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Abstract

In this paper, we investigate the convergence of a sequence of minimizing trajectories in infinite horizon
optimization problems. The convergence is considered in the sense of ideals and their particular case
called the statistical convergence. The optimality is defined as a total cost over the infinite horizon.
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1. Introduction

Many important planning problems such as capacity expansion, equipment replacement and production
planning involve sequences of related decisions over an infinite time horizon. The mathematical
formulation of such problems lead to infinite horizon optimization which is the problem of selecting
an infinite sequence of decisions such that the associated cost over an unbounded horizon is minimum
[T, 2, 17, (10, (14, [16], 15, 17, 23].

In many studies an optimal solution/trajectory to infinite horizon problem is approximated by a
sequence of finite horizon optimal solutions |2, 18, 19, 23]. In [20], a general method for approximating
optimal solution via the solutions to a simpler approximating problems is presented.

The uniqueness of optimal solution is a common assumption used in many studies [I], 2, [10]. For
example in [2], under this assumption, an algorithm is developed for finding optimal solution and the
results are applied to undiscounted Markov decision processes. Among the studies that do not use
the uniqueness assumption we mention [I7, [I8, 23]. For example, in [I8] a tie-breaking algorithm
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is presented based on selection of a nearest-point efficient solutions that converges to an optimal
solution and the results are applied to the scheduling production problem to meet demand over an
infinite horizon.

Since the cost over an unbounded horizon may be infinite or diverge, a discounting factor is
applied in the definition of the total cost. It is clear that even in the presence of discounting, the
total cost may still be infinite. In this case, different optimality criteria apart from minimal total
cost are required [0, [12] 19 21], 22]; the average cost [3], 8, 26], overtaking optimality[5l 3], 27] and
1-optimality [4) 25] are some examples of such optimality criteria.

In this paper, we consider systems described by the decision network as in [2]. These systems
generate trajectories of decisions and there is a cost associated to each decision that could be used
to define the functional - the total cost for a trajectory. The aim of this paper is to investigate the
convergence of a sequence of trajectories under the assumption that the functional values (total costs)
converge to the optimal value (i.e. the minimal total cost). The convergence is considered in the
sense of ideals and their particular case called the statistical convergence.

The paper is organized as follows. Notations and the problem statement are presented in the next
section. Some preliminary results about convergence of the sequence of trajectories are established
in Section [3] The I-convergence and the statistical convergence of a sequences of trajectories are
considered in Section [l

2. Notations and problem statement

We begin with the decision network, (X, A, C'), where X is the set of states (nodes), A is the set of
decisions (arcs) and C'is a real-valued cost function C': A — R. We assume that the decision network
satisfies the following conditions [2]:

e there is a node called single root with the following properties

— there is no incoming arcs to this node,

— every other node can be reached from the single root,

e the set of decisions available at any node is nonempty and finite,
e the set of incoming decisions to any node is also finite.

Under these assumptions, it has been proved that [24, Theorem 1] the set of nodes can be numbered
as ¥ = {01, 09,03, ...} such that if (0;,0;) € A where 0;,0; € N, then i < j.

An infinite trajectory s is an infinite sequence of states (s, $o, s3,....) where s is a given fixed
root, s; € X and (s;,8,41) € Afor all i = 1,2, ... . The cost C(s;, s;+1) associates with the decision
(8i,8:41)- The set of all trajectories s is denoted by [].

Now we introduce the metric in the set of trajectories. Consider two trajectories s = (s1, Sg, S3, -..)
and s’ = (s}, sh, s, ...). In [2], the metric p, on [] is constructed as follows:

p(s,s) = Z¢i(s,s’)2’i, (2.1)
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where

1 otherwise

o= {0

In [2] (Lemma 1), it is proved that the set [] is complete and hence compact in the sense of this
metric.

Under this metric, the closeness of trajectories depends on the number of initial nodes over which
they agree. For example, given any ¢ € N it can easily be verified that the following hold:

1
p(s,s’) > 5 = s # s, Ire{1,2,-- i} (2.2)

Functional - the total cost f(s) of trajectory s is defined as in [2] given by

f(s) =D Clsirsisn). (2.3)

We will assume that f is uniformly convergent over [[; that is, for any € > 0 there exists n.
such that for all trajectories s the relation > ;° C(s;,s;+1) < € holds for all n > n.. In this case
f is continuous on []. Note that this is not a restrictive assumption; it holds if the cost function
C(s4, si4+1) is uniformly bounded and also is discounted, for example, by (1/2)° (see Assumption 1
and Lemma 2 in [2]).

We consider the following optimization problem

Minimize f(s), subjectto s¢€ H (2.4)

Since f is continuous and [] is compact, an optimal solution s* to problem exists. We call s” a
minimizing sequence if f(s™) converges to the minimal value f(s*) of the objective function in this
problem. The aim of this paper is to investigate the convergence of minimizing sequence s™ to s* by
considering different types of convergence.

3. Preliminary results

In this section, we consider the convergence of a sequence of trajectories {s"},en to the trajectory
s in the sense of ideals as well as their particular case called the statistical convergence. We recall
that the initial point of all sequences is the same; that is, s; = s} for all n. We will use the notation
{{s}} := {s1, 2, 53, ...} to denote the set of states for trajectory s.

First we give the definition of ideal and I-convergence.
Definition 3.1. A family I C 2% of subsets of a nonempty set X is said to be an ideal in X if

e A/Belimplies AUBe€I,
e BCA, Ae [l implies B eI,

while an admissible ideal I of X further satistfy {z} € I for each = € X.

Clearly, an ideal admissible contains all finite sets in X. In the remainder of this section, we
assume that any ideal is admissible and [ is an ideal in N.
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Definition 3.2. [0, 11] A sequence s™ in a metric space (X, p) is said to be I-convergent to s € X
(in short s =1 — lim s™) if K(¢) € I for each € > 0, where K(¢) = {n € N : p(s",s) > €}.

n—oo

Below we consider two special cases of ideals.

1. Classical convergence. In this case the ideal is the set of all finite subsets of IN; that is
I =1, ={ACN: |Al < oo}
Clearly, both of the conditions in Definition [3.1] are satisfied.

2. Statistical convergence. First we give the definition of the statistical convergence in terms
of the notion of density. Assume K is a subset of the positive integers N. K,, = {k € K : k <n} and
| K,,| denotes the number of elements in K,,. The natural density of K is given by 0(K) = lim,,_,« ui”‘.
It may not exist; in this case the upper and lower asymptotic densities for the set K are defined as

follows:

S(K) = limsupM and §(K) = liminfM.

n—00 n n—0o0 n

Note that §(K) < 6(K) < 0(K).

Definition 3.3. [9] A sequence {s"},en is statistically convergent to s provided that for every ¢ > 0,
the set K (¢) = {n € N : p(s™,s) > ¢} has natural density zero.

It is not difficult to observe that both of the conditions in Definition B.1] are satisfied if we define
the ideal as the set of subsets of N with density zero. Thus in this case we set

= I, ={ACN: §(A) =0}

In the next lemma, the convergence of the sequence s™ to the trajectory s is considered.

Lemma 3.4. Assume that §({n € N : s # s;}) = 0 for all i € N. Then sequence s™ statistically
converges to s.

Proof: Take an arbitrary € > 0 and denote A, := {n € N : p(s™,s) > e¢}. We show that §(A.) = 0.

Let r. € N such that 215 < €. Consider the sets

1
A, ={neN: p(s",s) > 27}

and
B,, :={n e N: s # s! for somei € {1,2,...,7.}}.

From ([2.2)) we have A, C A,. C B,_. On the other hand, B,, can be represented in the form

B,, =U < {n e N: s # s;}.
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By the assumption of the lemma, §({n € N : s # s;}) = 0 for all i = 1,...,7. and therefore
d(B,.) = 0. Thus, since A, C A,. C B, we have 0(A.) = 0. Lemma is proved. [J

It is clear that under the conditions of lemma the classical convergence may not be true.
Indeed, for example, if ™ = s for all n € N\ {3’} ;en and s™ = (s1, 52, S3, 54, S5, -..) for n € {37} jen
where s # s9 then it is not difficult to show that s™ is statistically convergent to s while the classical
convergence is not true.

4. Convergence of a sequence of minimizing trajectories

In this section, we investigate the convergence of the minimizing sequence s™ to the optimal trajectory
s* of the problem (2.4)); that is, under the assumption that f(s") — f(s*) we investigate the
convergence s" — s* as n — 0o. We do not assume the uniqueness of s*; however, we will consider a
fixed optimal trajectory s* and will formulate the main assumptions by using this trajectory. Note
that s™ may not converge to s*, in this case the I—convergence and statistical convergence will be
considered.

Given sequence s” and set K C N we define

H(K)={jeN: s;e{{s"}}, Vne K} (4.1)
In the case K = N for the sake of simplicity we denote
H=H(N)={jeN: s;e{{s"}}, Vne N} (4.2)
For trajectory s, we denote the section connecting two nodes a and b by

P(S : a’ab> = {8n17 Sni41y - Sng—lvsnz};

where s, = a and s,, = 0.
The corresponding cost is

f(P(s:a,b) =C(Sn,Sny41) + oo + C(Spg—1, Sny)-

Let s* = (s7, 3,85, 55, ...).
Condition A: For any s;,s; € s* with ¢ < j and any trajectory s connecting points s, s (that
i8, 8n; = 57, 8p, = s}) the following inequality holds

J(P(s : 8n;58n;)) — f(P(s" 157, 85)) > 0.

A trajectory is said to be efficient if it reaches each of the states through which it passes at minimum
cost. Efficient solutions are shown in [19] to be average-cost optimal under a state reachability property.
Clearly, Condition A implies that s* is an efficient trajectory.

Condition A means any finite section (s}, s}, , ..., s7) in terms of an “optimality” connecting nodes
s; and s} is unique. Note also that as sj, s7 € ¥ and there is a finite number of nodes between s} and
s7; that is, the number of trajectories connecting these two nodes is finite.

In the following example, we show that Condition A does not mean the uniqueness of optimal

trajectory.
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Example 4.1. Assume that the set of states (nodes) in a decision network consists of nodes {s }ren
and the cost function is given by

1 1 1
C(s1,82) = 50 Cls2-1,82041) = o, Clsan, sar41) = C(s2k, S2k+2) = ohr1r VR 1. (4.3)
Clearly, s* = (s1, s3, 85, $7, -+ - ) is an optimal trajectory. We construct a sequence of trajectories

s" in the following form:

n
s = (81, 52,5242, , S2ny S2n+15 S2n43, " *° ); n € N. (4-4)

We show that the condition A holds. For this aim, it is enough to show that condition A holds for
S1, 82541 € 8%, j > 1. Taking into account the definition of the cost function in (4.3)), we have

Jj—1 00
1
C(s1,89) + (Z C (521, S2n42)) + C (525, S2j41) + ZC(S%A, Sokt1) = 21 > 0;
k=1 k=j

that is, condition A holds.
On the other hand, for the trajectory s = (s1, 9, S4, ..., S2n, S2nt2, -..) the relation f(s) = f(s*)
holds which means optimal trajectory s* is not unique. [J

In the next theorem, we establish the I-convergence of the sequence s™ to the optimal trajectory

s* when f(s") — f(s*).

Theorem 4.2. Assume that optimal trajectory s* satisfies Condition A, s™ is a minimizing sequence
and there exists K C N such that |H(K)| = oo and |[K N A| = oo for all A ¢ I. Then s" is
I-convergent to s* as n — oc.

Proof: On the contrary assume there exists € > 0 such that {n € N : p(s",s*) > e} ¢ I. Take any
r. € N satisfying < € and denote

1
27
1
A,.={neN: ps",s") > o b (4.5)
Clearly {n € N : p(s™,s*) > €} C A,. and therefore A,_ ¢ I. From (2.2)) it follows that
A, C{neN: s #s;, Fie{2,3,..,i}}.

By the assumption of the lemma we have |K N A,_| = oco. Consider the set H(K) defined in (4.1)) and
denote
t=min{m: r. <m, me H(K) }.

We note that such ¢ exists as |[H(K)| = oo
Now for any n € K N A, the relation s; € {{s"}} holds; that is, s7? = s for some index j,.
Denote

]n_l
- nEIl(I}WfArs 2_: Clsrs s Z C(s,871)} (4.6)
We note that there are only a finite number of possible different combinations (sf,--- , s ) with the

same fixed initial point s} and the end point s;. Then, condition A implies o > 0.
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Denote
Jn _1

_ZC Sps 'r+1 G_ZO j? ]+1
ZC S 7"+1 b—ZC 55 J+1

r=jn

Clearly, f(s")=a" 40" and f(s*) = a + b. From 1) we have a” > a + «. Since s* is optimal
and s} = s; we have b" > b. Thus

fls")=a"+b">ad"+b>a+bt+a=f(s")+a, VneKNA,

This means that f(s") does not converge to f(s*); that is, s is not a minimizing sequence. This is a
contradiction. Lemma proved.[]

In this lemma, condition |K N A| = oo for all A ¢ I means that the set K should be quite “large”.
We describe it in Corollary in terms of the density of K.

In the next lemma, we investigate the classical convergence of the sequence {s"},en to the optimal
trajectory s*. It is shown that stronger condition is required in comparison to Theorem |4.2]

Corollary 4.3. Assume that optimal trajectory s* satisfies Condition A, s is a minimizing sequence
and |H| = co. Then s™ — s* as n — 0.

Here H is defined in which corresponds to K = N in terms of Theorem
Proof: We apply Theorem assuming that K = N and the ideal [ is the set of finite subsets of
N; that is, I = Iy,. Firstly, we have |H(K)| = |H| = oo. On the other hand, for any A ¢ I;, the
relation |A| = oo holds and therefore

IKNA =|NNA|l=|Al =

Thus, all the assumptions of Theorem hold. The ideal convergence in this case is the classical
convergence s” — s* as n — 00.
The corollary is proved. [J

The condition |H| = co means the number of nodes in s* that is “common” in all trajectories s™
is infinite; in other words, all trajectories s™ pass through an infinite number of nodes in s*.
In the following example, we investigate the necessity of condition A in this corollary.

Example 4.4. Let s* = (s1, 83,84, ), 8" = (81, S2, S3, S4, -+ ) and
C(Sl, 52> + C(SQ, 83) == C(Sl, Sg).

Then f(s™) = f(s*) for all n; however s™ does not converge to s* as p(s®, s*) > 0.5 for all n. We also
mention that in this example, H = N. U

To con51der the necessity of condition |H| = oo in Corollary - we refer to the decision network
in Example In this example, given any k > 2, the relation sy,_; ¢ {{s"}} holds for all n > k.
This means that the set H contains just one element; that is, the condition |H| # oo does not hold.
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Clearly, f(s™) — f(s*) however s™ does not converge to s*.

Now we consider a special case of Theorem when the ideal convergence is defined by the
statistical convergence. We have

Corollary 4.5. Assume that optimal trajectory s* satisfies Condition A, s™ is a minimizing sequence,
there exists K C N such that |H(K)| = oo and 6(K) = 1. Then s™ statistically converges to s* as
n — oQ.

Proof: We apply Theorem assuming that the ideal [ is the set of subsets of N having density 0;
thatis, I = {A C N : §(A) = 0}. The relation A ¢ I in this case means A has a nonzero density. Then
for any set K C N with 6(K) =1, KN A also has nonzero density. This means that [K N A| = co
and all the assumptions of Theorem [4.2| hold. The corollary is proved. [J

Clearly, Corollary is a special case of Corollary [£.3] Next we provide an example where s™
statistically converges to s* however the classical convergence s™ — s* is not true.

Example 4.6. Assume that the set of states (nodes) in a decision network consists of nodes { sy} ren,
{& }ren and the cost function is given by

1 1

1
C(s1,82) = 50 Cls2-1,82041) = o, Clsan, sar41) = C(s2k, S2k+2) = ohr1r VR 1. (4.7)

1 1
C(S3n(n)71,fn) = C(é-n, Sgn(n)71+2) = 5 C(S3n(n)71, Sgn(n)71+2) + E s Vn € N \ {3k}k€N (48)

In this example s* = (s, $3, 5, S7, - - - ) is an optimal trajectory. Consider the function of indices
k : N — N defined by

k(n)=1i, Yne {3713 4+1,... 3 —1},i=1,2,---.
We construct a sequence of trajectories s in the following form:
" = (81,82, 5242, ", S2n, S2n41, S2n43, ), N E {3k}keN§

s" = (317 83, 733'{(”)*175717 S3r(n)—119, S3r(n)=144," " )7 neN \ {3k}k€N'

Now we show that f(s®) — f(s*). For any n € {3*}ren, from (4.7) we have

n * 1
Similarly, for any n € N\ {3¥}4cn, it follows from (4.8)) that

n * 1
F&") ~ fs7) =

Therefore f(s™) — f(s*) as n — oo; that is, s™ is a minimizing sequence.

Now consider the set K = N \ {3*}1en. Clearly, H(K) = {2n — 1},en and §(K) = 1; that is the
conditions of Corollary are satisfied. It is not difficult to verify that s™ statistically converges to
s*. However, it does not converge to s* in the sense of classical convergence as p(s™, s*) > 0.5 for all
n < {Bk}keN. O



Convergence of trajectories in infinite horizon optimization 8 (2017) No. 1, 123-131 131

References

[1] J. Bean and R. Smith, Conditions for the existence of planning horizons, Math. Opns. Res 3 (1984) 391-401.

[2] J.C. Bean and R.L. Smith, Conditions for the discovery of solution horizons, Math. program. 59 (1993) 215-229.

[3] D.P. Bertsekas, Dynamic Programming and Stochastic Control, Academic Press, New-York, 1976.

[4] D. Blackweil, Discrete dynamic programming, Ann. Math. Stat. 33 (1962) 719-726.

[5] D.A. Carlson, A. Haurie and A. Leizarowitz, Infinite Horizon Optimal Control: Deterministic and Stochastic
Systems, 2nd, rev. and enl. ed., Berlin: Springer-Verlag, 1991.

[6] H. Cartan, Filtres et ultrafiltres, C. R. Acad. Sci. Paris 205 (1937) 777-779.

[7] R. Dorfman, P. Samuelson and R. Solow, Linear programming and economic analysis, New York: McGraw-Hill,
1958.

[8] V. Gaitsgory and S. Rossomakhine, Linear programming approach to deterministic long run average problems of
optimal control;, STAM J. Control Optim. 44 (2006) 2006—2037.

[9] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951) 241-244.

[10] W. Hopp, J. Bean and R. Smith, A new optimality criterion for nonhomegeneous markov decesion process, Opns.
Res (1987) 35 875-883.

[11] P. Kostyrko, T. Salat and W. Wilczyniski, I-convergence, Real Anal. Exchange 26 (2000/2001) 669-685.

[12] J.B. Lasserre, Decision horizon, overtaking and I1-optimality criteria in optimal control, Adv. Optim. Lecture
Notes Math., no. 302, Eiselt, H.A. and G. Pederzoli, eds. Springer Verlag, New York, (1988) 247-261.

[13] A. Leizarowitz, Infinite horizon autonomous systems with unbounded cost, Appl. Math. Optim. 13 (1985) 19-43.

[14] V. Makarov and A. Rubinov, Mathematical theory of economic dynamics and equilibria, Springer-Verlag, New
York, 1977.

[15] L.W. McKenzie, Turnpike theory, Econometrica 44 (1976) 841-866.

[16] S. Rayan, Degenercy in discrete infinite horizon optimization, Ph.D. thesis Department of industrial and operations
engineering, The University of Michigan, Ann Arbor, 1988.

[17] S.M. Rayan, J.C. Bean and R.L. Smith, A tie-breaking rule for discrete infinite horizon optimization, Oper.
Research 40 (1992) 117-126.

[18] I. Schochetman and R. Smith, Optimality criteria for deterministic discrete time infinite horizon optimization,
Finite dimensional approximation in infinite dimensional mathematical programming, Math. Program. 54 (1992)
307-333.

[19] I. Schochetman and R. Smith, Existence and discovery of average optimal solutions in deterministic infinite
horizon optimization, Math. Oper. Research (1998) 416-432.

[20] I. Schochetman and R. Smith, A finite algorithm for solving infinite dimensional optimization problems, Ann.
Oper. Research 101 (2001) 119-142.

[21] T. Schochetman and R. Smith, Optimality criteria for deterministic discrete-time infinite horizon optimization, Int.
J. Math. Math. Sci. 2005 (2005) 57-80.

[22] 1. Schochetman and R. Smith, Ezistence of eficient solutions in infinite horizon optimization under continuous
and discrete controls, Oper. Research Lett. 33 (2005) 97-104.

[23] L.E. Schochetman and R.L. Smith, Infinite horizon optimization, Math. Oper. Research 14 (1989) 559-574.

[24] D. Skilton, Imbedding posets in the integers, Order 1 (1985) 229-233.

[25] A.F. Veinott, On finding optimal policies in discrete dynamic programming with no discounting, Ann. Math. Stat.
37 (1966) 1284-1294.

[26] A.O. Wachs, I.E. Schochetman and R.L. Smith, Average optimality in nonhomogeneous infinite horizon markov
decision processes, Math. Oper. Research 36 (2011) 147-164.

[27] A. Zaslavski, Turnpike properties in the calculus of variations and optimal control, Springer, 2006.



	Introduction
	Notations and problem statement
	Preliminary results
	Convergence of a sequence of minimizing trajectories

