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Abstract

Let R be a commutative ring with identity, M be an unitary R-module, let S(M) be the set of all submodules
of M and ¢ : S(M) — S(M) U {0} be a function. A proper submodule N of M is called ¢-pimary submodule if
re € N\ ¢(N) where r € R and « € M, implies that x € N or r € /(N : M). In this work, ¢-primary submodules
are studied, and some results are obtained.
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1 Introduction

In this work, all rings are commutative with identity, and modules are unitary. Let M be an R-module, and N be
a submodule of M. The ideal {r € R | rM C N } will be denoted by (N : M) and ideal (0 : M) will be denoted by
Ann(M). Anderson and Bataineh in [I] introduced various generalizations of prime ideals. Let ¢’ : Z(R) — Z(R)U{0}
be a function where Z(R) is the set of all ideals of R. Then a proper ideal I of R is ¢/-prime if for a,b € R,ab € R\ ¢(I)
impliesa € Ror b€ R. If ¢/(I) =0 (resp. ¢/(I) =0, ¢/(I) = 1%, ¢'(I) = I™ and ¢'(I) = (o_,; I™), then ideal I is
called a prime ideal (resp. weakly prime ideal, almost prime ideal, m-almost prime ideal and w-prime ideal).

Zamni in [I0] extended this concept to ¢-prime submodule. For a function ¢ : S(M) — S(M) U {0}, a proper
submodule N of M is called a prime submodule relative to ¢ or ¢-prime submodule if whenever r € R, x € M, and
re € N\¢(N),thenx € Norr € (N : M). Without loss of generality, throughout this work we will assume ¢(N) C N.
If (N) =0 (resp. ¢(N) =0, ¢(N) = (N : M)N, ¢(N) = (N : M)™ "N and ¢(N) = (o_,(N : M)™N), then
submodule N is called a prime submodule (resp. weakly prime submodule, almost prime submodule, m-almost prime
submodule, and w-prime submodule). Some properties of generalizations of prime submodules have been studied in
[E],[7 and [§].

Now, we extend this concept to a primary relative to ¢ or ¢-primary submodules, i.e., a proper submodule N of
M is ¢-primary if for every r € R, x € M and rx € N \ ¢(N) implies x € N or r € /(N : M). If ¢(N) = 0 (resp.
#(N) =0, ¢(N) = (N : M)N, ¢(N) = (N : M)™ N and ¢(N) =\ -_, (N : M)™N), then submodule N is called
a primary submodule (resp. weakly primary submodule, almost primary submodule, m-almost primary submodule,
and w-primary submodule). We denote the set of ¢-primary submodules of M by Primg(M) and denote the set of
¢-prime submodules of M by Specy(M). Let Specy(R) denote the set of ¢-prime ideals of R and Primg(R) denote
the set of ¢-primary ideals of R. We are given some properties of ¢-primary submodules and we obtain relationships
among function ¢, various modules and the other concepts. Some of the finding in this study have been inspired by
the research cited as [I0] and [I].
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2 Properties of ¢-pimary ideal and ¢-pimary submodules

In this section, we introduce and study several propostions and corollaries of ¢-pimary submodules.

Proposition 2.1. Let ¢ : Z(R) — Z(R) U {0} be a function where Z(R) is the set of all ideals of R such that
#(Q) C ¢(Q). If Q € Primy(R), then /Q € Specy(R).

Proof . Let a,b E R with ab € \F\ #(v/Q), so ab € \/Q and ab ¢ ¢(/Q). Since ¢(Q) C #(v/Q), ab ¢ ¢(Q). Also,
since 1/¢(Q) C ), ab & /¢ Thus (ab)™ ¢ ¢(Q) for each m € N . On the other hand, ab € /Q implies
(ab)™ € Q, for some n € ZT. Therefore a”b” € Q\ #(Q). Since @ € Primy(R), so a™ € Q or (b")* € Q, for some

k€ N. Thus a € y/Q or b € /Q, i.e., V/Q € Specy(R). O

Corollary 2.2. Let ¢ : Z(R) — Z(R)U{0} be a function where Z(R) is the set of all ideals of R and ¢(Q) be a radical
ideal. If Q € Primgy(R), then /Q € Specy(R).

Proof . Since /¢(Q) = ¢(Q), by Proposition the proof is clear. [J

Proposition 2.3. Let ¢ : S(M) — S(M) U {0} be a function where S(M) is the set of all submodules of M such
that (¢(N) : m) C ¢((N : M)) for all m € M. If N € Primg(M), then (N : M) € Primg(R).

Proof . Suppose that a,b € R with ab € (N : M)\ ¢((N : M)) and a ¢ (N : M). We show that b € /(N : M).
We have ab € (N : M) and ab ¢ ¢((N : M)), so abm € N for all m € M. Since (¢(N) : m) C ¢((N : M)), hence
ab ¢ (¢p(N) : m), so abm ¢ qﬁ( ) Then abm € N \ ¢(N). Now, let m ¢ N. Since N € Primy(M) and a ¢ (N : M),
am ¢ N and hence b € \/(N : M). Therefore (N : M) € Primy(R). O

Proposition 2.4. Let f: R — S be a ring homomorphism and ¢; : Z(R) — Z(R) U {0}, ¢o : Z(S) — Z(S) U {0} be
two functions such that f~1(¢o(J)) C ¢1(f~(J)) for all ideal J of R. If P € Specy, (S), then f~1(P) € Specy, (R).

Proof . Assume that ab € f~1(P)\ ¢1(f~*(P)), where a,b € R and P € Specy,(S), then ab € f~!(P) and
ab ¢ ¢1(f~1(P)). Since f~H(¢2(P)) € ¢1(fH(P)), ab & f~1(¢2(P)), and so f(ab) & ¢2(P). It follows that f(a)f(b) €
P\ ¢2(P). Since P € Specy,(S), f(a) € P or f(b) € P and hence a € f~'(P) or b € f~!(P). This implies that
F7H(P) € Specy, (R). O

Proposition 2.5. Let f : M — M’ be an R-module epimorphism, ¢ : S(M) — S(M) U {0} and ¢’ : S(M') —
S(M') U {0} be two functions with (¢'(N’) : f(m)) C (¢(f~H(N') : m) for each m € M where N’ is a submodule M’

and N’ € Primg (M’). Then f~Y(N') € Primy(M).

Proof . Let rm € f~Y(N')\ ¢(f~1(N')) where r € R, m € M. Then rm € f YN") and rm ¢ o(f~H(N")),
hence rf(m) € N’ and r ¢ (¢(f~*(N')) : m). Since (ng’(N’) : f(m)) € (o(f~H(N")) : m) for each m € M,
ré¢ (¢ (N'): f( )). It follows that rf( ) € N'\ ¢/(N’). Since N’ € Primg (M), f(m) € N or r € \/(N': M’).
Thus m € f~'(N’) or r™ € (N’ : M’') for some n € N. Assuming " € (N’ : M’), we have r"M’ C N’ and
hence r"f(M) C N’. Thus f~1(f(r"M)) C f~1(N’) and so mM C f~*(N’) and hence ™ € (f~*(N’) : M). So
r €/ (f~1(N') : M). Therefore, f~1(N’) € Primy,(M). O

The following proposition is stated for ¢-prime submodules of M (see [10, Theorem 2.12 part (i)]). We assert it
for ¢-primary submodules of M.

Proposition 2.6. Let M be an R-module, K and N be two submodules of M with K’ C N. Let ¢ : S(M) —
S(M)U {0} and ¢ : S(IM/K) — S(M/K) U {0} be defined by ¢x(N/K) = (¢(N) + K)/K with K C ¢(N). Then
the following statements hold.

(1) If N € Primg(M), then N/K € Primg, (M/K).

(2) If N/K € Primg, (M/K), then N € Primg(M).

Proof . (1) Let m € M/K and r € R with rmm € N/K \ ¢x(N/K), where m = m + K for some m € M. So,
rm+ K € N/K and rm + K ¢ ¢x(N/K) and hence rm € N. By the definition of ¢, this gives that rm ¢ ¢(N).
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Therefore rm € N \ ¢(IN). Since N € Primy(M), so m € N or r € /(N :M). Assuming m € N, we have
m=m+K € N/K and v € (N : M) for some n € N, implies that r*(m + K) = r"m + K € N/K. Thus
r" e (N/K:M/K)andr e /(N/K: M/K). So N/K € Primg, (M/K).

(2) Let r € R and m € M with rm € N\ ¢(N).Then rm € N and rm ¢ ¢(N). Since K C ¢(N), rm + K ¢
(¢(N) + K)/K. Thus r(m + K) € N/k\ ¢x(N/K). Since N/K € Primg,(M/K), hence m + K € N/K or
r" € (N/K : M/K) for some n € N. It follows that m € N or ™ € (N : M). Thus N € Primy(M). O

Corollary 2.7. Let ¢ : S(M) — S(M)U{D} be a function and N be a proper submodule of M. Then N is a ¢-pimary
submodule of M if and only if N/¢(N) is a weakly primary submodule of M/¢(N).

Proof . It is straightforward. O

Let S be a multiplicatively closed subset of R and S™!'R be a ring of fractions. Let ¢ : S(R) — S(R) U {0} be a
function and define S7'¢ : S(STIR) — S(ST'R) U {0} by S71¢(Q°) = ¢(Q)° where Q° is an extension ideal of @
with QNS =0 (i.e., let . : R — S7'R be a canonical ring homomorphism by «(r) = 1, the extension Q° of @ to be
the ideal S~*Ri(Q) generated by +(Q) in S~'R. Now, we state the following proposition.

Proposition 2.8. Let ¢ : S(R) — S(R) U {0} be a function and S~'¢: S(S7'R) — S(ST'R) U {0} by S~1¢(Q°) =
#(Q)°. If Q € Primy(R), then Q° € Primg-14(S™'R).

Proof . Let 2,2 € S7'R with 2% € Q°\ S71¢(Q°). We have % € Q° and 2 ¢ S~1¢(Q°) = ¢(Q)°. Then there
exists u € S such that uab € Q and uab ¢ ¢(Q), so uab € Q \ $(Q). Since Q € Primy(R), ua € Q or b € \/Q. This
shows that =% € Q¢ or % € /Q° = /Q¢, as required.

Let S be a multiplicatively closed subset of R and S™'R be a ring of fractions.Then every submodule of S™!M
is in the form of S~!NN for some submodule N of M (see [9]). Let N(S) = {m € M : 3s € S,sm € N}, it is easy
to show that N(S) is a submodule of M containing N and S~}(N(S)) = S7Y(N). Let ¢ : S(M) — S(M) U {0}
be a function and define S=1¢ : S(S7*M) — S(S7M) U {0} by S71p(S7IN) = S~HA(N(S)) if p(N(S)) # 0 and
STLH(STIN) = 0 if ¢(N(S)) = 0. Since ¢(N) C N, so S~1p(S7IN) C S7IN. O

Theorem 2.9. Let M be an R-module and S be a multiplicatively closed subset of R. Let ¢ : S(M) — S(M) U {0}
be a function such that S~1(¢(N)) C S71¢(S7IN). Let N be a ¢-pimary submodule of M such that (N : M) be a
prime ideal of R and /(N : M) NS = 0. Then S™'N € Primg-1,(S~'M).

Proof . Let £ € ST'Rand 2 € S7'M with 22 € S7!N\ S7'¢(S7'N). We have 2 € S™'N and 2 ¢
S1e(STIN). Since STH(p(N)) € ST1@(STIN), T ¢ S~H(¢(N)). Therefore vrm ¢ ¢(N) for each v € S. On the
other hand, =7+ € S~IN implies that urm € N for some u € S and hence urm € N \ ¢(N). Since N is a ¢-primary
submodule, m € N or ur € /(N : M). Sinceu € S and /(N : M)NS =0, s0u ¢ /(N : M) and hence u™ ¢ (N : M)
for every n € N. It follows that ufr*¥ € (N : M) for some k € N. Since u* ¢ (N : M) and (N : M) is a prime ideal,
rk € (N : M) and hence Zr € S™'(N : M). Since S™'(N :g M) C (S7'N :g15 ST'M), I € (ST'N :g-15 S M)
and thus £ € \/(S~IN :g-1z S~'M). Hence S™'N is a S~ ¢-primary submodule of S~*M. OJ

Definition 2.10. A proper submodule N of M is said semiprime, if r*m € N for each r € R, m € M and k € N,
then rm € N.

For more details concerning ¢-semiprime submodules of an R-module refer to [4].

Proposition 2.11. Let ¢ : S(M) — S(M) U {0} be a function and N be a semiprime submodule of M. If N is a
¢-primary submodule of M, then N is a ¢-prime submodule of M.

Proof . Let r € R and m € M with rm € N \ ¢(N). Assume that x ¢ N, since N is a ¢-primary submodule of
M, sor € /(N:M). It follows that r*M C N for some k € N and hence r*m € N for each m € M. Since N is a
semiprime submodule of M, so rm € N for each m € M. Thus r € (N : M), therefore N € Specy,(M). O

Definition 2.12. Let N be a submodule of M. Then N is called relatively divisible submodule denoted by RD-
submodule, if rN = N NrM for each r € R. R-module M is said prime module, if rz = 0 where r € R and x € M,
then r € Ann(M) or x = 0.
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Now, with respect to above definition, we assert the following proposition.

Proposition 2.13. Let M be a prime module, ¢ : S(M) — S(M) U {0} be a function and N be a proper submodule
of M. If N is an RD- submodule of M with Ann(M) C (¢(N) : M), then N € Primy(M).

Proof . Let r € R and x € M with rz € N \ ¢(IN). Since N is an RD-submodule, rN = N NrM and hence
re € NNrM. It follows that rz = rn for some n € N, therefore, r(x —n) = 0. Since M is prime, hence r € Ann(M)
orx—n =0. But r € Ann(M), since Ann(M) C (¢(N): M), r € (¢(N) : M) and hence rz € ¢(NN) which contradicts
with our assumption. Thus © —n = 0 and so z € N. Therefore N € Primy(M). O

Let R= Ry X Ry and M = M; x M5 be an R-module where R; is a commutative ring and M; is an R;-module for
i = 1,2. Each proper submodule of M; x M can be represented in the form of N; x N5 for some proper submodule
Nj of My and Ny of Ms. Moreover Q = Q1 X @3 is a primary submodule of M; x Ms if and only if @ = Q1 x Ms or
Q = M x Q4 for some pimary submodule Q1 of M; and Q2 of Ms. Now, let ¢ : S(M; x Ms) — S(M; x M) U {0}
and ¢; : S(M;) — S(M;) U {0} be functions with ¢(N; x No) = ¢1(N1) X ¢2(N3) for i = 1,2.We state the following
proposition that some properties of this concept have been investigated for ¢-prime submodules of M; x My (see [10],
Corollary 2.5 and Proposition 2.6).

Proposition 2.14. Let M = M; X M5 be an Ry X Ry-module, @; be a proper submodule of M; and ¢ : S(My x My) —
S(Ml XMQ)U{@} and ¢1 : S(MZ) — S(MJU{@} be functions with ¢(Q1 XQQ) = ¢1(Q1) X¢2(Q2) and ¢1(M2) = Mz for
i=1,2. If Q1 S Prim¢1 (Ml) (QQ S Prim¢2 (Mg)), then Ql x Mo € Prim¢(M1 X Mg) (Ml X QQ S Prim¢(M1 X Mg))

Proof . Let (r1,72) € Ry X R and (1, x2) € My X My with (r1,72)(21,22) € Q1 X M3\ ¢(Q1 X Mz). So (rix1,r912) €
Q1 x My and (r1z1,7222) ¢ ¢1(Q1) X ¢p2(Mz) = ¢1(Q1) x My and hence ryz; € @y and 7121 ¢ ¢1(Q1). Since Q4
is a ¢1-primary submodule of M, therefore 1 € Q1 or r1 € \/(Q1 :r, M1). If 21 € @1, then (z1,29) € Q1 X M.
Thus Q1 x My € Primgy(M; x My). On the other hand, if 1 € \/(Q1 :r, My), then r? € (Q1 :r, M;) for some
n € N. Tt follows that (r],r%) € (Q1 :r, M1) X (Mz :g, Ma2), so (r7",75) € (Q1 X My :g,xr, M1 X M3) and hence
(r,7m2) € \/(Ql X My g, xry, M1 x My). Consequently (1 x My € Primy(My x My). O

Corollary 2.15. Let the situation be as described Proposition 2.14. If Q1 x My € Primg(M; x Ma) (M; x Q2 €
Primg(Mi x Ms)), then Q1 € Primg, (M1) (Q2 € Primg, (Ms)).

Firstly, assume that M be a free R-module. We assert the next theorem in connection with ¢’-primary ideal @ of
R and ¢-primary submodule QM of M.

Theorem 2.16. Let M be a free R-module with a basis {4 }acq, ¢ : S(M) = S(M)U{0} and ¢’ : Z(R) — Z(R)U{0}
be two functions where Z(R) is the set of all ideals of R. If Q is a ¢’-primary ideal of R with ¢'(Q)M C ¢(QM), then
QM is a ¢-primary submodule of M.

Proof . Since @Q is proper ideal of R, QM is a proper submodule of M. Assume that »r € R and x € M with
re € QM \ ¢(QM), so rz € QM and rz ¢ ¢(QM) with z = Zf.s TaZo (Ta € R, To € {Za}acq ). Since M is a free
R-module with a basis {za}aco, QM = {3 ; sz | i € Q,2; € {Tataen }. It follows that rz =37, r(raza) =
> s 8iTi. Thus sq =77, € Q forallav € Q. But rrq ¢ ¢/(Q) for all a € Q, otherwise 774 € ¢'(Q), 80 17070 € ¢'(Q)Ta
for all o € {Za}taea. Therefore ), raza € ¢'(Q)M, since ¢'(Q)M C ¢(QM), 737, ;TaTa € ¢(QM). This is a
contradiction. We showed that rr, € Q \ ¢'(Q) for all & € Q. Since Q is a ¢'-primary ideal of R, r € Q or r, € /Q.

If r € Q, then rz € QM. For let r,, € v/Q, we have r € Q and hence r" € (QM :g M). Thus r, € \/(QM :g M).
Consequently, QM € Primy(M). O

An R-module M is called a multiplication R-module if for every submodule N of M, N = IM for some ideal I of
R. Tt is easily seen that if N is a submodule of M, then N = (N : M )M (see [3,[6]).

Remark 2.17. Let M be a free multiplication R-module and N be a proper submodule of M. Let ¢ : S(M) —
S(M)U {0} and ¢’ : Z(R) — Z(R) U {0} be two functions where Z(R) is the set of all ideals of R. If (N : M is a
¢'-primary ideal of R with ¢'((N : M))M C ¢((N : M)M), then N is a ¢-primary submodule of M.

Theorem 2.18. Let M be a free multiplication R-module and N be a proper submodule of M. If N is a almost
primary submodule of M such that (N : M)? is a prime ideal of R, then N is a primary submodule of M.
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Proof . Let r € Rand x € M with ro € N. If ro ¢ (N : M)N, then r& € N\ (N : M)N. Since N is a almost
primary submodule of M, z € N or r € /(N : M) and hence N is a primary submodule of M. Now, assume that
re € (N: M)N. Since N = (N : M)M, rz € (N : M)>M. Suppose that rz ¢ /(N : M), we prove that = € N. Since
M is a free R-module with a basis {24 }acq, = Zf's TaZo Where 7, € R and 2, € {24 }aeq. Since ra € (N : M)?M,
Tz =3¢ (rra)Ta =D ; ToTa Where v, € (N : M)? for all a € Q. Tt follows that rr, = 7/, for all a € Q and hence

o € (N : M)2. Since r ¢ \/(N: M) and (N : M) C \/(N: M), r ¢ (N : M) and hence r ¢ (N : M)2. Since
(N : M)? is a prime ideal of R, r, € (N : M)? for all a € Q. This shows that z = Y fsTaTa € (N : M)2M, since

(N:M)>?M C(N:M)M =N,z € N and this completes the proof. O

Corollary 2.19. Let M be a free multiplication R-module and @ be a proper ideal of R such that (QM : M)? is a
prime ideal of R. If QM almost primary submodule of M, then QM is a primary submodule of M.

Proof . Apply Theorem O
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