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Abstract

In the present article we discuss approximation properties of genuine Lupas-Beta operators of integral
type. We establish quantitative asymptotic formulae and a direct estimate in terms of Ditzian-Totik
modulus of continuity. Finally we mention results on the weighted modulus of continuity for the
genuine operators.
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1. Introduction

Very recently Aral and Gupta [4] considered the Durrmeyer type integral modification of the Lupag
operators, based on generalized Bernstein polynomials. In the year 1995 Lupag [I1] proposed yet
another important discrete operator as

Lo(f,2) = > lx(x)f(k/n),z € [0,00) (1.1)

where
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Abel [1] considered the general form of the operators and established the complete asymp-
totic expansion of these operators. In the last four decades several operators have been appropriately
modified and their approximation behaviour has been discussed in real and complex domain see for
instance [5], [7], [8], [12], [13] and [14] etc. In order to modify the operators (L.1)), Govil et al. in
[6] considered the hybrid operators by taking the weights of Szdsz basis functions. Also, In this
continuation Gupta and Yadav [I0] considered other hybrid operators by taking weights of Beta
basis functions. But the operators considered in [10] reproduce only the constant functions. Later
in [9] Gupta, Rassias and Yadav considered the following form of hybrid operators, which preserve
constant as well as linear functions

Du(fa) = Y- tuale) [ baas(0F (0t +2777(0), 0 2 0

where
(nx)g 1 th—1

bpr—1(t) =
kl.2k 7 k() B(k,n+1) (1 + ¢)F+mH

lnp(x) =27"°

and B(m,n) being the Beta function. In the present article, we establish a quantitative asymptotic
formula in terms of weighted modulus of continuity and a direct result in terms of Ditzian-Totik
modulus of continuity. We also show the validity of our operators for the weighted modulus of
continuity due to Paltanea [15].

2. Moments

It was observed in [9] that

I(n —7r)!
Do, z) = " T:')"(m).gﬂ(m 1,1 =72 —1),

Some other methods can be used to find the moments. In this section we find moments by using the
factorial polynomials, defined as

K™ = k(k —1)(k —2)...(k — m + 1)
and the elementary hypergeometric functions 1 Fy(a; —; ).

Lemma 2.1. It is observed that

2
3
Du(1,2) = 1, Dy(t, ) = @, Dy (£, 7) = m—+1x
n R—
Dy (P, 2) = n*z* 4+ 9na?® + 14x7 Do(H 7) = n?z* + 18n2x® 4 83na? + 90x7
(n—1)(n—2) (n—1)(n—2)(n—3)
D (5.2) n*z® + 30n3z* + 275n%2® + 870na? + T44x
n y ) = )
(n—1)(n—2)(n—3)(n—4)
and
D (t6 ) ndx® + 45nx° 4+ 685m3zt 4+ 4275122 + 10474nx? + 7560x
n , L) =

(n —=1)(n =2)(n = 3)(n —4)(n —5)
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Proof . Obviously, we have

'] o] 1 k+m—1 — 1) _ !
/ b ()17 = / : t g — (k+m—1)l.(n—m) .
0 0

B(k,n+41) (1 + ¢)F+* nl.(k—1)!

Thus using the above identity and the fact that

1Fo(a;—;2) = Z =(1—-2)"%]z <1,
=0
we get
e (n2)p 1
Z ! 2k ’ 72
k=0
B 1 —nx
—ome(1-2) =1
2
Now
= Eo27 S (na)
D,(t,x) = ln — =
(t.z) Z k(x)n n Z (k—1)L2k
k=1 k=1
2 N (na)par 27" O (nw + 1)
oo Z El2kl g Z k!.2k
k=0 k=0
1
=227 1 F, (m: +1;—; 5)

1 —nr—1
= g2 et (1 — 5) = Zx.

25

Writing k(k + 1) in terms of factorial polynomials i.e. k% + &k = k@ + 2k() and using (nz)gyo =

nx(nx + 1)(nx + 2)k, we have

k +k > k(2>+2k
Zln'f =2 el =y

k=

o—nz e & 2
~n(n—1) Z( —2'2'€+Z1 —1'2k]

| k=2

9 i (n2)isz <m:>k+1]

n(n —1) k!.2k+2 kl.2k+1
[ k=0 k=0
Con(n—1) | & k1. 2k+2 = fl2kH
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and so

[e.9]

2—ne an (nz+1 Z (nz+2),  2"nx i (nx + 1)
n(n —1) — kL2% n(n —1) k1.2%

2720 (nx + 1 1 2 "y 1

D, (t*, ) =

(n—1)
_ 2 a(patl) (0 1N EAC P et
(n—1) 2 (n—1) 2
_z(nw+1) 20 na*+ 3w

-1 -1 -1
Also, we have

Zl k3+3k2+2k
mk n—l)(n—2)

:Z 3) +6k® 4 6kM

= n—l)(n—2)

2—n > (nax)y
= 6 6
e ;;< 03 e 03 ]|
_ 2 e N (N2 1is (nx k+2 > (n2) kg
~n(n—1)(n—2) k' givs O Z k!.2k+2 Z k!.2k+1

k=0 =0

27 g (ne 4 1) (nr 4 2) Z (n:c + B)k 27" Inx(nx + (nz + 2)y

6
n(n—1)(n — 2) k!.2k * n(n—1)(n — k!.2k

2 = lp g = (nz+1
6 S ( )i
—0

n(n—1)(n—2) £
xz(nz + 1)(nx + 2) 6x(nz + 1) N 6x
(n-1mn-2)  (n-1rn-2) ©-1)n-2)

Next, using
E* + 6k% + 11k + 6k = kW + 12k®) + 36k + 18kM

we get

k4 + 6k3 + 11k% + 6k
Zl”’f n(n—1)(n—2)(n — 3)
(n:z: + 1) (nz+2)(nz+3) 12z(nx+ 1)(nx +2)
(n—1)(n—2)(n—3) (n—1)(n—2)(n—3)
36z (nx + 1) N 18z '
(n=1)(n=2)(n=3) (n-1)(n-2)(n-3)

+

Further using

k® + 10k* + 35k% + 50k% + 24k = k©®) + 20k® + 120k + 240k + 12050
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we have

o0 k% + 10k* 4 35k + 50k* + 24k
D, (t°,x) = In
(t°, z) ; &(7) n(n—1)(n—2)(n—3)(n —4)

_ z(nz + 1)(nz + 2)(nx + 3)(nx +4)  20z(nx + 1)(nx + 2)(nz + 3)

(n—1)(n—2)(n—3)(n—4) (n—1)(n—2)(n—3)(n—4)
120z(nx + 1) (nx + 2) 240z (nx + 1)
m=—1)(n—-2)n=3)(n—4) (n—1)(n—2)(n—3)(n—4)
120x

+

(n—=1)(n—2)(n—3)(n—4)
Finally using

27

kS + 15K + 85k* 4 225k + 274k2 + 120k = k© + 30k + 300k™ + 1200k® + 1800k + 720k,

we get

> kS + 155 + 85k* + 225k3 4+ 274k2 + 120k
D,(t% z) = 1,
(t%2) ; ) e =) = 2)(n = 3)(n = 2)(n = 5)

_ xznx + 1)(nx + 2)(nz + 3)(nx +4)(nz +5)  30z(nz + 1)(nx + 2)(nz + 3)(nx + 4)

(n—1)(n—2)(n—3)(n—4)(n—4)(n —5) (n—1)(n—2)(n—3)(n—4)(n—15)

300z (nz + 1)(nx + 2)(nx + 3) 1200z (nx + 1)(nz + 2)
m=—1(Mn-2)n=3)(n—4)(n—=5) (n—1)(n—-2)(n—3)(n—4)(n—2>5)
1800z (nz + 1) 720z

+

(n—1)(n—2)(n—3)(n—4)(n—>5) * (m—1)(n—2)(n—3)(n—4)(n—5)

U

Remark 2.2. If y,, () = D,,((t — z)™, x), then by simple computation, we have

r(r+3
o) = 0, i) = Z2H2).

fina(r) = Dp((t — 2)*, 2) = D,(t*, 2) — 42D, (t*, x) + 62°D,,(t*, x) — 42° D, (¢, x) + z*
3(n+6)xt + 18(n + 6)z> + (27n + 168)x? + 90x
(n—1)(n—2)(n—3) ’

fing(x) = Dy (t% x) — 62D, (t°, 2) + 152° D, (t*, z) — 202° D,,(£*, z)
+ 152D, (t?,2) — 62°D,,(t, x) + °
= D, (% z) — 62D, (t°, ) + 152°D,,(t*, ) — 202°D,,(t*, z) + 152* D, (1*, 2) — 52°
2%+ 45n'2® 4 685n°at + 4275n%2® 4 10474na* 4 7560z
B (n—1)(n—2)(n—3)(n—4)(n—5)
6z ntx® + 30n3x* + 2751223 + 870nx? + T44x 1522 ndz + 18n%2® + 83na? + 90x
(n—1)(n—2)(n—3)(n—4) (n—1)(n—2)(n—23)
sn2a® 4+ 9na? + 14a Jna®+ 3z

m=Dm=2 P mo

— 20x

— 5z
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and so
(@) = :
6\ ) = 0 " — 2)(n — 3)(n — 4)(n — 5)
+ (13502 + 3870n + 5400)2° + (405n% + 11740n + 16800)x*

(15n? 4 430n + 600)2°

+ (40502 + 13950n + 27000)2” + (60100 + 22320)z* + 7560 | .

We may note here that
L () = O(nf[(m+1)/2]>.

3. Direct Estimates

Let Cyp2 [0,00) = C'[0,00) N B,z [0,00), where B, [0,00) is the set of all functions f defined on R*
satisfying the condition |f (x)| < My (1 + 2?) with some constant My, depending only on f, but
independent of = and by C%, [0, 00), we denote subspace of all continuous functions f € B,z [0, c0)

for which a:h—{go 1f f;é

The weighted modulus of continuity €2 (f,d) defined on an infinite interval RT = [0, c0) (see [2])

. . b
is given by |f (x+h) = [ (2)]
?)

Some elementary properties of € (f,d) are collected in the following lemma.

is finite.

Q(f,0)= su
(£:9) \h|<6,£)€R+ (1+h) 1+

for each feC,2[0,00).

Lemma 3.1. [2] Let f € C%, [0,00). Then,

i) Q(f,d) is a monotonically increasing function of §, 6 > 0.
ii) For every f € C*, [0, 00), clsin%Q (f,0)=0.
—

iii) For each A > 0, we have Q (f,\5) <2(1+ ) (1+6*)Q(f,9).

We now estimate the following quantitative Voronovskaja type asymptotic Formula:

Theorem 3.2. Let [ € C%,[0,00), and x > 0. Then, we have

+ 3 1 — 1" ]'
Dn(f,x)—f(x)—%f ()| <8(1+2%) O(n')Q (f ,%)
Proof . By the Taylor’s formula, there exist n lying between x and y such that
fly)=[f@)+ [ (2)(y—=)+ ! g(m) (y— )" +h(y,z)(y —2)",
where
_ () — " (x)

h(y,x):= 5

and h is a continuous function which vanishes at 0. Applying the operator D,, to above equality, we
get

Dy (f,2) = f ()

@) Fm+a

2 n—1 ]+Dn<h(ya$)(y—$)2,x).
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Also, we can write that

D) = 1 a) = T30 (FEEDY < b, (gl (0 - 0 2)

To estimate last inequality using Lemma (3.1 and the inequality |n — z| < |y — x|, we can write that

h o) < (L+ (v —2)) (1+27) <1+ |ygx|> (1+8) Q9.

Also,
20+x (14822 Q(f",6) .y — | <5
‘h(%x)ff{ (1+(y—2)") (1+a?) < v ) 1+52 (f",0),ly —xl =6

Now choosing § < 1, we have
(y— )
[ (y,2)] < 2(1+27) (1 5
4
< 8(1+2?) (1 M 54I)

Using Remark [2.2] we deduce that

D, (\h(y,aj)| (y — z)? ,33) =8 (1 + .CE2) Q(f",9) { D, ((t —2)* x) + (%4 D, ((t — $)6,x)}
— 8 (1442 Q(f",6) {o (n) + 0 (nS)} .

Finally, choosing § = 1/4/n, we have

D, (Ih(y,2)| (y — 2)*,2) =8 (1L +2%) Q(f".9).0 (n™").
This completes the proof of the theorem. [

) ©
)(1+52)2§2(f”,5)
>Q(f”,5).

4. Direct Result in Terms of DT-Modulus of Continuity.

By Cp[0,00), we denote the class of all real valued continuous and bounded functions f on [0, c0).
The second order Ditzian-Totik modulus of smoothness is defined by:

wo(f,0) = sup  sup  |f(z+he(r) - 2f(2) + f(z — he(@))],

0<h<6 zthep(z)€[0,00)
o(x) = y/x(x + 3), © > 0. The corresponding K-functional is:
Kao(f,8) =, nf {Ilf = hll + 8 lle*h"11},

where W2 (¢) = {h € Cg[0,00) : B! € ACj,.[0,00) : ¢*h” € Cp[0,00)}. By Th. 2.1.1 of [3], it
follows that
CHw2(f,0) < Kou(f,0%) < CWl(f,0),

for some absolute constant C' > 0.

Our following direct result is in terms of Ditzian-Totik modulus of smoothness:
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Theorem 4.1. If f € Cp[0,00) and n € N, then we have the following inequality:

1D (7)1 )] < 462 (7.2 ).

Proof . We set ¢(z) = \/z(x + 3), W2[0,00) = {g € ACl,c [0,00) : ¢*¢" € Cp[0,00)} then,

t—ul |t —x|
p?(u) = @*(x)

for u between x and ft,

and for g € Wj [0,00), by Taylor’s formula, we have:

t

9(t) = g(x) + ¢'(2) (t— 7) + / §"(u) (t - u) du.

T

Applying the operator D,, to above equality and then taking modulus, we get:

Dalaa) — o) < D / (t o)

D, ((t —x)* ) _
x(z + 3)

< lle*g"l “g"|-

—|
1 80
Now for f € Cp[0,00), we have

| Dn(fy2) = f(@)| = |Du(f = g,2) = (f = 9)(@)| + | Dn(g, 2) — g(2)]

1
< 4 o - 2 1
<A = gll + ——ll¢°d"|

1
4 _ 2 1
{17 =g+ 101}

Hence, by definition of Ks ,(f, %), we have the inequality:

IDf,0) - f(ol < 46, (£.) <42 (£, 72 ).
U

5. Applications to Weighted Modulus of Continuity

Paltanea in [I5] considered the weighted modulus of continuity wy(f; h):

ot =swp {17 = F)l 02 0.y 2 0 — ol <hp (T3 ) o
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N

e L € [0,00),m € N;m > 2. We consider here those functions, for which we have

where p(z) =
the property

}lll_rf(l)ww(f; h)=0

It is easy to verify that this property is fulfilled for f an algebraic polynomial of degree < m. This
follows from Theorem 2 in [I5], which states that lim,_,o w,(f;h) = 0 whenever the function f o e,

is uniformly continuous on [0, 1] and the function foe,,v = 2=

—=— is uniformly continuous on [1, 00),
where e,(x) = z¥,z > 0. By E, we denote the subspace of C[0,00) which contains the polynomials.

Let us denote by W,[0,00) the subspace of all real functions defined on [0,00), for which the
two conditions mentioned above hold true. Recently Tachev and Gupta [16] established quantitative
estimates in terms of the above Paltanea’s modulus of continuity. The operators discussed here also
preserve linear functions, so can be applied with this modulus of continuity. By the same arguments
as in [16] the terms Cy2.m (), Apm. are bounded for fixed x and m, when n — oco.

Also, we can write

o ([ (o 152) T )

() m—k 1 o (2m k 2m—k 1 (5-1)
=142 . )2 Dallt = ] ,x).zm_k+§ )& Dt =27 ) ey
k=0

k=0

= An,m,x-

It is easy to verify that for fixed x and m, the term A, ,, , defined in (5.1)) is bounded when n — oc.
We apply Theorem 2.2 and Theorem 2.3 of [16] and for our operator, to obtain the following
results:

Theorem 5.1. If f € C?[0,00) N E and f” € W,[0,00), then we have for z € (0,00) that

" 1 [z(z+3)
- mf (x)‘ < 5 {ﬁ + 2An,m,w:|

Wy (f”; Mn,:f;(x)) 7

where A, . is given by (5.1) and p,6(2) is given as in Remark [2.2]

Dy (f;x) = f(x)

To obtain the quantitative variant of Voronovskaja’s theorem for our operator is as follows:

Theorem 5.2. If f € C?*[0,00) N E and f” € W,[0, ), then we have for z € (0,00) that

x(x + 3)
n—1

(n=1) [Dulrs2) ~ 10) - @)

<

22 +3) + VAV + HCoam(0)] (f, ’“‘"4<°"’““)>,

Hn,2 (z)

DN | —

Where g, 4(x), pn2(x) are given as in Remark [2.2 and

B - Dy (|t = x[*2, 2)
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We suppose for the operators D,, that

D, (|t — z|*, x)
Dn(|t - ZE|3,$)

L A4<k<m

is a bounded ratio for fixed z and m, when n — oo.
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