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The present article investigates the elasto-thermodiffusive interactions in a transversely
isotropic elastic medium in the context of thermoelasticity with one relaxation time
parameter and two relation time parameters. The resulting non-dimensional coupled
equations are applied to a specific problem of a half-space in which the surface is free of
tractions and is subjected to time-dependent thermal and chemical loadings. The analytical
expressions for the displacement components, stresses, temperature, strain, mass diffusion,
and chemical potential are obtained in the physical domain by employing the normal mode
analysis as a tool. These expressions are calculated for a copper-like material and the results
are depicted graphically. A comparative study of a diffusive medium and a thermoelastic
medium show that diffusion has a significant effect on the thermophysical quantities.
Furthermore, in the absence of the effect of thermodiffusion, the results agree with the

Transversely isotropic material existing literature.

Green-Lindsay model
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1. Introduction

Thermoelastic diffusion, which is also known as
elasto-thermodiffusion in elastic solids, deals with
the coupling effects of the fields of temperature,
mass diffusion, and strain, in addition to heat and
mass exchange with the environment. It has
extensive applications in geophysics and other
industrial fields, including the extraction of oil from
oil deposits. In recent years, the subject of
thermoelastic diffusion has received serious
attention. The theory of thermoelastic diffusion
was first developed by Nowacki [1-4]. Gawinecki et
al. [5] proved a theorem about the existence,
uniqueness, and regularity of the solutions for a
nonlinear parabolic thermoelastic diffusion
problem. Gawinecki and Szymaniec [6] established
a theorem about the global existence of the solution
for the same problem. In the theory developed by
Nowacki [1-4], the classical coupled thermoelastic
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model was used [7]. It should be mentioned that
the theory of coupled dynamical thermoelasticity
predicts an infinite speed for thermal signals,
which is physically unrealistic. There has been an
increased interest in the field of heat propagation
to remove this unrealistic prediction, which has led
to the development of well-established theories of
generalized thermoelasticity. Generalized
thermoelasticity theories involve hyperbolic-type
governing equations and predict the finite speed of
thermal signals. For example, Lord and Shulman
[8] proposed the generalized thermoelasticity
theory, which is known as the LS model, involving
one relaxation time. Green and Lindsay [9]
developed the  temperature-rate-dependent
thermoelasticity model (GL model) involving two
relaxation times.

Recently, Sherief et al. [10] developed a
generalized thermoelastic diffusion theory with
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one relaxation time, which allowed waves to
propagate at finite speeds. Sherief and Saleh [11]
investigated the problem of a thermoelastic half-
space in the context of the generalized
thermoelastic diffusion theory with one relaxation
time. Singh [12] discussed the reflection wave
phenomena from the free surface of an elastic solid
with generalized thermodiffusion with one
relaxation time and two relaxation times in a later
study [13]. Aouadi [14] studied diffusion in an
infinitely long solid cylinder and in an infinite
elastic body with a spherical cavity [15]. The
uniqueness and reciprocity theorems for the
equations of a generalized thermoelastic diffusion
problem in isotropic media were proven by Aouadi
[16] on the basis of the Laplace transform method.
Kumar and Gupta [17] studied the wave
propagation at the boundary surface of an inviscid
fluid under thermoelastic diffusion. Recently,
Othman et al. [18] analyzed the effects of diffusion
on a two-dimensional problem of generalized
thermoelasticity in the context of the Green-
Naghdi theory. Deswal and Choudhary [19-21]
also analyzed a two-dimensional thermoelastic
diffusion problem using the same theory. Kumar
and Kansal [22] discussed the propagation of
waves on the free surface of a transversely
isotropic body under generalized thermoelastic
diffusion. Kothari and Mukhopadhyay [23, 24]
investigated thermoelastic diffusion inside a
spherical shell under three different theories.
Wang et al. [25] studied the thermoelastic dynamic
solution of a multilayered spherically isotropic
hollow sphere for spherically symmetric problems.
Such a body is said to possess transverse isotropy
about any radius vector drawn from the center to a
given point of material. Recently, several
researchers, including El-Sayed [26], Karmakar
and Kanoria [27], and Bhattacharya and Kanoria
[28, 29], have used the elasto-thermodiffusive
response to solve several problems. In addition, a
few remarkable works on  generalized
thermoelastic diffusion have been published [30-
33].

In the present analysis, we study the
generalized thermoelastic diffusion in a
transversely isotropic two-dimensional
thermoelastic medium subjected to a prescribed
temperature and chemical loading in which the
boundary is free of traction. The analysis compares
the thermoelastic diffusion model with two
relaxation times, also known as the Green-Lindsay
model with diffusion (GLD), and the thermoelastic
diffusion model with one relaxation time, also

known as the Lord-Shulman model with diffusion
(LSD) for a thermodiffusive medium. Introducing a
normal mode analysis, the governing equations
have been expressed and solved in terms of normal
modes. The numerical estimates for the thermal
stresses, temperature, mass concentration, and
chemical potential have been computed for a
copper-like material and depicted graphically; the
most significant points arising from our analysis
have also been highlighted. In the absence of
thermodiffusion, the LSD and GLD have been
compared with the Lord-Shulman (LS) heat
transfer model and the Green-Lindsay (GL) heat
transfer model.

2. Formulation of the Problem

We consider a transversely isotropic elastic
medium in a two-dimensional xy plane subjected
to thermal and chemical loadings on the planey =
0. The displacement components x#and v in the x
and y directions are given as:

u=u(xy,t), v=v(xy,t) M

The stress-strain temperature relations for the
present problem are given as:

O-X'x = Cllexx + Clgeyy - ﬁl (T +

7,T) = B,(C +7C) (2)
o, =Che, +Che, —B(T+7,T)-
B,(C+7'C), )

Oy :(C11 —Clz)exy. 4)
where C;;(i,j =1,2) is the elastic coefficient,
0;;(i,j = 1,2) is the stress tensor, e;;(i,j = 1,2) is
the strain tensor, 5; and S, are the tensors of
thermal and diffusion moduli, respectively, and 7,
and 7! are the thermal and diffusion relaxation
times, respectively.

The equations of motion in the x and
ydirections are given by:

C 62U+C11_Clz 62u+Cn+Clz v _
U ox? 2 oyt 2 oxoy (5)

ou 0 : :
pﬁ— 15(T+TIT)—ﬂ2&(C+z’1C),

¢, —C, v + v +Cll +C, du _
2 11 2
82%/ 0x . 6);) , 2 ” 6X113é/) (6)
— B —(T+1,T)-B,—(C+7'C),
p@tz Loy ! 2oy

where p is the density.
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The heat conduction equation corresponding to
the problem, introduced by some unified
parameters, is defined as:

KV?T = pc, (T + aoT) + Ty By (1 +

x%) (Z—:+g—;)+cT0(C+alﬁ) (7)
where «a, and «, are the thermal and diffusion
relaxation times satisfying the relations 7; > oy >
0and ! > a; > 0.Fory = 0 from Equation (7), we
have the GLD model. However, if ¢y = a; = 7, we
have the LSD model in the presence of
thermodiffusion; 7,is the relaxation time for the LS
model.
The chemical potential P is given by:

P = —Bzekk‘l'dC_CT (8)

where cand d are the measures of the thermo-
diffusion effect and the diffusive effect,
respectively. The mass flux n; is given by:

n; = —DP; 9)

where D is the diffusive constant. The diffusion
equation is given by:

DB,V%e + DcV?T + C = DAV?C (10)

The following non-dimensional variables are as
follows:

X' =cnx,y =cny,u’ =cnu, v’ =cynu, t' =
2 1 _ 2071 o A2 [} [
CiNt,T° =CNT, T = CiNTy, @ =CiNay, T =

% P = L
€11’ B2

TB pc
2 _Thr  _ POy 2 _ _
cinag, 0" = Cn,n =70 = -t =

After removing the primes, the above equations
can be written in a non-dimensional form as:

d d A
O =gt @—a) - @ +nd) -~ gy
(€ +110)

u v .
ayy = (ay _a1)£+5_ 6 +1,0)—

(€ +1'C)

_(l4a;—ay\Ou v
7= (5 )(@*&) (13)

where

(12)

4. = C11 - C12
1 2Cy,

a4, = C11 + C12
2 2C,,

Therefore, the equations of motion in the x and
y directions are given by:

et e

(14)
=2 2@ +76) + 2 (C+T0)

(15)
=t O+ T6) + 2 (C+TC)

The heat conduction equation is given by:

V20 = (0 +ayf) + ¢ 14+x2)e
(e
+6(C + o, C)

where

_ ToBt
& = —
_ cBiTy

B2

The chemical potential is given by:

)

P =—ey +a3;C —a,0 a7
The diffusion equation takes the form:
V2e + a,V?0 + a,C = a;V3C (18)
where

_ cCqq

%= B1B2

C11
a = —-—
27 np3p

dCqq
0{3 =
B3

3. Normal Mode Analysis

First, we choose the following equation:
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(w,v,86, 0ij, P, C)(x,y,t) =

, (19)
w*, v, 0% 0%, P, C")(y) exp(wt + iax)

L’
where w is the complex time constant and a is the
wave number in the x direction. Therefore,
employing the normal mode analysis, the above
equations can be written as:

[a;D? — (@* + w?)]u*(y) +
a,iaDv*(y) = ia(1+ 1, w)0*(y) + (20)
ia(1 +t*w)C*(y)

[D? — (a,a® + w?)]v* () +
aiaDu*(y) = (1 + ;w)DO*(y) + (21)
1+ 1'w)DC*(y)

[D? — (a® + w + ayw?)]0*(y) =
ew(1 + yw)iau*(y) + ew(1 + (22)
x®)Dv*(y) + 8w + a;w?]C*(y)

P*(y) = —iau*(y) — Dv*(y) +
a;C*(y) —a,0°(y)

[iaD? —ia®lu*(y) + [D3 —
a’Dlv*(y) + a;[D* — a®]0*(y) = (24)
[a’sDZ - (a3a2 + a,w)]C*(y)

(23)

When we eliminateC* (y) from Equations (20)-
(22) and (24), they can be simplified to the
following:

[a;D3 — ¢4y Ju*(y) = [cy,D* —
calv'®) N (25)
[cs1D? — cpJu*(y) + c53Dv*(y) =
[eaaD? — gl ) (26)
[ce1D* — €62 D% + cg3]u(y) =
[ceaD? — c4510*(¥) + [co6 D> — (27)
ce7D]v*(y)

where

€4y = A% — aya® + w?
¢ = ila(l — ay)

€43 = la(a,a? + w?)
cs; = 6ay(w + a;w?)

cs; = 6(w + a;w?)(a? + w?) —
swa’*(1+1tw)(1 + yw)

Cs3 = @yiad(w + a;w?) + ewia(1 +
lw)(1 + yw)

Csq = ia(l + 1'w)

css = ia(l + t'w)(a® + w + ayw?) —
ia(w+ a;w?)(1 + 1, 0)

Coy = Ay03,Cp = a4 (aza% + ayw) +
az(a® + w?) —a*(1 + ttw)

Ce3 = (a% + w?)(aza? + a,w) — a*

Coa = aqia(l + tiw) +iaas (1 + 1, w)
Ces = apia’(1 + 1tw) +ia(l +
T,w)(a30?% + a,w)
Cos = ia(1l + 11w) — iaa,a;
Ce; = ia3(1 + 1tw) — ayia(aza? +
a,w)
Furthermore, if we eliminate u*(x) and 8*(x)

from Equations (25)-(27), we obtain the following
equation:

DPv*(y) — 311 Dv*(y) +
I, D* v (y) — 333D2v*(}’) + (28)
340" () =0

where

1

~

ST (c54€61C42—Cp6C54a1) [C42 (C61C55 +
Ce2Cs4 T Ce4C51) + Co3C54Co1 —

a1 (C54C67 — C55C66 — C64Cs3) —
C41C66Cs54]

1

~

S22 = (c54C61C42—C66C54A1) [C42 (s4Co3 +
C62Cs5 + CoaCs2 + Ce5Cs1) +
Ca3(Ce1Cs5 + Co2C54 + CaCs1) —
a;(Cs5%67 — Co5C53) — Iss]

1

~

V33 = (€54C61C42—C66C54A1) [C43 (cs4Co3 +
C62Cs5 + CoaCs2 + Ce5Cs1) +
Ca2(Cs5C63 + Co5C52) — Ca1(Cs5C67 —
Ce5Cs3)]

1

Sss = [caz(CssCes +

(€54C61C42—C66C54A1)
Ce5Cs2)]

(a3 —

Sss = C41(C54C67 — C55C66 — Co4Cs3)

The solution of Equation (28) is obtained as:

v*(y) = Z Ri(a,w)e ™ (29)
=1

where k]-z(j = 1,2,3,4) are the roots of the equation
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k8 — S11k6 + Szzk4 - 333]‘72 + 34 =

0

(30)

It can be shown that u*(y) and 8*(y) satisfy the
same equation as follows:

[D8 - SllDG + 322D4 - S33D2 +

N oy e (1)
Saullw (@),0°(n}=0

Thus, the solutions are:
w () =X} R(aw)e ™ (32)
0° () = Xj-1R"j(a, w) e™” (33)

Substituting Equations (29), (32). and (33) into
Equations (25) and (26), we obtain:

R'j(a, w) = pjR;(a, w)

j=1(1)4
R";(a,w) = q;R;(a, w)
Jj=11)4

The mass concentration is given by:

') =Zj-1 BiRj(@ w)e™™” (34)

where

B;

ia 27

1 [alk]g—(a2+w2)}pj
T 1+tle

(35)
1+ le)Qj]:j =1(D4

Furthermore, the chemical potential is given by:

P*() = Zj iR (@, w) e (36)

where

a; = —iap; + ki + a3, — a,1q;
j T 3Pj 19 37)
Jj=1(1)4

Therefore, by substituting Equations (29) and
(32)-(34) into Equations (11)-(13), the stress
components are given by:

Ox(¥) = j*=1[iapj — (a, — a)k; — N,
q; — B;] Ri(a, w)e™™” (38)

oy, (V) = ijzl[ia(a2 —a)p; —k; —
qj - ,3]] Rj(a, a))e_kjy

o) = (F52) Zaalia -
k;p;] R;(a, w)e 5

(39)
(40)

4. Boundary Conditions

The problem is to solve subjected to the
following boundary conditions. The bounding
plane y = 0 is subjected to a thermal loading as
follows:

6(x,y,t) =n(x,t)ony = 0 (41)
The mechanical boundary conditions on the

bounding plane y = 0 are given by:

0y, (x,y,t) = —p(x,t)ony = 0 (42)

0yy(x,y,t) = Oony = 0 (43)

The bounding plane y = 0 is subjected to a
chemical loading as follows:

P(x,y,t) = g(x,t)ony =0 (44)

Employing the normal mode analysis on the
boundary conditions, we derive the following
equations from Equations (41)-(44):

Y3.1q;Ri(a,0) =n* (45)
Z}%=1[ia(az - ‘11)Pj - kj —qj— (46)
.Bj]Rj(a' w) =-p"

4_1lia — k;pj]R;(a, w) = 0 (47)
Yio1aR(a, w) = g* (48)

5. Numerical Results and Discussions

The aim of this section is to present the
analytical numerical results obtained in the
preceding  sections. For the numerical
computations, we have considered a copper-like
material. Since wis a complex time constant, we
have w=wy,+ié and e® =e%!(cosét+
isinét).

The values of the material constants are given
as follows [27, 34, 35]:
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€y, = 1.628 X 10" Nm=2
Ci, = 0.632 X 10" Nm=2
€y = 0.508 X 101 Nm=2
Cs3 = 0.627 X 101 Nm 2
Cpa = 0.770 X 101 Nm=2
a, =1.78 x 105K 1

a. =198 x 10™*m3Kg~!

6, = 293K
w, = —0.5
&=1
Pr=—4
n* =55
gr=14
a=1

B; = 5.5889 X 106Nm~2deg™!
B, = 6.72737 x 10’Nm™2 deg™?,
K =405Wm ldeg™?,

D =0.95x 10"8kgsm™3
c=09x10*m2?s™2K!
d=0.6X10°m°Kg~ts?

The hypothetical values of the dimensionless
relaxation time parameters are:

a, = 0.01
7, = 0.02
a; =0.1
1 =0.2

Figs. 1-7 have been plotted to study the effect of
thermodiffusion on the thermophysical quantities
when x = 0.2 and t = 0.4 for the thermoelastic
diffusion model with two relaxation times (GLD)
and the thermoelastic diffusion model with one
relaxation time (LSD). In these figures, the
continuous lines correspond to a thermodiffusive
medium (WD) and the dotted lines correspond to a
without thermodiffusive medium (WOD) for the GL
model of heat transfer and the LS model of heat
transfer.

Fig. 1 depicts the variation of the displacement
component u with respect to yfor x = 0.2 at time
t = 0.4. The figure shows that the displacement
attains its maximum magnitude at y = 0; asy

increases, the magnitude of udecreases and
reaches zero for both the LS and GL models. In
addition, the magnitude of uis larger for the GL
model than the LS model. Furthermore, as seen in
the figure, the magnitude of ucorresponding to the
GLD and LSD models is greater than that of the GL
and LS models.

7 —=— GL(WD)
6 | —=—LS(WD)

---8--- GL(WOD)
> —--x--- LS(WOD)
u4

2.5

Fig. 1. Variation of u with respectto y fort = 0.4 and x = 0.2

Vil
—s— GL(WD)
3 —=— LS(WD)
X ---8--- GL(WOD)

2.5

Fig. 2. Variation of v with respect to y for t=0.4 and x=0.2.

14
12 4 —s— GL(WD)
—— LS(WD)
10 1 ---s--- GL(WOD)
8 - -—-3--- LS(WOD)
e 1
6 -
4 -
2 A .
0 R Zoc-p

0 0.5 y 1 1.5 2
Fig. 3. Variation of 8 with respect to y for t=0.4 and x=0.2
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Fig. 2 shows the variation of the displacement
component vwith respect to y when x = 0.2 and
t = 0.4 for both models. From the figure, we can
observe that the vertical displacement v attains its
maximum magnitude on the plane y=0;
asyincreases, the magnitude of v decreases.
Furthermore, due the presence of thermodiffusion,
the magnitude of v is greater for the GLD and LSD
models than for the GL and LS models. For both the
diffusive medium and the elastic medium, the
magnitude of vfor the GL model is greater than that
of the LS model.

Fig. 3 depicts the variation of the temperature 8
with respect to y for both the LS and GL models for
WD and WOD when t = 0.4 and x = 0.2. The figure
shows that the magnitude of 8 on the plane y = 0
satisfies the thermal boundary condition of our
problem as given in Equation (41). Furthermore, in
the LS model, the magnitude of 6 increases for the
interval 0 < y < 0.2 to attain its maximum value
at y = 0.2 in the diffusive medium, and then
decreases sharply as yincreases. However, in the
GL model, the smoothness in the profile of 6 is
revealed. The presence of thermodiffusion has a
tendency to increase the magnitude of the profile
of the temperature field.

Fig. 4 shows the variation of the stress
component g, with respect to distance y when ¢t =
0.4 and x = 0.2 for the thermoelastic diffusion
model with one relaxation time (LSD) and the
model corresponding to two relaxation times
(GLD) against the LS and GL heat transfer models.
It is observed that oy, has a value of zero on the
planey = 0 for both models, which satisfies the
mechanical boundary condition of the problem
given in Equation (43). The figure also shows that
the magnitude of a,, is greater for the diffusive
medium than for the elastic medium. The decay of
the magnitude of o,,, is also faster for the elastic
medium (WOD) than the diffusive medium (WD).

Fig. 5 depicts the variation of the stress
component o,,, against distance y for x = 0.2 and
t = 0.4. As shown in the figure, oy, attains its
maximum magnitude on the plane y = 0 where the
pressure is given and the magnitude of o,
decreases as y increases. The decay of 0, is faster
for the elastic medium (WOD) than for the diffusive
medium (WOD).

Fig. 6 shows the variation of the chemical
potential Pagainst the distance yfor t = 0.4 and
x = 0.2for both the LS and GL models in the
presence and absence of thermodiffusion. As
shown in the figure, for the LS model, the chemical
potential increases for the interval 0 < x < 0.2 and

then decreases sharply asy increases. However, the
decrease of Pis slower in the GL model than in the
LS model. Furthermore, because of the presence of
thermodiffusion (GLD and LSD), the magnitude of
Pbecomes less in the elastic medium (WOD) than
in the diffusive medium (WOD) for both the GL and
LS heat transfer models.

0 05 y 1 15 2
0 : ' : '
05 - 7
g
\ A
ol | B A —=—GLwWD)
Xy l‘h /El'/ll —— LS(W D}
15 - ."_./x ---8--- GL{WOD)
7 ---x--- L S(WOD)
-2 4
-2.5 -

Fig. 4. Variation of o,,, with respectto y fort = 0.4 and x = 0.2

0

05 -

15 -

oyy ——GLWD)

o5 —— LS(WD)
---g--- GL(WOD)

35 | -==x--- LS(WOD)

45 -

Fig. 5. Variation of o, with respect to y for t = 0.4and x = 0.2

2.5 +

Py —e— GL(WD)
f '.‘ —— LS(WD)
\ ---8--- GL(WOD)
---x=-- LS(WOD)

0 0.5 1 y 15 2 25

Fig. 6. Variation of P with respectto y fort = 0.4 and x = 0.2
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Fig. 7 shows the variation of the mass
concentration C for t =0.4 and x = 0.2. The
presence of thermodiffusion has a tendency to
decrease the magnitude of the profile of C for both
the LS and GL models.

Figs. 8 and 9 depict the variation of the shearing
stress oy, and temperature 6 for the LS model in a
diffusive medium (WD) for different values of yand
t when x = 0.2. It can be observed that as time
increases, the magnitudes of the profiles of the
shearing stress and the temperature distribution
also increase, which supports the physical fact.

6. Conclusion

In the present analysis, the classical Fick’s
diffusion law is replaced by a generalized
expression that involves two relaxation times. It
allows a delayed response between the relative
mass flux vector and the potential gradient. A two-
dimensional transversely isotropic
thermodiffusive medium has been considered in
the context of the LSD model and the GLD model of
generalized thermoelasticity. All the figures exhibit
the different peculiarities that occur during the
propagation of waves. The conclusions may be
summarized as follows.

o The presence of thermodiffusion has a tendency
to increase the magnitude of the profile of the
displacement components, temperature, stress
components, chemical potential, and the mass
concentration within the medium.

e The magnitude of the displacement
components are greater for the GL model than
the LS model of generalized thermoelasticity.

e As time increases, the magnitudes of the stress
component and temperature also increase,
which occurs in the real situation.

10 -
d —— GL(WD)
8 % —— LS(WD)
N\ ---8--- GL(WOD)
6 % ---x--- GL(WOD)
Ca
2
0

Fig. 7. Variation of C with respect to y for t=0.4 and x=0.2

(1]

(2]

(3]

[4]

(5]
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Fig. 9. Profile of 6 with respect to y and t when x = 0.2
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