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Abstract

In this paper, the problem of stability for certain subclasses of harmonic univalent functions is
investigated. Some lower bounds for the radius of stability of these subclasses are found.
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1. Introduction and preliminaries

A complex-valued harmonic function F' = u + v in the unit disk D = {z : |z| < 1} admits the
decomposition F' = h + g, where both h and g are analytic in D (see [9]). Here h and g are referred
to as analytic and co-analytic parts of f. A complex-valued harmonic function F(z) = h(z) + g(z)
is locally univalent if and only if the Jacobian Jp(z) = |h/(2)|? — |¢/(2)|? is non-vanishing in . The
reader is referred to [9} [I1] for the properties of harmonic functions.

Let H be the class of complex-valued harmonic functions in D such that F(0) = 0 and F,(0) = 1.
Then every function F' € ‘H can be expressed as the form:

F(z) =h(z) +g(z) =2+ Y _a,z"+ Y bz". (1.1)
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The class of functions F' € H that are sense-preserving and univalent in D is denoted by Sy.
Also, let

Sy ={F € Sy : F(D) is a starlike domain with respect to the origin} .
Functions in &3, are called starlike functions. In the sequel, we also need
Hi={FcH :b=F0)=0}, S={FcSy: F(0)=0}, Sy={FecS; : F(0) =0}

Harmonic starlikeness is not a hereditary property, because it is possible that for f € S5, f(|z] <)
is not necessarily starlike for each r < 1 (see [11]).

Definition 1.1. A harmonic mapping f € H is said to be fully starlike (resp. fully convez) if each
|z] < r is mapped onto a starlike (resp. convex) domain (see [§]).

Fully convex mappings are known to be fully starlike but not the converse as the function f(z) =
z+ (1/n)z" (n > 2) shows.

It is easy to see that the harmonic koebe function K with the dilation w(z) = z is not fully
starlike, although K = H + G € S}, where

z— %,224—%23
(I—2)3 7

1,2 1.3
22+6z

= ==

G(z) =
For further details, we refer to [§].

Let C% denote the class of harmonic,univalent, convex functions F' of the form (1.1)) with &, = 0.
It is known [9] that the below sharp inequalities hold:

1 —1
] < 252 ) < P2
2 2

(1.2)
In the sequel, we need
FS® ={F € &8% : Fis fully starlike in D}, Cj = {F € Sy : Re F.(z) > |Fx(2)| in D}.

Definition 1.2. Let 0 < A < 1. A function F' € H; with the form (1.1]) is said to be in the class
HS°(\) if

NE

n(An+1—X)(Jan| + |by]) < 1.

U
N

n

The class HS%(\) is a special case of the class HS)()) of polyharmonic mappings (see [7]). If
A =0or A =1, then the class HS%(\) reduces to HS? or HC", respectively. The classes HS" and
HC" introduced by Avci and Ztotkiewicz [3].

If

F(z) :z—i—Z(anz”qLEz_”),

n=2

and

G(z)=z+ Z (A,2" + B,2"),

n=2
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then the convolution F * GG is defined to be the function

(Fel) () =243 (andye” + BB (1.3)

n=2

while the integral convolution is defined by

(FoG)(2) :z+§ (G"A"zumz—n). (1.4)

n n

See [10] for similar operators defined on the class of analytic functions.
For V' C H,, its dual V* is defined as

Vi={G e M : (F*G)(z)#0, for all z € D, fevy,

where D = D\ {0}. We say that V is a dual class if V = W* for some W C H; (see [2]). Denote by
¥ the dual set of 3. Then for F' € H;, we have

FeSY« (FxH)(z)#0,VH € ¥,Vz € D.

Following Goodman [12] and Ruscheweyeh [13], we define the set J—neighborhood of
F = h + § < Hl by

Ny(F) = {G(z) D G(2) =2+ f: (An2" + B,7"), f:nqan — Al + |by — Ba|) <6, 6 > o}

n=2 n=2

(see [14]). Also, let

Ns(F) = {G(z) D G(2) =24 (A" + Bo2"), Y n’(lan — An| + by — Bul) <6, 6 > 0} .
n=2 n=2

Clearly, we have Ny(F) C Nj(F).

By Ns(A), A C H,, we denote the union of all neighborhoods Ns(F') with F' ranging over the
class A. And similarly, define Ng(A) = UpeaNs(F).

Assume that A, B are subclasses of the class H;. Then the set of all functions F' x G and
F o G, where FF € A and G € B, will be denoted by A * B and A ¢ B, respectively. Let
Ax B C C, the convolution is called stabel on the pair of classes (A, B) if there exists § > 0 such
that Ns(A) * Ns(B) C C and unstable otherwise. Stability of the integral convolution is defined in a
similar way.
The constant § which characterizes the stability of the convolution or integral convolution is called
the radius of stability and it is defined as follows.

Definition 1.3. Let A, B, C be the subclasses of the class H; and A * B C C'. Then a constant
d(Ax B,(C), such that

§(Ax B,C) =sup{d: Ns(A) * Ns(B) C C},

is called the radius of stability of the convolution on the pair (A, B). And a constant 6(A ¢ B, (),
such that

d(Ao B,C) =sup{0 : Ns(A) o Ns(B) C C},

is called the radius of stability of the integral convolution on the pair (A, B).



36 Ebadian, Azizi, Najafzadeh

Remark 1.4. In a same way as in the above we have

§(A* B,C) =sup{é : N5(A) = N5(B) C C}

§(Ao B,C) = sup{d : N5s(A) o Ns(B) c C}.

Recently, in [1, 4], 5], the authors investigated the problem of stability for certain classes of analytic
functions. In this paper, we investigate the problem of stability for certain classes of harmonic
univalent functions. We find the lower bounds for the radius of stability of these classes.

2. main results
In order to establish our main theorems, we shall require the following lemmas.

Lemma 2.1. (see [6]) Let F'=h +g € SY. Then F is fully starlike in D if and only if
h(z) * A(z) = g(2) * B(2) #0 for [([ =1, 0 <[z <1,

where

2+ ((€—1)/2)7? _ Cz—((C—1)/2)2
(1-2) N 1-272

Corollary 2.2. Let F = h+g € 8%. Then F € FS}Y if and only if (FxH)(z) # 0 for |(| =1, z € D,

where H(z) = A(z) — B(z) and A(z), B(z) are given by (2.1).

A(z) = and B(z) (2.1)

Proof . From Lemma 2.1 and the definition of the convolution of harmonic functions, immediately,
the result follows. [

Corollary 2.3. Suppose that

> = {H(z) eH, : H(z) = A(z) — B(z)} ,
where A(z) and B(z) are given by 2.1)). Then FS} = *.

Proof . The proof is obvious. In view of the definition of dual set and Corollary , we can easily
obtain the result. [

Lemma 2.4. Let H(2) =2+ Y20 (e,2" + fn27) € 8. Then |ey| < n and |f,| < n.

Proof . Since H(z) € X, then we have H(z) = A(z) — B(z). From the series expansion A(z) and
B(z) we obtain

H(z) = A(z) — B()
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Therefore, we have

SRS SD ) D (L))

Consequently,

len| = |0+

B 2n+(n—1)(§—1)‘
2

n+14(n—1)¢

2
<n+1+(n—1)|§|
- 2
n+l4+n—-1
— =

< n,

and similarly, we get |f,,| < n. This completes the proof. [J

Lemma 2.5. (see [0]) Let F' = h + g be a harmonic function of the form (1.1)) with b, = ¢’(0) = 0.
It

NE

n(lan| + lbu]) < 1,

[|
N

n

then F € C}; N S}Y. Moreover, F is fully starlike in D. Consequently, F' € FS%.
Lemma 2.6. Let F = h+g e HS°(\) be of the form (1.1]), then

1
n bn <—7
nllan + Ibnl) < 55

W

i
[N}

and
> n*(lan] + ba]) < 5
n=2 )\

Proof . Since 0 < A <1 and An + 1 — X is an increasing function of n (n > 2), from the definition
of the class HS%(\), the result follows. [J

Lemma 2.7. Let F = h+g € HS(\) be of the form (1.1]), then



38 Ebadian, Azizi, Najafzadeh

and therefore

o0

S nfan] < — (2.2)
s “A+1

and
inw < 1 (2.3)
2"l = T

From the inequalities (2.2]) and (2.3)), it follows that

= 1
Z |an| S PYZUEETER
2 2N+ 1)

and

e}

1
> bl < TN

n=2

The above inequalities, give the desired result. [J

Lemma 2.8. (see [7]) Suppose that G(2) = z + > oo ,(A,2" + B,2") € C% and F € HS(\). Then
for 1/2 < A <1, the convolution F'* G is univalent and starlike, and the integral convolution F' ¢ G
is convex.

Corollary 2.9. For 1/2 < X\ <1, we have
CYy+ HS°(\) C FSy, ChoHS'(\) CCY.

Lemma 2.10. For 0 < \ <1, we have
(i) C% o HS°(\) C FS3.

(1) HSO(\) x HS(\) C FSy.

(i) HC® x+ HS°(\) C FS3.

(iv) HS*(\) o HS°(\) C FS3.

(v) HC® o HS°(\) C FS%.

Proof . We only prove the parts Q and (ii). The other parts are proved in a similar way.
(i) Let F(2) =2+ > 07 ,(Ap2" + B,2™) € O and G(2) = 2+ > o7 ,(ap2™ + b,2™) € HS®()). Then
for F o G, by Lemma and the inequalities (1.2]), we obtain

it anA,, b, B, > n+1 n—1
< n bn
;n( n + n )_;H(Qn o] + 2n‘ ‘)
< Zn(lan| + |bal)
n=2
SLSL

>
+
—_
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Now, from Lemma [2.5] the result follows.
(ii) If F,G € HS°()), then for F x G, using Lemma 2.6/ and Lmma 2.7, we obtain

o 1 oo
> n(lanAn| + [baB]) < o Zn || + |bn])
n=2 n:2
1 o0
n=2
< 1 <1
~2(A+1) ’

Hence, by Lemma , F+xGecFSy. O

1
Theorem 2.11. Let 0 < A< 1. For0<§ < +2— P we have

Ns(HS°(\) * Ns(HS°()\)) € FS3.

Proof . Let -
Fo(z) =2+ ) (agn2" + bon2") € HS"(N),
n=2
Go(2) =2+ Y (conz" + donz") € HS"(N)
n=2
and

F(z) =2+ (a,2" +b,27) € Ns(Fp), G(2)

n=2
=2+ Z(cnz” +d,z") € Ns(Gy),

n=2

H(z)=2z+ Z(enz" +f.2") €T

We want to show that )
(F+xGxH)(2)#£0 (HeX, zeD).

By the identity

FxG+«H=FyxGyxH+ Fyx(G—Go)xH+ (F—Fy)«Gox H+ (F — Fy) (G — Gy) *

we obtain

[(F 5 G« H)(2)| = |(Fo * Go x H)(2)| — [(Fo x (G — Go) x H)(2)]
— [(F = Fo) * Go x H)(2)| = [(F = Fp) * (G — Go) = H)(2)].

39

(2.4)
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1 1
Since Gy € HS%()\), so by Lemma [2.7| we have |cy,| < ———— and |dy,| < ————. Moreover from

2SN+ 1
Lemma [2.4] |e,| < n and |f,| < n. Therefore, using Lemma 2.6 ,we obtain

|(Fo * Go x H)(2)]

Similarly, we get

and

2\ + 1)

= |7+ Z(G’Onc()nenzn + bOndOnfOnz_n)‘

n=2

n=2

> [2] |1 =) (laon|[con|[enl[2]" " + |b0n||d0n||fn||z|n_1)]

> 2| |1- Z(|a0n“COnHen| + |bOan0n||fn|)]

> ’Z| 1- 2()\1_’_ 1) Zn(’CLOn‘ + ‘bOnD]

|

200+ 1) -1
= 2.
e (2:5)
On the other hand, from F' € Ns(Fy) and G € Ns(Gy), we conclude that
(F = Fy)+ Gox H)(z)| = |3 (COnenmn — agn)2" -+ don fu(br = bon) )
n=2
)\ + 1 Zn |an - CL()n| + |bn - b0n|>
n=2
)
< Iz ———. 2.
< kT (2.6)
Fyx (G — Go) » H)(2)| < |2l s s 27)
0 0 =Ty '
52
[(F = Fo) + (G = Go) » H)(2)| < |2] - (2.8)
By virtue of ,, and , inequality gives
2 _ 2
(FrGaH)(z)| > o |21 0 & (2.9)

2A+1)2  A+1 2

The right side of (2.9)) is non-negative whenever

1
<5<V2-— ——
0<86<V2 g
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Corollary 2.12. For 0 < A < 1, we have

1
0 0 *0 > -
S(HS(N\) « HS(N), FS3) > V2 R

Corollary 2.13. We have
S(HS® + HS®, FS}?) > V2 — 1.

Corollary 2.14. We have

S(HC® + HC", FS}Y) > :

2v2 — 1
2
A+3 1% 4r+3 43
4(N+1) 200+1)  4(N+1)

Theorem 2.15. Let 0 < A< 1. For0<¢§ < \/[

Ns(HC®) x N5s(HS°(\)) C FS3.

Proof . Let -
FO(Z) =z+ Z(GONZn +E()nz_n) € HCO>
n=2
Go(2) = 2+ Y (conz" + donz") € HSO())
n=2
and

we have

F(z)=z+ i(anz" +b,2") € N5(Fp),G(2) = 2 + i(cnz" +d,2™) € N5(Gy),

n=2 n=2
H(z)=z+ Y (en2"+ f,2") € .
n=2

We need to show that §
(F+xGxH)(2)#0 (HeX, zeD).

Using the same method as in the proof of Theorem [2.11] we obtain

4A+3}

(Fox Gox 1) > I |1

(F ~ Fy) = Gy x H)(2)] <2l

Fo (6= Go) + H)(3)| < el g5

and

(F — Fy) # (G = Go) = H)(2)] < |2/

The remainder of the proof is similar to that of Theorem [2.11] and we omit the details. [J

41
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Corollary 2.16. For 0 < A < 1, we have

A+3 1% 4r+3 A+3
)

SHC HS'N), FSir) 2 \/Lu D] T D a0t

Corollary 2.17. We have

V33 -3

S(HC® x HS®, FS3y) > 0

Using the same techniques as in the proof of Theorems and we obtain the following
theorems and we omit the details.

1
Theorem 2.18. Let 0 < A <1. For0<§<2— PR we have

Ns(HS°(\)) o Ns(HS°(\)) € FS3.

, we have

2
Theorem 2.19. Let 0 < A < 1. FOYOS(SS\/{ )\+3)} SA+T A+3

010 T2 11
Ns(HC®) o Ns(HS°(\)) € FS%.
From Theorems and we obtain the following results.

Corollary 2.20. Let 0 < A < 1. We have

1
0 0 0V 5 o
S(HS'(A) 0 HS'(N), FS3) 2 2= 1=

Corollary 2.21. For 0 < A < 1, we have

2

AN +1 2N +1) 4(A+1)
Corollary 2.22. We have
S(HS o HS®, FS3)) > 1.

Corollary 2.23. We have

S(HC® o HC®, FS3¥) >

[\CRGV]

Corollary 2.24. We have

S(HC® o HS®, FS12) > @.
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2A+3r 22X2—1) 2X+3
we have

Th 2.25. Let 1/2< A <1. For0<§ < —
corem ell2sAs oru= _\/|:)\+1 AA+1) A+17

Ns(C%)  Ns(HS°(\)) ¢ FS.

Proof . Let .
Fo(z) =2+ (aonz" + bon2") € CY,
n=2
Go(z) =z + Z(c(mz" + don2™) € HS?(N)
n=2
and

F(z)=z+ i(anz" + b,2") € Ns(Fp),G(2) = z + i(cnz" + d,2") € N;(Go),

n=2 n=2
H(z) =2+ (en2" + fn2") €%
n=2
We need to prove that

(FxGx*H)(z) #0(H € %, z € D).
From Lemmas and and the relation (|1.2)), we have

|(F0 * GO * H) (Z)l = |z + Z(agnc()nenz” + bondonfonz_n)‘

n=2

> |2] |1 = (laoallconllenl 21" + IbOanOnllntIZI"_l)]

n=2

> |2 (1= (Iaonllconl [en] + |b0n||d0n||fn|)]

n=2

[ > n+1 n—1
>z 1= n( 5 leon| + =5 |d0n|)]

n=2

1 o0
> [2] |1 Z |con| + |donl) ]
n=2

= |z| =3 E;n2(|00n| + Idon| + ;n(|00n| + IdOnD]

>||1 1 1+ 1
=% X A+1

[ 22 -1
_2A(A+1)]

In the same way as in the proof of Theorem [2.11], we get

dlz]

|(F — Fy) *Gox H)(2)] < m,

43
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[Fo (G — Go) x H)(2)] < 62|,
and
(F = Fy) # (G — Go)  H)(2)] < 525'.

The remainder of the proof is similar to that of Theorem [2.11] O

Corollary 2.26. For 1/2 < XA < 1, we have

- 22+3]% 22 -1) 22+3
0 0 *0 > -
§(ChxHS ()\),fSH)_\/{/\_’_l} + AA+1) A+1°

Corollary 2.27. We have

- 20 —
5(CY « HC®, FS10) > @

Using the same techniques as in the proof of Theorems [2.25], we obtain the following theorem and
we omit the details.

, we have

2
Theorem 2.28. Let 0 < A < 1. For 0 <4 < BA+9 A+ 1) _8+9
A+1 A+1 A+1

Ns(C%) o Ns(HS(N)) € FS¥.

Corollary 2.29. For 0 < A < 1, we have

~ 8A+91°  4(4r+1) 8A+9
0 H 0 *0 > — .
2(Cr o SO‘)’}—SH)—\/{)\JA] A1 A+
Corollary 2.30. We have
5(C% o HS®, FS0) > /85 — 9.

Corollary 2.31. We have

_ V320 — 1
3(CY% o HC®, FS}0) > %
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