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In this article, an exact analysis of compressors spool in a turbojet engine has been investigated.
The spool is modeled as a rotating thick-walled hollow circular cylinder with free-clamp ends. It
is subjected to centrifugal load due to its constant rotational speed, uniform internal and external
radial loads and arbitrary thermal gradients. The analysis is initially investigated for the homoge-
neous state. Then FGM state is investigated to improve the safety factor of the spool. In order to
calculate the safety factor, Von-Mises criterion has been used. In FGM state, thermoelastic proper-
ties of material would vary in radial direction. The function of these properties changes is as-
sumed exponential. To obtain the highest safety factor, the numerical optimization method has
been used and the optimal results have been compared with the homogeneous state. To drive the
relations for free-clamp ends boundary condition, at first spool is considered clamp-clamp ends.
Then, the effect of releasing one of the ends has been calculated and finally, using the principle of
superposition, the results for clamp-free ends state has been investigated. In addition, the effect
of changing the non-homogeneous coefficients, spool rotating speed, radial loads and thickness
on the safety factor are investigated. Increasing the thickness and radial loads would lead to a
change in the optimal coefficient and would result in reducing the safety factor of optimum state.
The results showed that utilization of FGM state with optimal coefficient could significantly in-
crease the safety factor and reduce displacements. Furthermore, increasing the rotation speed
and radial loads would result in a change in the optimal non-homogeneous coefficient and reduce

its equivalent safety factor.
© 2019 Published by Semnan University Press. All rights reserved.

1. Introduction

In recent years, with the increasing growth of
various industries and the development of advanced
industrial compressors, axial compressors have
been widely used in many industries such as
aerospace, turbines, reactors and other rotary
machines. One of the rotating parts in this type of
compressors is a spool, which is very important due
to the thermo-mechanical loads applied on it. The
spool is a rotary structure that in recent years has
been widely used in various sectors such as
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aerospace industries and nuclear facilities and has a
very similar geometry to a thick-walled circular
cylinder. This structure is under thermo-mechanical
loads. Analysis of compressors rotating spool
stresses and obtaining reliable safety factor is very
important in the design of a turbojet compressor.
One of the methods for increasing the safety factor
is changing the basic material of structures. A bunch
of useful materials are FGM materials with a non-
homogeneous coefficient which is suitable for
redesigning a spool with a higher safety factor. FGM
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materials are special types of composites and their
properties can change steady and slowly in one or
more arbitrary directions. These materials have
high mechanical strength at high temperatures
against applied loads, that makes them an
appropriate selection in the above activity.
Analytical solution for rotating thick-walled hollow
circular cylinder problems has been investigated in
most standard elasticity books such as Nadai [1],
Timoshenko and Goodier [2] using the plane strain
assumption. Using Kirchhoff-Love hypothesis, Lamé
[3] presented an analytical solution for thick-walled
cylinders under both inner and outer pressures.
Fukui and Yamanaka [4] studied the elastic problem
of thick-walled tubes of an FGM under internal
pressure assuming the plane strain. Using the
infinitesimal theory of elasticity, Tutuncu and
Ozturk [5] presented an exact solution for obtaining
stresses and displacements in FG cylindrical and
spherical vessels subjected to internal pressure.
Rooney and Ferrari [6] investigated an analytical
solution for FGM cylinders under tension and
bending and concluded that by changing the
modulus of elasticity, they could improve the
cylinder behavior in tension and bending. Galic and
Horgan [7] developed an analytic solution to
axisymmetric problem of an infinitely long, radially
polarized, radially orthotropic piezoelectric hollow
circular cylinder rotating about its axis at a constant
angular velocity. Tutuncu [8] obtained a tractable
solution rather than numerical results to allow for
further parametric studies. Stress and displacement
solutions in the form of power series are presented
in FGM thick-walled cylinders with exponentially-
varying elastic modulus in the radial direction.
Khoshgoftar et al. [9] presented an analytical
solution for FG thick cylinders with Finite length
under longitudinally non-uniform pressure. Zamani
Nejad et al. [10] provided a semi-analytic solution
for determining the stresses and displacements in
rotating cylindrical shells with a variable thickness
under uniform pressure. Ghajar et al. [11]
investigated the thermo-visco-elastic response for
symmetric FGM rotating thick cylindrical pressure
vessels under arbitrary boundary and initial
conditions using finite element methods. Nejad et al.
[12] investigated an elastoplastic analysis of
rotating thick-walled cylindrical pressure vessels
made of FGMs. The stresses in plastic fields and
displacements were obtained using the Tresca
criterion. Arefi et al. [13] investigated the thermo-
elastic analysis of a rotating hollow cylinder made of
arbitrary FGMs. System responses were obtained for
temperature distribution, radial displacement and
radial and circumferential stresses in general state.

Jabbari et al. [14] presented a comparative study of
thermoelastic analysis given for material properties
and disk thickness profiles using the Lamé problem
subjected to body force, internal and thermal loads.
Anani and Rahimi [15] investigated a rotating
cylindrical shell made of functionally graded
incompressible  hyperelastic  materials using
hyperelastic theory. This analysis was based on two
main assumptions; material was incompressible and
material properties vary only in radial direction of
the cylinder. Afshin et al. [16] studied the transient
thermoelastic analysis of FGM rotating thick
cylindrical pressure vessels under arbitrary
boundary and initial conditions using an exact
solution and compared it with numerical results
from previous studies. Gharibi et al. [17] performed
an elastic analysis of FG rotating thick cylindrical
pressure vessels with exponentially-varying
properties using power series method of Frobenius.
They finally compared the effects of the changes in
some of the parameters, such as rotation speed in
their results. Jalali and Shahriari [18] presented an
elastic stress analysis of rotating variable thickness
annular disk made of FGM using finite difference
method. They investigated the effects of various
geometric and material properties on the stresses
and radial deflection. Khorsand et al. [19] presented
a method to see the weight optimization for FG
rotating disks with variable thickness under
thermoelastic loading. In this analysis, they used a
combination of a coevolutionary particle swarm
optimization (CPSO) approach coupled with a
differential quadrature (DQ) method applied to
obtain the minimized stress and displacement fields
through the geometry of the disk. Hosseini et al. [20]
studied the strain effects on the thermoelastic
analysis of a functionally graded micro-rotating
cylinder using GDQM. NKene et al. [21] evaluated
the displacements, strains, and stresses of in an
inhomogeneous rotating hollow cylinder made of
functionally graded materials under axisymmetric
radial loadings using the shooting method and the
fourth order Runge-Kutta algorithm. Parhizkar et al.
[22] studied the stress and active control analysis of
functionally graded piezoelectric material cylinder
and disk under electro-thermo-mechanical loading.
Mehditabar et al. [23] analyzed a functionally
graded piezoelectric rotating hollow cylindrical
shell subjected to thermo-elastic dynamic loads.
Hussain et al. [24] studied the thermo elasto-plastic
analysis of rotating axisymmetrical bodies in terms
of modified von-Mises yield criterion.

In this article, analyzing and redesigning a spool
with a coefficient for properties function in an axial
compressor has been studied. In order to investigate
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the spool according to its structure, a thermoelastic
analytical solution is performed for a rotating spool
in an axial compressor made of FGMs under internal
and external loading with free-clamp ends. The
material properties are assumed to vary nonlinearly
in the radial direction and the Poisson’s ratio is
assumed constant. At first, differential equation of
motion for FGM material is derived by assuming the
properties functions exponentially and thermal
gradients as an arbitrary function of radius. Then
the equation is solved analytically using MATLAB.
Stresses and displacements were initially calculated
in clamp-clamp ends boundary conditions. Then,
separately, the effect of the releasing one of the ends
was investigated and the spool stresses and
displacements in free-clamp ends condition were
calculated using the principle of superposition.
Then, the governing thermal differential equation of
the spool was solved and the response was replaced
with arbitrary thermal function considered at first
stage of the analysis. After calculating the
displacements and stresses applied to spool, using
the numerical optimization method, the non-
homogeneous coefficient, which leads to the highest
safety factors, was calculated. In addition, changes
in the values of different parameters affecting the
stresses and displacements, including rotation
speed, magnitude, and type of loading on external
surface in the same working conditions on optimal
non- homogeneous coefficient have been
investigated.

2. Mathematical Formulation

Fig. 1 shows a front view of a spool in an axial
compressor. The spool has an inner and outer radi-
us and is under internal and external uniform radial
loading represented by, r;, 1, P; and P, respectively.
In addition, the spool is rotating with constant angu-
lar velocity around its axial direction. However, due
to the axial symmetry in the properties distribution
and geometry, it was assumed that the radial dis-
placement is only a function of the radius (u=u(r))
and the circumferential displacement and shear
stress would be ignored.

By applying equilibrium relations in radial direc-
tion, the governing equilibrium equation of motion
in the spool was obtained as:

do, 0,—0g
+——+pro*=0
dr r p

(D

in which, g, and oy are the radial and circumferen-
tial stresses respectively; also, p and w respectively
correspond to the density and rotation speed of the

spool. In Eq. (2), the compatibility equations, repre-
senting the relations between strain and displace-
ments, are shown after applying the plane strain
assumption:

du u d
&g=— &eg=— & £Z=—W=0 (2)
r dr

where ¢g,, &y and ¢, are normal strains in radial, cir-
cumferential and axial directions, respectively. Fur-
thermore, u, v and w are displacements in radial,
circumferential and axial directions, respectively.

Using the plane elasticity theory for infinitesimal
displacements under plane strain assumptions, the
constitutive equations representing the thermoelas-
tic relations between strains and stresses are writ-
ten simpler for homogeneous and isotropic materi-
als, known as Hooke's relationships as follow:

_ L [t o+ + 5

O-T_E1+V1—2V & €o & &
T

v

=m[m£r+£9+£z+£t]

aT(r)

(3)

Og

1—-2v

E v
az=1+v[—1_2ver+£9+ez+sz]

aT(r)

1—-2v
where v is Poisson’s ratio, E is the modulus of modu-
lus of elasticity, a is the thermal expansion coeffi-

cient, and T(r) is heat distribution function, which is
assumed to be arbitrary and a function of radius.

Fig. 1. Axial Compressor spool front view
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By substituting Eq. (2) into Eq. (3), the relations
representing the stresses in terms of displacement
as the following expression could be obtained:

E
A+vad-—20"

[(1 —v) Z—’: + v% —(+ v)EaT(r)]

o, =

E
=T )
[ —+1- v)— -1+ v)EaT(r)]
Ev du u
2T A+ v —2v) E"L?]
1 _EZVaT(r)

In the following, considering the spool proper-
ties function in FGM state, including the modulus of
elasticity, density, thermal expansion coefficient,
thermal conductivity and yield strength, which is
considered as an exponential function and variable
in radial direction as follows:

s 2)

p(r) = p; (g)m

a(r) =aq; (%)m ()
k(r) = k; (%)m

o, (r) = Iy, (;l)m

where, E;, p;, a;, k; and ay, respectively, are the
modulus of elasticity, density, thermal expansion
coefficient, thermal conductivity, and the yield
strength at inner radius, m is the non-homogeneous
coefficient and is considered to have a constant val-
ue. Also, 7; is the inner radius of the spool. By substi-
tuting Eq. (5) into Eq. (4), the relationship between
stresses and radial displacement for the FGM spool
with the exponential properties function would be
obtained as follows:

_vu (r)

or = (21/—1)( ) [( r

a;E; (Z)z T(r) (6)
* 2v—1

5 ()

%= D +1)

[( i, 0 v)u(r)]

a;E; (T_l)Z T(r)
* v—-1
vE(7) [d_u u(r)

%= Qv-1DW+1)|dr T
2m
2vaE; (TLL) T(r)
+ 2v—1

Substituting Eq. (6) into Eq. (1), the differential
equation of the motion in FGM spool is obtained as
follows:

d?u du
r’——+r(1+m) a

dr?
(1 —v(m+1)) )
pir3w2(v +1DA-2v) v+ Dag; ()
E,(1-v) S A-wr"
T‘m+2dT(T) m+1 —
{T + 2mr T(r)} =0

By solving the differential Eq. (7) exactly by us-
ing mupad parametric coding in MATLAB, radial
displacement could be obtained as follows:

Ca4s

riH
+A3J 7”2(1/+1)A1

— | —f———ar

Hln riay) 8

As j r : (v+1)A1
CrHyH A, dr

u(r) = €145 —

where A;, A, and A, are:

A, = Qv —1priw? <;>m
+Ea (r )zm [rdT(r) 2m(T(r))]

i d
Ay =Ei<%) 1-v)

H-m

A3 =71 2

In addition, in Eq. (8) and Eqg. (9), H is a constant
value and is:

9)

(10)

4v+4mv+miv—m2—4
B v—1

In Eq. (8), C; and C, are integration constants
and will be determined according to the boundary

conditions. By substituting Eq. (8) into Eq. (6), the
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radial, circumferential and axial stresses are ob-
tained as follows:

oy = (3233) X
B, (Bs + C,)(H + By)
{(T) (BtCy) = HrH+1 }
VvB,B; \ ([Hr¥ (B, + C;) — (Bs + C,)]
B (r(l - v)) HrH
vB, B,
% = ((1 — v)) %
(Bs+C)(H+By) (B
(BB MG} v
B,B;\ ([Hr" (B, + C1) — (Bs + C,)]
* ( T ){ HrH }
o, = (%) [-HB,r1(B,+Cy) +
(Bs + C,)(H + By)
HT'H+1
[Hr" (B, + C;) — (Bs + C,)]
HrH ]
where the B; parameters are:
B = m—H
) (12)
B, =rB

E(1-v) (ri)m

Qv-1D+1)
B TAL(1+v)rz

Pa= fr HBNTH

Yo 4, (1 )m_+H
o +v)r 2
Bs=f - - 33 d

B3=

r

Ti
where 7, is the spool outer radius. To determine the
C, and C, constants, considering that the spool is
under uniform internal P; and external loads P, at
the inner and outer radius, respectively. Therefore,
the boundary conditions are as follows:

@r=r->0.=P

@r=r1,-0,.=P (13)

Substituting Eq. (13) into Eq. (11) gives a linear
system of equation consists of missing constants (C;
and C,). By solving the equations system, the inte-
gral constants are determined as follows:

B 2v-1Dv+1) (14)
VSTEDD,

H+m+2
H+m+2 Dlro

D1y 2 —
3% (L)ml
Ti

_2H@v D+ D) (15)
o E;D,D,

° H+m+2
Doy H H+m+2 Dlri 7, 2
slo 17 2 - N

(Ti)

where D;, B; and A; can be extracted in Egs. (16),
(12) and (9), respectively.

()"

v-1DWv+1)

{rOWDB (o) (m—_Hﬂ

_ Dy(2v+ (m+ H)(v — 1))}

D; =+

+ P,

o

H+m+2

2Hr,
a; (TL) EiT(ro)
T (v-1)
D,=rf—rH
_ P —aET(r) (16)
37 v-1)
Dy=2v+(ml+H)(v—-1)
Dg =2v+ (ml— H)(v -1
D, = E,(1 —v) (r)

l
D7 = T'EDE;H
2

ToA, (14
D8=j 1( v)r d

D, "

T -
D, = jr°A1(1+v)r 2 p
Ti D6

By substituting the calculated C; and C, into Eq.
(8) and (11), radial displacement and stresses in
clamp-clamp condition could be obtained, respec-
tively. In addition, von Mises criterion was used to
calculate the equivalent stress.

It is obvious that by setting the non-
homogeneous constant (m) zero in Eqgs. (8) and
(11), respectively, radial displacement and stresses
can be calculated for a homogeneous state.

In free-clamp ends boundary condition, given
that there is no external axial force to satisfy the
axial stress g, in Eq. (11), and on the other hand,
according to the stress distribution shown in Fig. 2
which is set for free-clamp ends condition, Eq. (11)
is not able to show the real axial stress for the spool.
Therefore, in order to satisfy the equilibrium equa-
tion in axial direction, the effective axial stress

r
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which represented by o, should have the axial force
in each section and must be perpendicular to the
axial direction and in a distance far enough from
clamp end should be zero. Therefore, the pure axial
load across the entire cross section must be zero.
For the surface element shown in Fig. 2, the follow-
ing equation must be established [25].

F', = f o',dA = 2nfa’zrdr (17)
where F',,0', and dA are axial loading, axial stress
with free ends and elements cross-section area, re-
spectively.

To satisfy this equilibrium condition in axial di-
rection, a new system of stresses a,, g, and d, must
be superposed to the system of stresses g,, gy, and
o0, which were calculated earlier. This new system of
stresses fulfilling all conditions must be the follow-

ing:

G =0,=0 (18)
0, = Constant
It is obvious that the radial and circumferential
stresses would not change with the superposition of
these two stress systems, while the effective axial
stress o', will be given by the sum of stress g,
which is distributed on the generic cross-section
according to a nonlinear function of the radius and
satisfies the plane strain state assumption (g, = 0),
and of stress &, which is distributed uniformly on
the same section, so that the latter can remain plane
and perpendicular to the axis in compliance with the
assumption (2) of a strain state characterized by a
uniform axial translation of a generic cross section.
In this case, assumption which makes it possible to
write the following relation is as follows:

¢, =¢,+& =& = Constant (19)

X
~

a; ?U}:aﬂ-ﬂ

Fig. 2. Axial stresses in a rotating spool: (a) element area of the

N

\
\\4

cross section away from the ends; (b) axial stress g, with
clamped ends (c) uniform stress &, (d) axial stress g, with free
ends [25]

To determine o', Eq. (17) could be utilized by
setting the relation below:

0o,=0,+0, (20)
Moreover, by substituting Eq. (20) into Eq. (17):

To

(o, +a,)rdr=0 (21)
Ti

By integrating the Eq. (21), 7, is calculated. Then
substituting o, (Eq. (21)) and o, (Eq. (11)) into Eq.
(20), the effective axial stress of the spool in free-
clamp ends condition can be calculated. Also, by
substituting Eq. (2) which results in w = z¢,, into
Hooke's relationships (Eq. (3)) and Eq. (10), axial
and radial displacements can be calculated, respec-
tively.

3. Thermal Equation

According to the small differences between the
spool temperature at the ends (free end against
clamped end), the thermal distribution can be as-
sumed as one-dimensional heat conduction. In the
steady state case, the heat conduction equation for
the one-dimensional problem in cylindrical coordi-
nates would be simplified to [26]:

0 oT
_ —) = 22
or (kr 6r> 0 (22)

To solve the thermal differential equation, the
thermal boundary conditions for an FGM hollow
cylinder is given as:

ar
@r=ri—>ka=hi(T—Ti) (23)
ar
@r=ro—>—ka=ho(T—To)

where T; and T, are the temperatures of the sur-
rounding media, h; and h, are the heat transfer coef-
ficients and subscripts i and o correspond to inner
and outer surfaces, respectively. The general solu-
tion of Eq. (22) considering the thermal transfer
coefficient for FGM state (Eq. (5)), and boundary
conditions (Eq. (23)) is:

Tir+T,

T(r) = T

(24)
where {3 is dimensionless radial coordinate and con-
sidered as follows:

Ti
B == (25)

o
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T, —T,
p (=)
mr;
_ki(Ti+To)+kT< 1 1)
2 rih; v roho_rihi
1 1\ (1-g™
)
3=k rihi+roho L

4. Safety Factor Optimization

It is obvious that considering any arbitrary non-
homogeneous coefficient (m), will result in unique
stresses and displacement distribution in the spool
analysis. So, in order to find a specific coefficient
which leads to the highest safety factor, using an
optimization method is recommended. One of the
optimization methods widely used for functions
with limited domain range is numerical method. In
this method, initially due to the limited function
range, instead of analysis for all continuous points
which are infinitive in domain range, there is a need
to analyze n times for n discrete points selected in
positions with same distance in domain range and
the point leading to best safety factor has been in-
troduced as an optimized non-homogeneous coeffi-
cient. Obviously, using more discrete points with
less distance would lead to answers much closer to
reality. In this method, increasing the discrete
points will be continued until convergence of the
solution occurs. Hence, obtained stresses and dis-
placement distribution in FGM state is coded in
MATLAB and the optimized m constant leading to
highest safety factor would be found.

Note that yield strengths for homogeneous ma-
terials are constant and for FGM materials would be
calculated according to Eq. (5).

5. Spool Analysis

To analyze the spool in axial compressor, it is
modeled as a rotating thick-walled cylinder with
free-clamp ends. Analytical solution for determining
the stresses, displacements, and strains for both
homogeneous and FGM states were explained in
Section 2. In order to analyze the existing spool, ge-
ometric and thermo-mechanical characteristics
were considered as follow: internal and external
radius of the spool are 40cm and 48cm, respective-
ly; the spool length is 40cm and has a uniform rota-
tional speed of 16200 rpm. The temperature at the
inner and outer surfaces of the spool are 4 °C and
50°C, respectively. The spool is also selected as
Ti6Al4V-Annealed (Grade V). In this way, the modu-
lus of elasticity is 119 GPa, density is 7860 Kg/m?3,
Poisson's ratio is 0.31. The thermal expansion coef-
ficient is 6(107°)1/ C, and the yield strength is

1100 MPa. It was also assumed that there is no heat
transfer taking place between the inner and outer
surfaces with the surrounding medium (h; & h, =
o). After calculating the results for homogeneous
state, the numerical method was used to find the
optimal non-homogeneous coefficient leading to
highest spool safety factor. The non-homogeneous
FGM coefficient is an arbitrary value considered in
limited and different domain ranges according to
previous studies [15], [27] and [28], the range is
always between -10 to 10. Here, to ensure that a
more complete range is investigated, the wider
range from -50 to 50 has been considered. Accord-
ing to numerical method, the distance between the
solving points has started from 1. By reducing dis-
tance at each step, in points with distance of
1/10000, the convergent optimal coefficient has
been calculated. Fig. 3, shows changing the spool
minimum safety factor for the selected non-
homogeneous coefficient in a finite range of -50 to
50 for points with distance of 1/10000. Obviously,
the positive coefficients are not suitable for consid-
ered spool at all, and choosing positive coefficients
leads to safety factors less than one, resulting in
failure of the spool. The highest safety factor will
appear in the negative region and with the value of -
8.975. For this coefficient (optimal FGM state), the
calculated safety factor is 5.058, which shows a
477.16% improvement in comparison with the safe-
ty factor in homogeneous state (1.06). It is also clear
that with the departure of the selected coefficient
from optimal coefficient (-8.975), safety factor will
be reduced greatly, reaching the coefficients -20 and
+0.4 will put the spool at its critical level (S = 1).
Therefore, due to the constraints and limitation on
FGM fabrication, the FGM material with a non-
homogeneous coefficient was selected which is clos-
est to the theoretical calculated optimal coefficient
(-8.975).

6
= Spool of Axial Compressor
Critical Factor of Safety

—
T

w

min Factor of Safety

(]

0
-50 0 50

m

Fig. 3. Determining the optimal FGM Spool using the numerical
optimization method with the discrete points distance of
1/10000
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Fig. 4 presents the distribution of optimal FGM
properties. It could be seen that all properties are
decreasing along radius.

Fig. 5 presents the distribution of radial stresses
of spool in homogeneous and optimum FGM states.
In addition, Fig. 6 presentsthe distribution of cir-
cumferential stresses of the spool in homogeneous
and optimum FGM states. It is clear that the inner
surface of the spool is under higher stresses in com-
parison with outer surface, and the maximum value
of circumferential stress in optimal state has de-
creased extremely (over ten times) in comparison
with homogeneous state. Fig. 7 indicates the distri-
bution of axial stresses of the spool in homogeneous
and optimum FGM states. It could be seen that be-
havior of stress distribution in optimal state has
changed in comparison with homogeneous state. In
homogeneous state, axial stresses are mainly in ten-
sile region, while in optimal state, they are mainly in
pressure region. Axial stress behavior is ascending
in optimal state, stresses are located in pressure
region and along with increasing radius, the stress
value forwarding to zero and this shows that opti-
mal axial stresses decreased in comparison with
homogeneous state.

o
B
8

— (E/(10%)) (GPa)

== (a*(10%) (1/° C)
(k*(10%) (W/Am.K))

LY — (p/(10)) (Kg/m®)

>
S
3

3
1=
S

’

600

%)
=3
S

Optimum FGM Properties distribiution

Fig. 4. Determining the optimal FGM Spool using the numerical
optimization method with the discrete points distance of
1/10000

——Optimum FGM
| = = Homogeneous

o (MPa)

1 1.05 1.1 1.15 1.2

r/r.
1

Fig. 5. Distribution of radial stresses in homogeneous and opti-
mal FGM states

1200

—— Optimum FGM
- - = Homogeneous

1000 iy

800 [

600 [

0, (MPa)

400

200

Fig. 6. Distribution of circumferential stresses in homogeneous
and optimal FGM states

40 T
L = Optimum FGM
30 = = = Homogeneous
N
20t Tag

o, (MPa)

VA

1 105 L1 115 12
1/t
Fig. 7. Distribution of axial stresses in homogeneous and optimal
FGM states
Fig. 8 shows the distribution of von Mises stress-
es of spool in homogeneous and optimum FGM
states. After changing the spool homogeneous mate-
rial into optimal FGM more than 5 times reduction
in maximum value of von Mises equivalent stress is
expected. Furthermore, in the spool, the stresses at
internal surface are higher than those of outer sur-
face. The difference between stress values range in
both surfaces is higher in homogeneous state.
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Fig. 8. Distribution of Von Mises equivalent stress in homogene-
ous and optimal FGM states
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Fig. 9 presents the distribution of radial dis-
placement in homogeneous and optimal FGM states.
It is clear that using an optimum FGM will result in a
reduction of about 89.68% within the range of radi-
al displacement. In addition, Fig. 10 presents the
distribution of axial displacement in homogeneous
and optimal FGM states. In both cases, the maximum
axial displacement has negative values and occurs in
free side and it is obvious that axial displacement is
zero in clamped side of the spool. In the optimum
state, the axial displacement is reduced by 54.6% in
comparison with homogeneous state.

Also, Figs. 11 to 13 present the distribution of
radial, circumferential, and axial normal strains of
the spool in homogeneous optimal FGM states. In all
the cases, the results indicate that the optimal strain
values reduced in comparison with homogeneous
strain. In radial, circumferential and axial strains,
the maximum values of strains result for optimal
state have decreased by 37.35, 44.4 and 55%, re-
spectively.
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Fig. 9. Distribution of radial displacement in homogeneous and
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Fig. 10. Distribution of axial displacement in homogeneous and
optimal FGM states
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Fig. 12. Distribution of circumferential strains in homogeneous
and optimal FGM states
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Fig. 13. Distribution of axial strains in homogeneous and optimal
FGM states

Fig. 14 presents the distribution of temperatures
of the spool in homogeneous and optimum FGM
states along radius. In Fig. 15, the effect of the spool
rotation speed variations on optimal coefficient (m)
and equivalent safety factor have been investigated.
Analysis was performed for different rotation
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speeds under the same working conditions. It is
known that in the case which the spool has no rota-
tion speed, the optimal coefficient is -3 and, in this
case, the safety factor is 22.8. By increasing rota-
tional speed, the optimal coefficient decreases but
does not exit from range of -10. In addition, by in-
creasing the speed at each case, the value of safety
factor in optimal state also reduced. Therefore, in-
creasing the speed leads to a reduction in the safety
factor.

In Fig. 16, the effect of changes in the type and
number of blades and subsequently the equivalent
external radial load on an optimal coefficient and
equivalent safety factor has been investigated. Anal-
ysis is performed for different radial loads under the
same working conditions. It is known that similar to
the case of increasing the speed case, increasing the
external radial load (blades equivalent load) will
result in a reduction in safety factor. However, the
optimal coefficient is still negative and is in the
range of -10 to 0. However, it did not have any par-
ticular behavior. For example, by increasing load
from 0 to 50 MPa, optimal coefficient reduced but
from 50 MPa to 100 MPa, it increased.

In Fig. 17, the effect of changes in internal radial
load on an optimal coefficient and equivalent safety
factor has been investigated. Analysis is performed
for different radial loads under the same working
conditions. Increasing the internal radial load will
result in a reduction in safety factor. How-ever, the
optimal coefficient is still negative and is in the
range of -10 to 0 and again, it did not have any par-
ticular behavior.
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Fig. 14. Distribution of Von Mises equivalent stress in homoge-
neous and optimal FGM states
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coefficient at different internal loadings

In Fig. 18, the effect of changes thickness on an
optimal coefficient and equivalent safety factor has
been studied. It can be seen that using more thick
spools would lead to optimal states with fewer val-
ues of safety factor.
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Fig. 18. Change in the spool safety factor by changing the FGM
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6. Conclusion

In this article, an exact analysis of the spool
stresses, displacements, and strains in specified axi-
al compressor has been investigated. The spool was
analyzed under thermo-elastic loads and arbitrary
thermal function. To consider a specific thermal
function applying on the spool, heat conduction
equation was solved and replaced. Obviously, the
above analysis could be used in other thermal func-
tions. In FGM state, the numerical optimization
method was used to calculate the coefficient that
gave the highest safety factor and the distribution of
stresses, displacements, and strains under specific
loading conditions in both homogeneous and opti-
mal states has been investigated. The results indi-
cated an improvement of 477% for a safety factor
for FGM state in comparison with homogeneous
state. Also, the maximum values of radial and axial
displacements for FGM state in comparison with
homogeneous state decreased by 87.44% and
54.6%, respectively. In addition, 89.68% reduction
was observed for obtained optimal equivalent
stresses results in comparison with homogeneous
state. In radial, circumferential and axial strains, the
maximum values of strains for optimal state have
decreased by 37.35, 44.4 and 55%, respectively. The
results show that the optimal coefficient changes
with changing radial loading and rotation speed. For
the considered spool particular geometry, optimal
coefficient was -8.975. Also, it was found that in-
creasing the radial external loading and the spool
rotation speed leads to decrease in the safety factor
or increase in equivalent stresses. In the analyzed
coefficient range, the effect of increasing the blades
loading on reducing equivalent safety factor is high-

er than rotation speed. The results indicate that in-
creasing the internal loading values causes tending
the optimal coefficient from negative values to zero,
but using tensile loading instead of compression,
would cause decrease in rate of optimal coefficient
variations. Furthermore, increasing the thickness
would cause tending the optimal coefficient from
negative values to zero, and the higher thicknesses,
have fewer values of safety factor due to their more
centrifugal loadings.

Nomenclature

oy Radial Stress

Og Circumferential Stress

o, Axial Stress

& Radial Strain

& Circumferential Strain

&, Axial Strain

u Radial Displacement

w Axial Displacement

) Angular Velocity

N Poisson’s Ratio

E Modulus of elasticity

p Density

a Thermal Expansion Coefficient
k Thermal Conductivity

ay Yield Strength

m Non-Homogeneous Coefficient
T Inner Radius of Spool

7, Outer Radius of Spool
B,~B, Stress parameters

P; Uniform Internal Loads

P, Uniform External Loads
C,&C, Integral Constants

Oeq Von Mises Equivalent Stress

A;~A;  Parameters of Motion Equation Solution
D,~Dy  Parameters of Integral Constants

T; Inner Surface Temperature

T, Outer Surface Temperature

h; Inner Heat Transfer Coefficient
h, Outer Heat Transfer Coefficient

B Dimensionless Radial Coordinate
T(r) Thermal Equation
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