos(2mnz)dzds
o Jo

Then, by(3.38]) and the same estimation techniques used previously in the Step 2 of the proof Theorem there
exist positive constants 7;,7 = 1, ..., 7 such that

t ol 1/2
Z [u1,n () — @1 ()] <m Z 91,0 — @1n| +M2|E — Ellacio,r + 13 (/ / b2 (x, 8)|u(z, s) — u(x, 3)|2dxd8)
n>1 n>1 o Jo
and
Z [ug,n(t) — U2, (t)] <na Z |p2.n — Panl + 15| E = Ellacio,m + 76 Z |¢1,n — @1,nl
n>1 n>1 n>1
t el 1/2
+ N7 (/ / V2 (x, s)|u(z,s) — ﬂ(m,s)%ixds) .
o Jo
Thus, we get for some positive constants p;,i =1,2,3
t 1/2
lu(t) —a@®)] < prlle — Pllcapay + p2llE — Ellaco,r) + p3Me (/ u(s) — ﬂ($)|2d$d8> : (3.40)
0

Applying Step G to (3.40), we get
lu(t) —a(t)| < V2exp (B3MIT) [prlle — Bllcao,n) + p2llE — Ell acpo,m)] -
It follows that for some positive constants II;,7 = 1,...,4 and a large T', we get

u—allg <Iille = @llcapo,1) + M llE — Ell acio,m)

and by (3.39),

la = allefo,r) < Wslle = @lloso,n) + MallE = Ell acio.r)-
This implies that when [|¢ — @[|cajo,1) < €1 and ||E — E|| acjo,) < €2, then

Hu — EHB <Ilje; +IIses  and ||Cl — aHC[O,T} < Ilzeq + Il4es.

This induces the continuous dependence of {u(z,t),a (t)} on the data of {¢(z), E(¢)}. O

4 Example
Consider problem (1.1))-(1.4]) with

o(z) = —2msin(27z) + (1 — x), F(x,t,u) = (1 —z)cos(2mx)e 'u+4], E(t) = %Ea(—27rt°‘).

Clearly that (A1)-(As) are satisfied with

o o
%F(w,tu) - @F(x,t,&) <e*u—da|, n=01,2
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and )
Fo(t,u) = / F(z,t,u)de =2>0, Vre(0,1).
0

Moreover, from (2.2]) we have
CDOE(t) = —wEy(—2ntY) <0, Vte[0,T]

and

Therefore, all conditions of Theorem are satisfied. Thus, this inverse problem has a unique classical solu-
tion {u(x,t),a(t)} on [0,T] for a € (1/2,1). In addition, Theorem implies that the continuous dependence of
{u(z,t),a ()} upon the data of {p(x), E(t)}.

5 Conclusion

In this paper, we studied well-posedness of the solution of an inverse time potential coefficient problem involving
a nonlinear time-fractional reaction-diffusion equation with nonlocal boundary and over-determination conditions by
using the Fourier method with some bi-orthogonal system and the iteration method. The key point here, is the use of
Gronwall’s Lemma which makes that the obtained results hold on [0, T] for a large T and a limited o € (1/2,1).
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