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Abstract

In this paper, we define new subclass of analytic functions related with bounded positive real part,
and coefficients estimates, duality and neighborhood are considered.
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1. Introduction and preliminaries

Let A denote the class of functions f(z) of the form:
f2) =2+ an", (1.1)
n=2

which are analytic in the open unit disk A = {z € C : |z] < 1}. The subclass of A consisting of
all univalent functions f(z) in A is denoted by S. Let f(z) and g(z) be analytic in A. Then the
function f(z) is said to be subordinate to g(z) in A, written by f(z) < g(z), if there exists a function
w(z), w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)) and z € A. Furthermore, if the function g
is univalent in A, then we have the following equivalence:

f(2) < 9(2) & (f(0) = g(0) and f(A) C g(A)).
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The convolution or Hadamard product of two power series f(z) = z+ > -, a,2" and g(z) =
z+ Y 0, b,z is defined as the power series (f xg)(z) = z+ Y -, ayb,2". A function f € A belongs
to the class S¥(a), 0 < a < 1 and v € C\{0}, if it satisfies

iﬁe{l—l—% (Z;Ei”;) —1)} >a  zeA. (1.2)

We remark that Sf(a) = S*(«) is the class of starlike functions of order o and §*(0) = S*, is the
class of starlike functions. Also, a function f € A belongs to the class y(a), 0 < a < 1 and
v € C\{0}, if and only if 2 f" € §7(a). Note that K;(«) will be the class of convex functions of order
a, ie. Ki(a) = K(a) and K£(0) = K, is the class of convex functions. Recall that a set E' C C is said
to be starlike with respect to a point wy € E if and only if the linear segment joining w, to every
other point w € E lies entirely in F, while a set £ is said to be convex if and only if it is starlike
with respect to each of its points, that is, if and only if the linear segment joining any two points of
E lies entirely in E.

We denote by M., (), the class of all functions f(z) of the form such that satisfy the

following inequality: )
L (zf'(z)
Dﬁ{e{1+;(f<z) 1>}<6 z €A, (1.3)

where 8 > 1 and v € C\{0}. We recall that the class M; () was investigated earlier by Uralegaddi
et al. (see [12]). Also a function f € A is in the class NV, (0) if and only if zf'(z) € M, (5).
Now, motivated by the above classes, we define two new subclasses of analytic functions as follows:

Definition 1.1. Let a and 8 be real numbers such that 0 < a < 1 and # > 1. Then the function
f € A belongs to the class SZ(a, 3) if f satisfies the two-sided inequality:

a<%e{1+%(zféi§>—l)}<ﬁ 2 €A, (1.4)

where v € C\{0}. Also the function f € A belongs to the class K, (a, 5) if f satisfies the following
condition:
12f"(2)

} <p z €A, (1.5)
where v € C\{0}.

We remark that the class S;(a, ) = S*(a, B) was first investigated by Kuroki and Owa [2]. It is
easy to see that f € IC,(a, B) if and only if 2 f" € SZ(a, B). Note that for given 0 < a < 1and 3 > 1,
f € 8i(a,B) if and only if f satisfies the following two subordination equations:

1 (z2f'(2) 1+ (1 —2a)z 1 (zf'(2) 1—(1-26)z
e (i 1) <P e e () <
1+(1—2a)z 1-(1-28)z

Because the functions ==—== and —; -~ map A onto the right half plane, having real part
greater than «, and the left half plane, having real part smaller than 3, respectively.

Recently, many authors (see [II, 2, 3, 4], 11]) have studied an analytic function P, 5 : A — C as
follows:

g —a —e

1 2m’é%§
ilog (—Z) (0<a<1landf>1) (1.6)

Pos(z) =1
alz) =1+ T
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and have gained some interesting results. Note that the function P, 3(z) defined by (1.6]) is a convex
univalent function in A and has the form:

Pop(z) =1+ B,2",
n=1
where
B, == (1—62"”%3) (n=1,2,...). (1.7)
nm

The function P, g(z) was first introduced by Kuroki and Owa [2] and they proved that P, 3 maps A
onto a convex domain

Qop={weC:a<Re{w} <}, (1.8)

conformally.
In sequel, we prove that the following lemma and by it we present an example for the class

8:(0 )

Lemma 1.2. The function f € A belongs to the class S3(a, ), 0 < a <1 and 8 > 1, if and only if
there exists an analytic function p, p(0) =1 and p(z) < Pas(2) such that

£(2) = zexp (’y /0 Mdt) N (1.9)

t

Proof . Assume that f € Si(a, ) and let p(z) = 1+ %([zf’(z)/f(z)] —1). Then p(z) < P, s(2)
and integrating this equation we obtain ([1.9). If f is given by (1.9, with an analytic p, p(0) = 1,
p(z) < P, p(z), then differentiating logarithmically (1.9) we obtain [zf'(2)/f(2)] — 1 = p(z), and
therefore [2f'(2)/f(2)] =1 < Pap(z) and f € S3(a, ). O

Example 1.3. Putting p = P, s in the above Lemma [1.2] we obtain the function

F(2) = zexp (7 /0 %dt) zeEA (1.10)

and so F(z) € S (a, B).
After some calculations and by ((1.7) and (1.10]), we have
F(z) =z+yBi2* + % (By+7Bf) 2* + -+ € Si(a, B). (1.11)

Using (1.8) and by the definition of subordination, we can obtain Lemma and Lemma |1.5]
directly.

Lemma 1.4. Let f € A, 0 <a < 1and 8> 1. Then f € §(a, 3) if and only if

1 (2f'(2) f—a. 1— ¥y
1+;<f(z) —1)-<1+ - zlog( - ) z € A. (1.12)

Lemma 1.5. Let f € A, and 0 < o <1land § > 1. Then f € K (o, f) if and only if

11—«

1 7 . 1_ 271 —
1+ - (Z (2)) <14+ 8 7% 00 <6—M> N (1.13)
T

v\ f'(2) l1—=z
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Lemma 1.6. (Rogosinski [5]) Let q(z) = > 7, C,,2™ be analytic and univalent in A, and suppose
that ¢(z) maps A onto a convex domain. If p(z) = > 7 A,2" is analytic in A and satisfies the
following subordination

p(z) <q(z) (€4,

then
|AL| < |C4] (n=1,2,3,...).

The structure of the paper is the following. In Section [2] we estimate the coefficients of functions
belonging to the class S7(«, #) and we obtain the dual of the class S(a, ). Also sufficient condition
for functions belonging to this subclass is obtained. In Section |3| we define a new T'N,-neighborhood

and we show that T'Ny(f) C SJ(a, 3), where f defined by (L.1). Finally, in Section {4 we give two
open problems.

2. Coefficients and Duality
One of our main results is the following.

Theorem 2.1. Assume that 0 < a <1, 8> 1 and vy € C\{0}. Let the function f given by (1.1) be
in the class S3(a, 3). Then

VBl n =2,
jan| < (2.1)
%HZZ;(H%) n=34,...,

where By is given by (1.7) and

By| = 2(5; %) gin ”(ﬁl__o‘j‘). (2.2)

Proof . Define the function p(z) by
2f'(2) =hp(z) =D +1]f(z)  z€A. (2.3)
Then according to the assertion of Lemma [1.4] we have
p(2) < Pyp(2) z €A, (2.4)

where P, g(z) defined by (1.6). If we let
p(z) =1+ Z Apz",
n=1

then by Lemma , we see that the subordination ([2.4)) implies that
|A,| < | B (n=1,2,3,...). (2.5)
Now by equating the coefficients of 2" in both sides of equality (2.3)) we have

na, = y(An_1 + Apsas + -+ Ajan_1) +a, (n=2,3,...). (2.6)
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A simple calculation together with the inequality (2.5) yields that

el

| nl = X |An—1+An—2a2+"'+A1an—l|

Iy
n—1

n—1
7B
< n—1 ; ’ak‘7

where |Bj| is given by (2.2) and |a;| = 1. Hence, we have |az| < |yB;|. In order to prove the
remaining part of the theorem, we need to show that

—_

<

X (|Ap-a| + [An—alaz| + - + [Ai]an-1])

WBJSNMJSWBHIIO*J71D (n=3,4,5..). (2.7)

n—1 n—1
k=1

Using induction and simple calculation, we could to prove the inequality (2.7)). Hence, the desired
estimate for |a,|(n = 3,4,5,...) follows, as asserted in (2.1). This completes the proof of Theorem
21 O

If we take v = 1 in the Theorem then we have.

Corollary 2.2. (see [2]) Let 0 < a < 1, > 1 and let the function f be given by (1.1} be in the

class §*(a, #). Then
k—2+|B
< TT(552) we2a

where |B;| is given by (2.2).

Now, we recall the definition of duality. For a set V C A, the dual set V, denoted by V* is defined
as

V*:{QEAié(f*g)(z);éO for all fEVandzeA}.

The standard reference to duality theory for convolutions is the monograph by Ruscheweyh [6], and
his paper [7]. First, we get the duality for the class S7(a).

Theorem 2.3. Assume that f € A, 0 < a <1 and vy € C\{0}. The function f € S;(a), if and

only if
1), hal®) L Lea
h
where . (1 I w+;—(21'1(1)—a)z>
ha(2) = o 7.0)(2) = = (j# = 1) 2.9

Proof . According to the definition of S¥(a) and since 1 + %[(zf’(z)/f(z)) —1]=1at z=0, we
have
1 (zf'(2) _
1+§<ﬂ@ ) “a r-1

l—« 7'éaz:le

(|z] =1, # -1,z € A),
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which leads to

(x+1Dzf'(2) + f(2)[2v(1 — ) — (x + 1)] # 0. (2.9)
?Nl(liere as f(z) % l(z) = f(2) and zf' = f * zl'(z), where I(z) = z/(1 — z), hence the relation
eads to
f(2) r+1 29(l —a) — (x + 1)
z *{(1—2)2+ 11—z 1#0’

f(2) § [27(1 —a)+z+1—-29(1- a)]z] 20
z (1—2)2 '

With a little calculation we have

z+1-2y(1-)
LG T R 40
2 (1—2)2 ’

which here ends the proof of Theorem 2.3 [

Remark 2.4. The special cases of v = 1,a = 1/2 and 7 = 1 in Theorem are contained in [§]
and [10], respectively.

Theorem 2.5. Assume that f € A, 0 < a <1 and v € C\{0}. The function f € K,(«), if and

i () 1(2)
f(z) la(z
. * . #0 z €A,
where e
P 1+a:+1—”/_;—az
la(2) = U, 7,2)(2) = ( i ) (ja = 1). (2.10)

Proof . Using the relations f € K\ (a) & zf'(2) € Si(a), (2f) = f’*ﬁ, F'(2)x[z/(1=2)] = f'(2)
and zf' x g = f % zg’ we can easily prove this theorem. So we omit the details. [J

Remark 2.6. If we take v = 1 in Theorem [2.5 then leads to a result which is obtained by H.
Silverman et al. [10]. Also, the case v = 1, & = 0 was obtained by Ruscheweyh [8].

Definition 2.7. We define V;, and V3 as follows:

Vo= (8 ()" = {ha(z) eA: M*ha_(z) #0,f€8(a),0<a< 1,z€A}

z z

and

Vi = (M, (8)) = {hg(z) cA: M * hﬁ—(z) #0,fe M, (B),5>1,z¢€ A},

2 2
where h,(2) is given by (2.8) and

z+1-2y(1—p)
= (14 =)

ho(2) 1= h(8,7,2)(2) = == (12l = 1). (211)
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Definition 2.8. We define by Wy the dual of the class S(a, ) as follows:

- hs(z) €VE 0<6 <1,
h5(2) S V; o0>1,

where
+1-2+(1-6)
z (1 + sl 2%17_6) z)

hs(2) = h(d,7,2)(2) = (lz] = 1).

12

Using the definition of duality, we can obtain the following lemma directly.

Lemma 2.9. A function f € A is in the class S¥(a, 3) if and only if for all hs € Wj

M*M#O z €A,
2 2

where hs is given by (2.12)).
Lemma 2.10. Let hs(z) = 2+ > o0, cp2™ € Wi, Then

len] <n 4 (n—1)|u(z,,9)] (n=2,3,...),
where

o+ 1-29(1-9)
u(zx,7y,9) = (1= 3)

Proof . Let hs € W;. Then for any v € C\{0}, § > 0 and |z| = 1, we have

2z 22

5 +u(x,7,5)m

SN

=(z+222+325+ ) +u(z,,0)(2* + 228 + 32 + -

o
=z+ g Cn 2",
n=2

where
¢ =n+ (n—1Du(x,~,9),

and so |¢,| <n+ (n—1)u(z,v,0)] and n =2,3,.... O

Corollary 2.11. Let f(z) =z+ > ,a,2" € A. If

o0

> I+ (n = Dulz,y,8)[]Jas| < 1,

n=2

then f € S3(a, ), where u(x,~,a) defined by (2.13).

241

(2.12)

(2.13)

(2.14)
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Proof . Let hs(z) = 2+ >, ¢,2" € Wi. Then we have

TELD O] RS -
+ Ay, Cp 2
%

o0 (o]
> 1= anlleallz] > 1= |an]lea] >0,
n=2 n=2

Z
Thus M # 0 and now from Lemma we have f € S¥(a, ). O

For each complex number £ # —1 and f € A, define the function F.(z) by

Fz) = f(z)+ez

e A. 2.15
14+¢ ( )

Lemma 2.12. Assume that hs € Wi and X\ > 0. Let F.(z) be defined by (2.15) belongs to the class
Si(a, B) for |e| < X. Then

1

;(f*h(;)(z) > A z € A.
Proof . If F.(z) € SX(a, 8) for || < A, it follows from Lemma that

1

—(F.xhs)(2) #0 z €A,
z
where hs defined by (2.12). The above relation is equivalent to
1 ((f*hs)(2) +ez
z 1+e¢

)7&0 z €A,

and hence 1

;(f*h(;)(z)#—a z €A,
for every |e| < A. Therefore

E(f*h(;)(z) > A z€eA

and concluding the proof. [J

3. T-Neighborhood

Let f(z) be defined by (1.1)), A is a positive number and T = {7,}32, is a sequence of positive
numbers. Then the T'N)-neighborhood of the function f is defined as

TNy\(f) = {g €Ag(z) =24 buz": Y Tulby —an| < A} , (3.1)
n=2 n=2

where we define T,, (n = 2,3,...), as follows:

r+1—2y(1-90)
2v(1-9)
St. Ruscheweyh in [9] considered T,, = {n}s2, and showed that if f € IC, then T'Ny,4(f) C S*.

T,=n+(n—1u(x,v,0)| and u(x,v,d) = (3.2)
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Remark 3.1. Note that if we take + = v = 1 and 6 = 0 in the sequence of T}, then we have
T, = {n},.

We have the following result on the T'Ny-neighborhoods for the class S3(«, 8).

Theorem 3.2. Assume that 0 < a <1, 5> 1 and v € C\{0}. Let the function f € A and for any
e €C, A>0 and [g] <\, F.(2) given by (2.15)) be in the class SZ(a, B). Then TNA(f) C SZ(a, B).

Proof . Let g € Aand g(z) = z+ Y 2, b,2" be in TN,(f). Then
‘ 1

z

(g * hs) (2)

= E(f*m) (2) + 1[(g—f) * hs|(2)

z

> |2 (ko) (9

—\1[<g—f>*h51<z>

z

Y

where hs defined by (2.12)). Making use of Lemma [2.12] we obtain

1 - (bn - an)cnzn
— h > )\ — AL L
HOIE RS W

oo
> A=Y by — anlleal,
n=2

where ¢, is given by ([2.14)). Since g € T'N,(f), it follows that

D bw — anlleal <D In+ (n = D)ulw,,0)[]|by — an| < A
n=2 n=2

and thus .
~ (g% h) (2)

Therefore |§ (g * hs) (z)| # 0. Now, from Lemma , we get g € SZ(a, 3). This completes the proof.

>A—A=0.

4. Open problems
In this section, we give two open problems.

Open Problem 1. In [3], the authors proved that if f € S*(«, 3), then

1
3_2&<9%{ff)}<3_2ﬁ (1/2<a<1,1<B<3/2).

What the bounds for Re{ f(z)/z} are, when f € SX(a, 3)?

Open Problem 2. Let T, be defined by (3.2). Then find the greatest A := A(x,~,d) so that if
f €K, then TN,(f) C S*.
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