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Abstract

The present article deals with a variational method, named the Mountain Pass Theorem. We prove the existence of
nontrivial weak solutions for the problem of the following form

1
— B 4 7|VU|¢(X)dX)A¢(X)U + [o[*®"2u = A n(x,v) x €L,

1( X) ) )— 281}
=8 fy S5 VU Vel 0-2 22 <o xe a9

where a > 8> 0, A, ,)v is the @(X)—Laplacian operator, € is a smooth bounded domain in RY with smooth boundary
— N -
00 and v is the outer unit normal to 9Q, v(x),¥(x) € C(Q) with 1 < p(x) < N, p(x) < ¥(x) < ¢*(x) = N(p()z))’
_ — PX
A > 0 is a real parameter and n(x,t) € C(Q x R, R).
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1 Introduction

In this article, we consider the following problem

1
- ﬁfQ W‘V’UV(X)dX)AW(X)U + |’U‘w(X)_2U =An(x,v) x€Q,
ov

1
5[0(1 () |VU|@ X)dX)‘VU‘@(X) 28 =0 X € 09,

where a > > 0, A, v is the p(x)- Laplacian operator, defined as

N

v = div(|Vo|*N2v0) = Z(‘vu‘w(x)ﬁ@)’

A
i=1 Oxi

v (x)
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2 is a smooth bounded domain in R" with smooth boundary 92 and v is the outer unit normal to dQ and o(x), ¥ (x) €
_ . . N X
C(E) with 1< () < N, ¢ < (0 < 9 (1) i= 3,
convenience as follows: ¢, 1= ¢~ = infq ¢(x) and ¢ := @1 = supg, p(x), for all p(x) € C(Q) and n(x,t) € C(AxR,R)
that, the function 1 has mentioned in the following sextet conditions.

(m) : In(x, )] < e(1+[t700=1),  V(x,t) € Q x R where ¢ > 0 and

e(x) <) < ¢*(x),
i 106 1) ~0,
t—>0 |t|<p(x —2¢

A > 0 is a real parameter. We define ¢, and ¢y for

(172)

(n3) : there exist 0 € (

Jon(

In addition to the conditions that, given for 7, the functions p(x), ¥ (x), r(x) must apply to the following condition,
which we call the (¢r).-condition:

) and T > 0 so that 0 < Oh(x,t) < tn(x,t) for all [t| > T,x € Q where A(x,t) =

¢ <@ <) <@s <Y <P(X) < s <29, <1 <(X) <7 <70,
in the above condition, c =1 or ¢ = 2.

Kirchhoff [29] studied an equation in 1883, marking a turning point in the emergence of a branch of differential
problems known as Kirchhoff-type equations. These equations are used in vibrational physics[28, [31], elastic mechanics
[42], and electrorheological fluids [1J.

In recent years, the variable exponent Sobolev space Wl’@(X)(Q) has been very attractive and many writers and
researchers entered the field [2, 14 [5] [6] [7), T2}, (17, [18,22]. Working on problems in such spaces due to their inhomogeneity
and nonlinearity has always been related to difficulties, which have made work in this field more attractive (see
[11, 13}, 26]). One of the instructive and very useful theorems in solving such problems is the Sobolev embedding [20].

In the way of proving our theorem, as well as inequalities, and other useful theorems such as Holder and Poincaré’s
inequality, will benefit from this theorem very useful. The Sobolev embedding theorem has greatly blurred the dividing
borders of Sobolev spaces and LP spaces.

Recently, nonlocal problems have been a very interesting subject. The interest in p(z)-Kirchhoff type problems
arises from their ability to model a wide range of physical phenomena where nonlocal effects and heterogeneous media
are involved (see [3] [8, @] [10] [16], 19] 24, 25 26], 27, [30] B2] B4, B36] 38, 39], [40] [41]). These problems are particularly
relevant in areas such as elasticity theory, quantum mechanics, and fluid dynamics, where the properties of the material
or medium may change from point to point. In the present work, we generally bring up a Kirchhoff problem containing
the o(x)-Laplacian operator, which contains the expression (o — 8 [, [Vv[Pdx).

Now we state the main result:

Theorem 1.1. Suppose that (pir);-condition and (1) — (n3) hold, so our problem has at least a nontrivial weak
solution, for each A > 0.

2 Preliminary Results

In this section, we recall some important definitions and essential characteristics of the generalized Lebesgue-
Sobolev spaces L¥X) () and WH#(X)(Q) where Q € RY is an open set. In this regard, we refer the readers to the
book of Musielak [33] and the papers [15, 14, B35]. Set C4(Q) := {h : h € C(Q),h(x) > 1 for all y € Q}. For each
©(x) € C4(Q) denote

LX) (Q) = {v : a measurable real-valued function such that / lu(x)[PXdy < oo}
Q

which is the definition of variable exponent Lebesgue space, that by mentioned the norm ( so-called Luxemburg norm)
are reflexive and separable Banach spaces
e(x)
dxy <1;.

V][ (x) := inf {,u > 0; /Q

These spaces are similar to classical Lebesgue spaces in many aspects:

v
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a) if 0 < |9 < oo and ¢1(x), p2(x) are variable exponents so that p1(x) < ¢2(x) a.e. x €  then there is a
continuous embedding
L#200(Q) s L9100(Q),

, 1 1
b) the Holder inequality holds, if L# (X)(Q) is a conjugate of L¥(X)(Q), where ﬁ + ﬁ =1, we have
PX ¥ X

1 1 /
[ova < (S +5) Wl e 220@), we )
Q

1 i

Modular plays an essential role in manipulating the L¥) spaces and defined by the following relation, Po(x) *
LPO) 5 R;

Poto () = / o]# X dy.

Proposition 2.1 ([21]). If v,v, € L*X)(Q) and ¢, < 400, then the following relations hold

||U||<p(x) >1= ”UHSO(X < p@(x)( ) < HUHS(;(X ;

2. [ollogy < 1= Il < pon(®) < 015
3. [l < L(respectively, = 1;> 1) <= py(y)(v) < 1(respectively, = 1;> 1);
4. |[vnllpe — O(respectively, — 4+00) <= py(y)(v) = 0 (respectively, — +00);
5. nhHH;O lvn = vllpp) =0 <= nhHH;O Po(x) (Un —v) = 0;

v
6. For v £ 0, [[v][,) = A <= p (X) =1

Definition 2.2 ([20]). Let Q C RY. The Sobolev space with variable exponent W1 ¢(X)(Q) is defined as
W (Q) = {v: Q = R:v e LPN(Q), |Vu| € LX) (Q)},
endowed with the following norm
ol == llvllwreco @) = 1Vlloeg + 1VUlleko

or equivalently
ol = ot {1 0. [ (24200 4 | ¥ )y < 1}
Q M H

Denote by W, ’“O(X)(Q) the closure of C§°(Q) in W0 (Q). As we know, ||[Vu(x)||(y) is an equivalent norm in

1
WO e (x) (Q)
Proposition 2.3 (Poincare inequality [20]). There exists a positive constant ¢ so that

1,
[olloco < elVollp, Vo € Wy ?™(@). (2.1)

Proposition 2.4 (Sobolev embedding [20]). If ¢(x),¥(x) € C+(Q) and 1 < 9¥(x) < ¢*(x) for each x € €, then
there exists a continuous embedding

Whetd(Q) s LY (Q). (2.2)
If 1 < 9(x) < ¢*(x), the continuous embedding is compact.

In the sequel, we denote by X = WX (Q); X* = (W#0)(Q))*, the dual space; (-,-), the dual pair.
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Proposition 2.5 ([20]). Let
J(v —/ Vol*Mdy, Vv e X,
(®) a (X )| |

then J(v) € C1(X, R) and the derivative operator J' of .J is
(J'(v),9) = / |Vo P =270uVady, Yo, € X,
Q

and the following relations hold:

1. J is a convex functional.

2. J' : X — X* is a strictly monotone operator and bounded homeomorphism.

3. J' is a mapping of type (S;), it means, v, — v (weakly) and lim,_, ;o sup(J'(v), v, —v) < 0, imply v, — v
(strongly) in X.

Definition 2.6. v € X is a weak solution of problem (1.1)), if
1
- ﬁ/ 7\VU\“°(X)dx) / |Vol#X) =270V ddy —|—/ [u[YCO=209dy
o ¢(x) Q Q

= )\/ n(x,v)ddy, Ve X.
Q

The energy functional related to our problem, Jy : X — R such that

JA(U):Q/Q@WW(WX—g</Q(p()|vu|w >2 /Qw( Sy~ /\/Q B v)dy, YoeX, (2.3)

which is also well defind and of class C! in (X,R).

Now we define J} as the derivative operator of Jy in the weak sense, by the following formula,

(J5(v),9) = (a — B/ |Vv|“’ X)dx)/ |Vo| PN =270V ddy +/ lo[YOO=2p9dy — )\/ n(x, v)ddy, (2.4)
Q Q Q
for all v, € X. A critical point of J) is clearly a weak solution of our problem.
Definition 2.7. If Jy, € C}(X,R) and ¢ € R, Jy ensures the Palais-Smale condition at level ¢ ((PS). in short), if for

each {v,} C X satisfying Jx(v,,) — ¢ and J{(v,) — 0 as n — oo has a convergent subsequence.

3 Proof of main results

Lemma 3.1. Suppose that the conditions (n;) — (n3) are true, then the functional Jy holds in the (PS). condition.

Proof . First, we consider the boundary condition for {v,}, let {v,} C X be a (PS). sequence related to the Jy, so
that,

Jx(vn) = c and J3(v,) — 0, as n — oo. (3.1)

From (3.1)) and (n3), we have for n large enough,

¢+ [llnlll 2075 (vn) = (T3 (vn), vn)

1 gy P ) 1 ) gy
>9<a/mo<x>'v”"'”d’< 3 ([ saiment )+ [ gt [ ey

— ([a—ﬁ —|VU |“"(X)dx] / \an\¢(X)dx+/ |vn|d’(X)dx—)\/n(x,vn)vndx)
o »(x) Q Q Q

0 -6 1 2 0
>a ( — 1) / VU, \‘P(X)dx + 3 ( + ) (/ |an|“"(X)dx> + ( - 1> / |Un|w(X)dX - 61)\/ dx.
¥s 202 o, Q 1, Q Q
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By Poincare inequality, we have

0 —0 1
c+ |||Un >a(_]—) Un Sal‘f’ﬁ("‘) Un 2¢l—01>\Q.
Ilonlll o [on]l] 27 "o ]|l €2

By dividing the previous inequality sides on the positive value |||v,|||? and considering (n3) and since ¢, < 2¢,,
we can infer that {v,} is bounded in X, then

Up — v in X (3.2)
by Sobolev embedding , we have
X — L*0(Q), for 1< s(x) < ¢* (), (3.3)
is compact. From and we can infer that
vy — v in X, v, = v in L*0(Q), v,(x) = v(x), a.e. in Q. (3.4)

By Holder’s inequality and (3.4) we have

|/ U | Y020, (v, — v)dx]| < / [0 | YOI, — wdy < H|Un|¢(><)—1HJ()X)1 [vn = Vly) — 0 as n — oo,
Q 0 ) —
thus

/ [0 [P0 =20, (v, — v)dXx — 0, as n — 0. (3.5)
Q
By (m1) and (12), we have that for each € € (0,1), there is ¢. > 0 so that

10, vn)| < elvn| P07 4 o, [T (3.6)
By Sobolev embedding (2.2|) and Hélder’s inequality and (3.6)), we have

\ R —v>dx\ < [ elont? 00 o = vl + ceon 00 — i
Q Q

<elllval#O7Y oo llvn = vllpeg + ceelllval" O oo [lvn = vl — O,
px)—1 r(x)—1

as n — 0o. Therefore

/ n(x, vn)(vp, —v)dx =0, as n — oco. (3.7
Q
From (3.1)) we have (J}(v,),v, —v) — 0, as n — 00, so we can infer that

1
(a -8 VUn|@(X)dX) / ‘vvnrp(){)izvvn(vvn - VU)dX +/ |Un|w(X)72Un(Un - U)dX
o ¢(x) Q Q

- )\/Qn(x, ) (U, — v)dx — 0. (3.8)

From (3.5 and (3.7) and (3.8]), we can write

1
(a -5 |an|“’(’<)dx) / VU, [P =2V0, (Vu, — Vo)dx = 0, as n— occ. (3.9)
o »(x) Q

Since {v,} is bounded in X, therefore, it is necessary for the following positive sequence to converge to a non-
negative value such as vp, which means,

1
/ @|VUTL|“’(X)dX — v, >0, as n— oo.
Q
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Similar to the proof of Lemma 3.1 in [23], we have the sequence { ﬂfﬂ \Vv |‘/’(X)dx} is bounded, when
n is large enough, so, it follows from (3.9)) that

/ |V, [$X) =20, (Vu, — Vu)dyx — 0.
Q

So by the (Sy) property ( see lemma )y velll = |l|v]]| strongly in X, that means Jy ensures the (PS).-
condition. [J

Lemma 3.2. Assume that 7 ensures (1) — (n3), then the functional Jy ensures the Mountain pass geometry, it means,

(A) there exist @ > 0 and R > 0 such that Jy(v) > a > 0, for each v € X so that |||v||| = R
(B) there exists e € X with |||e]|| > R such that Jy(e) < 0.

Proof . By conditions (n1) and (72), we can infer that for each € > 0 there exists ¢ > 0 such that

v _— ()
Irev)l = 2 )I o|PN  —— (X)

Let v € X be such that |||v]|| = R € (0,1). Using (2.3)), (3.10), Poincare inequality and Proposition we have

1 3 2
J - voulPdy — 2 ( Vol P g ) YOO gy — A h ,v)d
1 B 1 2 \U|“°(X) v 00
— |VulPX)g _< | v/ «px)d) Y dy — Aee d
Za/g so(x)| R /Qw(x)l vIFdx E/Q o) T /Q ro) X

A 1 1 DY
> <a_ 5) / [ Vu[#00 gy — B </ |VU|“"(X)dX> _ %/ V] g
a1 ) Ja e(x) 2 \Ua ¢(x) r.Ja

1 e B Acace

2 o (a - ) Pe(x) (V) — 202 (pg,(x)(VU))Q - =2 Pr(x) (V)
Ps i
1

e I6; Acac r,
=5 ( c1>|| \|\¢S_2¢2|I|UI|I2“’Z— —||lvlll™,
8 1

1
where ¢; and ¢y are Sobolev embedding constants. Now, let 0 < & < Xacl. Considering (1) -condition, we deduce
that

o0, (3.10)

1 e B 90 Acace )
In(o) > [ (o= 25— 2 qjjoll12e—es — s ) [1woll@s.
Al )(%( o) Q%QH\ |l . —|llvllI" vl
1 A A
By selecting R adequately small (i.e. R is such that w—(a - 05) 2i R%#1—¢ %R’“z‘“’s > 0), so that
s 1 i i
1 A A
Jx(v) > R#* ((a _28y B pree. _ CQCER’%—%’-@) = a>0.
Ps Cc1 2901 rl,

Therefore there is a > 0 so that for each v € X with |||v]|| = R we have Jy(v) > a > 0. Also, by (n3), we can infer
that

VT >0, dep > 0; h(x,v) >T|? —ep, Y(x,v) € xR, (3.11)

Let ¥ € C§°(92),9 > 0 and m > 1. By (3.11)) we have

(Q
2
— _mVYIP g ﬂ( 1 Vﬁ“"(X)d> 1 IPX) g A [ Kz, md)d
/ o(x) Imvo) XT3 /sz@(X)'m | X +/sﬂ/)(x)'m' X /(xm)x
1 B 1 2 1
V¥ g —( — wm)d) IYXdy — X [ (T|md|? — er)dx,
Sa/ﬂ(p(x)lm [Pdx — 3 /Q@(X)lm |7 dx +/Q¢(X)|m [P0 gy — /( im9|® — er)dx

®s bm2® 2 U
Lam / Vo[ dy — (/ V19|“"(X)dx> +m / 9200y — )\Tma/ 19]0dy + er|Q).
©, Q 205 Q Y Ja Q

Since s < 1, < 6, we obtain Jy(m¥) — —oo as m — +oo, then for m > 1 large enough, by selecting e = m¥ so
that |le|| > R and Jy(e) <0
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Proof of Theorem [1.1]

By Lemmas and and Jy ensures, J»(0) = 0 and the Mountain pass theorem (see [37]), thus our problem

has at least a nontrivial weak solution. [
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