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Abstract

Let A be the class of analytic functions f in the open unit disk U = {z: |z| < 1} with the normalization conditions
F(0) =0, f'(0) = 1. If f(2) =24 > .2 5a,2" and § > 0 are given, then the Ts-neighborhood of the function f is
defined as

TNs(f) = {9(2):2+anz" €AY Ty lan — byl <5},
n=2 n=2

where T = {Tn}zo=2 is a sequence of positive numbers. In the present paper we investigate some problems concerning

n?
3nn!

Ts—neighborhoods of analytic functions with T' = { } ) One of the considered problems is to find a number
04.(A, B) such that -

07(A,B) =inf {60 > 0: B C TN;s(f)forall f € A},
where the sets A, B € A are given.
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1 Introduction

Let A be the class of analytic functions f in the open unit disk U = {z : |z| < 1} of the form f(z) = 2+ .-, anz"
with the normalization conditions f(0) = 0, f/(0) = 1. Given a sequence T' = {T,,},°_, consisting of positive numbers,
the Ts—neighborhood (§ > 0) of the function f is defined as

TNs(f) = {g(Z) =2+ buz" €AY Thla, — byl < 5} ,
n=2 n=2

If T = {n},>, then Ts—neighborhood becomes the —neighborhood Nj(f) introduced by St. Ruscheweyh [13]. He
proved that if f € C then Ny, 4(f) € S*, where C,S* denote the well known classes of convex and starlike functions,
respectively. In this way he generalized the earlier result that Ni(z) € S*. Some results of this type one can find
in [8 [9 10, 07]. The Ts—neighborhood was introduced in [15], where the authors considered the problem of finding
a sufficient condition f € A that implies the existence of T'Ns(f) being contained in a given subclass. U. Bednarz
and J. Sokét considered and investigated Ts—neighborhood for various subclasses of analytic functions [I8] 19]. Also
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a certain class of analytic functions was described by S. Shams et al by T' = { 2_"71_2}20:2, see [16]. The convolution

or Hadamard product of the functions f and g of the form f(z) =z +> ", a,2" and g(z) = 2+, , is defined by
f(z)*xg(z) =2+ Z anbp 2™,
n=2

An interesting problem of stability of convolution on certain classes by using the d— neighborhoods was considered
in [11,[12). For work on this problem see also the papers [4] 5l [6]. Let S denote the subclass of A of functions univalent
in U. Let us consider the following sequence of nonnegative reals

2 oo
T {jj ,} . (1.1)
3nnl ) o

In this paper we will use the above sequence to obtain the results about Ts—neighbor- hoods. The motivation of
choice the sequence (L)) is the convergence of the series Y~ , T, |a, — by | for |a,| < n, |b,| < n, notice that Since

i n2x™ 3z + x? ©/3
= e

nol 2 ?
= 3"n! 3
> n3an 9z + 922 + 23
E — g e;v/S
Ny ’
= 3"n! 3
i ntz" 2Tz + 632% + 1823 + 2? ©/3
= e
N, 4 ’
= 3"n! 3
so we have
> n? 4 .
2 3nnl 561/3’ (12)
n=0 :
= n? 19 4
22 L/8
2 g =~ 7w (13)
n=0
= nt 109
_ /3
2z wme (14)

Definition 1.1. [2] Let us consider the functions f that are meromorphic and univalent in U, holomorphic at 0 and
have the expansion f(z) = z+ Y .., a,2" If, in addition, the complement of f(U) with respect to C is convex, then
f is called a concave univalent function. The class of all concave functions is denoted by Co.

It is well known [1], that if f € Co, then |a,| > 1 for all n > 1 and equality holds if and only if f(2) = =, |u[ =1
(see [IL B]). The authors in [2] considered the class Co(p) € Co consisting of all concave functions that have a pole at
the point p and are analytic in |z| < |p|. They proved that if f € Co(1), then

n+1
2

n—
2

an, for n>2 (1.5)

<

and equality holds only for the function fy defined by

2z — (1 —e'9)22

fo(z) = S22

|z| < 1.

It is well known that if f € Co(1), then the complement of f(U) can be represented as the union of a set of mutually
disjoint half-lines (the end point of one half-line can lie on the another half-line), so f(U) is a linearly accessible domain
in the strict sense, see [8, [I7]. The authors in [7] also showed that Co(1) C K, where K is the set of close to-convex
functions.
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2 Main result
Throughout this section T' will always be the sequence given by (|1.1]) unless otherwise stated.

Theorem 2.1. If f( ) = z—l—zzozganz”,g( ) = z—i—ZfLO?b 2" and |ay| < n,lby| < myn = 2,3,4,---, then

ge TN s 4 } , where T is given in , The number 2763 — % = 1.297--- is the best possible.
38032

Proof . By (1.1) and (1.3), We have

19 1. 38 2
ZT lay — by| = Z :2((27)e1/3 3= ﬁelm—g =1.297--- .

3np!

For the functions

2) = z+ian2" = z+§:nzn, 9(2) = Z+§:bnzn =c- inz"
n=2 n=2 n=2 n=2

we have

[e'S) [e'S) n3 19 ) 1

- _ /31y
> Tolan —ba =2 gy = 2(5)e 5) = 1207
= n=2

O

It is well known that if S,5%,C and K denote the well-known classes of univalent, starlike, convex and close-to-
convex functions respectively then C C §* C K C S and if f € §* then |a,| < n while if f € C then |a,| < 1. As a
direct application of Theorem we obtain Ts—neighborhood information for S* and K.

Corollary 2.2. If f belongs to one of the classes $*, S, then

SCTN(SS 1 (f)v

5%
where T is given in (1.1)).

The constant 3763 — g = 1.297-- - seems not to be the best possible. An interesting open problem is to find the
smallest constant o such that for each f € S

S CTN,(f),
where T is given in (1.1)). For the Koebe function f(z) = ﬁ and ¢g(z) = —f(—z), we have f,g € S and

o o0
z)zz—l—g anznzz—kg nz",
n=2 n=2

g(z) =z + Z bp2" =z + Z(—l)”*lnz”
n=2 n=2

SO

= 19 13 1 3
ZT |ay — b|—223(2n) 2] =2(e!/? = =T = 09556 .

Therefore, the number ¢ can not be smaller than 0.9556---. We conjecture that ¢ = 0.9556- - - . The result will
change if we consider the class of convex functions C.

Corollary 2.3. Let f € C. Then S C TNg(f) with 3 = 3Lel/3 — 2 =0.9357- -
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Proof . If f(z) =2+ Y .2, a,2", then |a,| < 1,n > 2. Thus if g(z) = 2+ > oo, by2z" € S, then by (1.2) and (L.3)),

we have

e} e}
n+1
Tn n_bn < 2
nz:; o |_Zn 3nn!
2

- Z 3! Z 3]

1
Ageua 1 %ews__l
27 379 3
31 1y 2

27 T3
= 0.9357---

=B.

O

(2.1)

In a similar way as in Corollary the constant g = 27 el/3 — 2 =0.9357--- given in Corollary is also not
sharp but if the class S is replaced by the much larger class of normalized analytic function f such that |a,(f)] <n
for n > 2, then 8 becomes sharp. The best possible constant in the case f € S is not known. We conjecture that the

sharp constant is attained by the functions

oo
,z+Zan 772;)2:2+an”’
n=2

n=2
z):z—i—ibnz”— z—i—i(—l)" 1
n=2 n=2

It is clear that f € S and g € C. Moreover,
ZT |ty — by| = Z (71)n_1n?
" B 3nn!

ntl , 1D,
—Zgnn. DD T

n=2
n? = (2n41)?

- ) Y L -

Z 3nn) TLZ 37n! ; 3@2n+1)(2n + 1)!

31 13 2 13, —1/3
A VL B )

27 T3 9( e +e )
=0.1562- - -

Therefore, the smallest constant 8 such that S € T'Ng(f) for each f € C lies between 0.1562 - - -

We conjecture that it is the first number.

Theorem 2.4. Let f, g1, g2 be of the form

oo (o) o
(2) =2+ Z anz",g1(2) = 2+ Z 2", 92(2) = 2+ Z dnz",
n=2 n=2 n=2

where |a,| < n,|c,| < n,|d,| <n,n=2,3,--- . Then
g1 % go € TN{lgthel/s,%}(f)

148 1/3 _ 2

The number Sr e 3

is the best possible.

(2.2)

and 0.9357--- .
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Proof . Since -
(91 % 92)(2) = 2 + Z Cndn 2",
n=2

we have

e 2 > 2

n n*
Z Sl lendn — an| < Z S (n®+mn)

n=2 n=2

The functions

f(Z)ZZ—ann, 91(Z)=gg(z)=z+2nz"
n=2

show that the number %61/3 — % =2.1934 - - - is the best possible. Therefore the proof is completed. [

Definition 2.5. [7] Let A and B be arbitrary subset of the A, and let T be a sequence of positive number, then
04.(A, B) is defined by
07(A,B)=inf {6 > 0: BCTN;(f)forall fe A}.

Let us denote

T(f,9) = ZTn |an — bn| . (2.4)
n=2

Therefore, we can write
07(A,B) =inf {6 : T(f,g) < dfor allf € A, g € B}
=sup{T(f,9): f € A,g € B},

where the condition T'(f,g) < § means that the series T(f,g) is convergent and its sum is less than §. Therefore,
we see that 05(A, B) = §5.(B, A), and we will say that 65(A, B) is the T—factor with respect to the classes A and
B. Making use of the above definition, Corollary and the consideration below Corollary we can state next
corollary, where T’ = {T,},°_, is again of the form (L.I]).

Corollary 2.6. The T—factor with respect to the classes S and S satisfies the following inequality
0.9556 - - < 67.(S,S) <1.297--- . (2.5)

It is well known that the Koebe function and all its rotations belong to each of the classes S, S* and K (univalent,
starlike and close-to-convex functions respectively), then Corollary follows the next corollary.

Corollary 2.7. Let A and B be one of the classes §,S8* or K. Then
0.9556--- <67 (A,B) <1.297--- . (2.6)

In the same way as above, we can express Corollary in terms T-factor. It is done in the next result.

Corollary 2.8. The T— factor with respect to the classes C of convex functions and S satisfies the following inequality

0.1562--- < §5(C,S) < 0.9357 - - - .

Remark 2.9. Now we consider the “central” function with respect to coefficient in the class Co(1) which is denoted

by f.(z) and defined by
1 z z n+1
(=12 4 = L ", 1.
Jel2) 2{1—z+(1—z)2} ZJFT; g Rls<

In [7] the authors showed that f. € Co(1).
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Theorem 2.10. The following inclusion relation holds
CO(I) € TNé(fc)a
where § = £ (55e!/?) = 0.1809 - - -
Proof . Suppose that f(z) =z + > -, anz" € Co(1), then from (1.2) and (1.3), we obtain
= n+1 = n—1
T, <
eI
n=2 n=2
1 (n—1)n?
2 112::2 3nn!
1| n® = n?
T2 LZ2 3nnl r; 3nn!
_ L9 s L4 s
~ 2 [27 379 T3
LT s
2 (276
= 0.1809 -
=4. (2.7)
O
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