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ABSTRACT

Pursuant to the high usage of rotating the disk in aircraft gas turbine engine, turbo pumps in
Rotating FGM disk oil and gas industries, steam and gas turbines in power plants, marine gas turbine and other
Mechanical and thermal industrial rotary machines designing and getting under the mechanical and thermal loading
loading casued this design and analysis to be as a special significance. These disks are subjected to
mechanical and thermal loads. In this article, four methods, variable material properties
(VMP), Galerkin, Runge-Kutta with two different rules compute the amount of displacement,
stress, and strain of a rotary disk, which has been applied from a functionally graded
material (FGM). The problem in dissimilar states of loading and temperature dependence
and independence of the properties has been resolved. Disk properties with the specified
function of radius change. Mechanical loading conditions result from the centrifugal disk and
blades mounted on it and the effects of shaft pressure and thermal stress caused by
temperature difference in the shaft. The results acquired through every four methods are
closed together and can be applied to analyse the problems of this type. Combining all loads,
the most radial stresses and environmental stresses respectively obtained in the center of
the inner and outer radius and inner radius of the disk. Through applying the results can get
most optimal design of the (FGM) disk.

Stress analysis

mechanical loadings as some examples of
eccentricity forces. Designing this disk by applying
FGM materials can lead to generating a disk with
high structure operating. In this way, the exact
analysis of stress and strain of these elements can
lead to a proper design for them.

Sahni and Sahni proposed an analytical
solution to compute stresses made of functionally
graded materials subjected to the wvariable
thickness and external pressure. The Poisson ratio
is taken as constant [1]. B. Arnab worked analysis
of thermoelastic filed in a thin circular

1. Introduction

In recent years, with the increasing growth of
different industries and improvement of industrial
machines and also development of strong engines
in aerospace industries, turbines, reactors, and
other machines, more materials with higher
thermal resistance are required. Functional scaled
materials that would have a proper mechanical
strength under high temperatures against
imposed stresses are nowadays a proper matter
to be applied in above mentioned activities. The
main purpose of designing and production of functionally graded material disk with a
structures is to decrease weight, reduce costs, concentric hole subjected to thermal loads. The
boost the strength, and to have a proper response analysis of the results reveals that the
against imposed stresses. Regarding FGM matter thermoelastic characteristics of an FGM disk is
for each structure, all of the above advantages can substantially dependent on material distribution

be achieved approximately. In order to design
each structure, knowledge about their strength
response in different loading conditions is
required-Consequently, this problem must be
analyzed under dissimilar structure analysis such
as stress and strain analysis in different loadings.
Rotary disk in turbine engine of air gasses is
under strict thermal gradients and strict
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as well as difference of temperatures at the inner
and outer surfaces of the disk [2]. Bayat presented
the magneto-thermo-mechanical response of a
functionally graded magnetoelastic material
(FGMM) annular variable-thickness rotating disk.
It can be observed that despite the radial stress in
a mounted FGM disk subjected to mechanical load
only where it is usually tensile, the radial stress as
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a result of magneto-thermal load in a mounted
FGMM disk can be both tensile and compressive
type [3]. Dai inspected a way to find the
displacement and stress fields in a functionally
graded material hollow circular disk, rotating with
an angular acceleration under a changing
temperature field, are achieved by applying a
semi-analytical approach [4]. Dai examined a
rotating circular disk with variable thickness
under thermal environment [5]. Swaminathan
investigated the effect of variation of material
properties through the thickness, type of load
case, boundary conditions, edge ratio, side-to
thickness ratio, and the effect of nonlinearity on
the behavior of FGM plates [6]. Mohammad
Zamani Nejad applied first-order shear
deformation theory (FSDT) and multilayer
method (MLM), a semi analytical solution has
been performed for the purpose of elastic analysis
of rotating thick truncated conical shells made of
functionally graded materials (FGMs) under non-
uniform pressure [7]. Guannan Wang employed a
multi-scale model that investigate arbitrarily
functionally graded hollow cylinders, with fibers,
subjected to harmonic loading conditions [8]. Anh
et al, research explored nonlinear stability
analysis of thin annular spherical shells made of
functionally graded materials on elastic
foundations under external pressure and
temperature [9]. Hosseini inspected the analysis
of rotating nano-disk made of functionally graded
materials with nonlinearly varying thickness
based on strain gradient theory. Results indicate
that compared to graded index, the effects of
thickness parameters are greater the gap between
the stress predicted by the classical theory, and
the strain gradient theory is reported to be large
only when the thickness of nano-disk is small [10].
Khanna inquired the analyses of steady state
creep stresses and strain rates in a variable
thickness rotating FGM disk that yields in
agreement to Tresca criterion. The results are
compared with those estimated applying the Von-
Mises criterion [11]. Sahni an analytical solution
in closed form is developed to computed stresses
(radial and circumferential) made of functionally
graded materials subjected to variable thickness
and external pressure [12]. Farahmand explored
the effect of autofrettage process parameters on
the ultimate pressure that functionally graded
spherical vessels can tolerate are investigated
[13]. Afshin inspected a transient thermo-elastic
analysis of a rotating thick cylindrical pressure
vessel made of functionally graded material (FGM)
subjected to axisymmetric mechanical and
transient thermal loads [14]. Gharibi surveyed to
find a way that stresses analysis of the
functionally graded rotating thick cylindrical
pressure vessels (FGRTCPV) [15]. Manthena
contemplated Thermal stress analysis of a

thermosensitive functionally graded rectangular
plate as a result of thermally induced resultant
moments. The results indicate that the
thermosensitive thermoelastic properties make
notable effects on the transient temperature
distribution [16]. Manthena and Kedar considered
Transient thermal stress analysis of a functionally
graded thick hollow cylinder with temperature-
dependent material properties. The nature of
temperature distribution and all stresses is
reported to be sinusoidal when plotted for radial
direction for both  homogeneous and
nonhomogeneous cases, and the magnitude of
temperature distribution and all stresses was low
for the nonhomogeneous case as compared to that
of homogeneous case [17]. Manthena
contemplated Effects of Stress Resultants on
Thermal Stresses in a Functionally Graded
Rectangular Plate as a result of Temperature
Dependent Material Properties [18]. Lamba
attempted to compute the temperature
displacement function and stress functions due to
partially distributed heat in a hollow cylinder. The
governing heat conduction equation has been
solved by applying Marchi-Zgrablich and Fourier
sine transform techniques. The results are
acquired in a series form in terms of Bessel's
functions. A mathematical model has been
constructed for the Aluminum material with the
help of a numerical illustration [19]. Bousahlah
attempted On thermal stability of plates with
functionally graded coefficient of thermal
expansion that in this article, a four-variable
refined plate theory is presented for buckling
analysis of functionally graded plates subjected to
uniform, linear and non-linear temperature rises
across the thickness direction. Equilibrium and
stability equations are derived based on the
present theory. The influences of many plate
parameters on buckling temperature differences
such ratio of thermal expansion, aspect ratio, side-
to-thickness ratio, and gradient index have been
inspected [20]. Bouderba contemplated thermal
stability of functionally graded sandwich plates
applying a simple shear deformation theory and
results validated for a variety of numerical
examples of the thermal buckling response of
functionally graded sandwich plates with various
boundary conditions [21]. Beldjelili attempted on
Hygro-thermo-mechanical bending of S-FGM
plates resting on variable elastic foundations
using a four-variable trigonometric plate theory.
The hygro-thermo-mechanical bending behavior
of sigmoid functionally graded material (S-FGM)
plate resting on variable two-parameter elastic
foundations is discussed applying a four-variable
refined plate theory [22]. El-Haina considered a
simple analytical approach for thermal buckling of
thick functionally graded sandwich plates. The
purpose of this study was to present a simple
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analytical approach in order to investigate the
thermal buckling behavior of thick functionally
graded sandwich by employing both the
sinusoidal shear deformation theory and stress
function. The thermal loads are contemplated as
uniform, linear and non-linear temperature rises
across the thickness direction. Numerical
examples are presented to prove the effect of
power law index, loading type and functionally
graded layers’ thickness on the thermal buckling
response of thick functionally graded sandwich
[23]. Menasria deliberated a new and simple
HSDT for thermal stability analysis of FG
sandwich plates. The novelty of this work is the
application of a new displacement field that
includes undetermined integral terms for
analyzing thermal buckling response of
functionally graded (FG) sandwich plates [24].
Bouderba considered Thermomechanical bending
response of FGM thick plates resting on Winkler-
Pasternak elastic foundations. He concluded that
the proposed theory is accurate and efficient in
predicting the thermomechanical bending
response of functionally graded plates [25].
Hamidi reviewed a sinusoidal plate theory with 5-
unknowns  and  stretching  effects for
thermomechanical bending of functionally graded
sandwich plates. In this research, a simple yet
accurate sinusoidal plate theory for the
thermomechanical bending analysis of
functionally graded sandwich plates is presented.
Moreover, the effect of side-to-thickness ratio,
aspect ratio, the volume fraction exponent, and
the loading conditions on the thermomechanical
response of functionally graded sandwich plates is
investigated and discussed [26] as well. Mouffoki
pondered Vibration analysis of nonlocal advanced
nanobeams in hygro-thermal environment using a
new  two-unknown  trigonometric shear
deformation beam theory. In this work, the effects
of moisture and temperature on free vibration
characteristics of functionally graded (FG)
nanobeams resting on the elastic foundation are
examined by proposing a novel simple
trigonometric shear deformation theory [27].
Tounsi contemplated a refined trigonometric
shear deformation theory for thermoelastic
bending of functionally graded sandwich plates. A
refined trigonometric shear deformation theory
(RTSDT) taking into account transverse shear. It
can be concluded that the proposed theory is
accurate and simple in solving the thermoelastic
bending behavior of functionally graded plates
[28]. Zidi considered bending analysis of FGM
plates under hygro-thermo-mechanical. The
bending response of functionally graded material
(FGM) plate resting on elastic foundation and
subjected to hygro-thermo-mechanical loading is
studied loading using a four variable refined plate
theory. The elastic foundation is modelled as two

parameter Pasternak foundation. Numerical
results are given to verify the accuracy of present
theory and the influences played by many
parameters are explored [29].

In this study, four methods, variable material
properties (VMP), Galerkin, Runge-Kutta with two
different rules calculate the amount of
displacement, stress, and strain of an FGM
rotating disk in gas turbine engine.

2. General Assumptions Governing the
Rotating Disk

The following assumptions are considered in
order to simplify the equations and understanding
the problem of modelling in a proper manner.
Stress is not changed along with the thickness.
The thickness of the disk varies from axis to
blades and changes as the function of radius. The
temperature varies as the specified function of the
disk radius. Geometry, property distribution, and
disk loading are axial symmetry. The disk rotates
with a constant angular velocity. The compressive
load of the shaft and centrifugal force applied in
order to the blades are applied to the inner and
outer surfaces of the disk as axial symmetry. The
elasticity equations are presented based on the
small strains in Eq. (1).

—,£9=%,£=£e+£T 1)

p is the disk density and term &7 represents the
thermal strain caused by the thermal gradient and
ee the elastic strain caused by other loadings. The
radial- peripheral stress-strain equations in the
elastic state are presented in Eq. (2) and (3):

& —alAT = E(O'r — vay)
(2)
1
&g — alAT = E(O'g —vo,.)
(3)

E is the modulus of elasticity, and v is the Poisson
ratio, and « is the thermal expansion coefficient.
The disk equilibrium equation is acquired by
simplifying the forces applied to the disk in the
form of Eq. (4):

d
a(hrar) — hoy + hpr?w? =0 (4)

By substituting strain-displacement relations
in strain-strain equations and substituting the
resulting equation in the disk equilibrium Eq. (5)
is obtained. This is a general equation of
equilibrium of a disk with variable thickness and
properties that are symmetric under the
centrifugal and thermal load.

hE d2u+( R9E | g dh +hE)du
T T\ T dr (5)
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dh dE 1
+ (vE—+ vh———Eh)u
dr dr r

+ (1 —vH)hpw?r?
d(hEaAT)

—r(1+v) o

3. Problem Geometry

3.1. Boundary conditions

This condition is applied when there is no
tension on the inner and outer surface of the disk.

@r=r7,;0.=0
(6)

@r=ry;0.=0

This condition is utilized when compressive
pressure p;,, is applied on the inner surface of the
disk and pm tension stress on the outer surface of
the disk.

@r=r1;;0, = —Pim %

@r=ry; 0, =Dim

3.2. Properties distribution model

In order to deliberate the FGM material for the
disk, a function must be contemplated, so the disk
properties change from the inside-to-outside
radius under that function. One of the best
predictions for the properties distribution model
is the power model applied in Eq. (8).

r—r\"
P(r)= (PO—PL-)( ) +P;r<r<m, 8
o — 1

The disk thickness is a nonlinear variable which
is obtained using Eq. (9).

o= 1-0()")

4. The Methods used to Solve the
Problem

Various analytical and numerical methods are
used to confirm the results of this study. By
applying multiple methods other than examining
methods that are not used to solve these
problems, we can compute the strengths and
weaknesses and also it can be used for any kind of
these problems.

4.1. VMP method

The VMP method is a semi analytical finite
element method for solving differential equations
that do not have an exact solution. In order to
apply this method, the disk should be divided into
loops with the same thickness, so that they have
the same boundary condition of the forces on the
common boundary. We must make the matrix Eq.
(10) for each loop:

F

11 G2l U ) n

[Cz1 522] {uz}_ B + (10)
h

[511 512]_1{91}+[511 512]_1{91}

C21 Cpp 0, C21 Cpp 6,

The coefficients are defined according to Eqg.

(11D):

. n
‘1= E(r2 — 1y )
[(1- v+ 1+ V)rzz]

o 2nrf
“2TE@ - )
_ 2rfn
ATEG -
7,
c —x A+v)r2+ (@
22 E( 1 ) [ 1 ( (11)
—v)r7]
0, =2Iny
0, =A+v)njr)+In[d-v)+31
o
+v) 5]
2
pw?ry
0, = [6r7 + 212 + 2vr? — 2vr?]

o
0, = %[27’22 + 612 — 20r2 + 201]

I and ] are the functions of the Taylor
expansion, and except for the radius at the
beginning and end of each loop, the rest of the
properties must be acquired at the mean radius of
each loop. By solving the matrix Eq. (10), the
displacement and force values are obtained for
each node. Consequently, Eqgs. (12) to (15) are
applied in order r, acquire stress values.

rzz + 2

Al 3+v
o= =3+ 5eut | _rin

r? (12)

+E[—](r) +1(1 - )]

A1 3+v
09=[A1 ]+pr 2+ 1d
réry 1+ 3v )
— r
r2 34+ v
(13)
+E [](r) —aT(r)+1(1
2
n
)
_ Bri-Frf (F—F)rirs
A= 2 = T (14)
r
Tr)=Aln (—) +T,
To
Tl (15)
Int

To



B. Shahriari, M. Safari / Mechanics of Advanced Composite Structures 7 (2020) 1 - 13

4.2. Galerkin method

The Galerkin method is a finite element solving
method which is beneficial in the process of
solving the differential equation governing the
rotating FGM disk by elementalizing the disk. The
hardness matrix and force of each element and
total force can be acquired by integrating the
shape functions and the equation governing the
element volume and adding the boundary
conditions to the governing equation and
combining them. Various elements can be applied
in the Galerkin method, which the
Hermitian element has been used in this study.
The Hermitian element uses four shape functions,
and to calculate the value of displacement
derivative, the element is taken from the
derivative of the two shape functions in two
points. Due to the application of four shape
functions, the displacement derivatives, the more
precise answers can be obtained, especially in
nodes. Considering the Eq. (5) and the
simplification of the coefficients using letters, the
equation governing disk is obtained in the form of
Eq. (16).

Au"+Bu'+Cu+D =0 (16)

After solving the problem using the Galerkin
method, first, the Lagrangian element is described
with two shape functions, and finally, the changes
are made that must be applied to the equations for
the Hermitian element. The displacement is
defined by equation (17):

u= Niui + N}u} (17)

N; and N; are shape functions in a linear mode that
is defined as follows (18):

=T r—r
Ni = l ,N] = l
7 is the coordinate of the end point, 7; is the initial
coordinates, and 1 is the element length.

Then, the Galerkin method is applied to Eq.
(16) and Eq. (19) and (20) is obtained. Eq. (23)
and (22) are obtained by simplifying the integral
(20):

(18)

J-Ni(Au" +Bu' +Cu+D)dv=0

(19)
fN] (Au"+Bu'+Cu+D)dv=0
dv = rdrdfdz (20)
h
2w 5 rTo
f fz f N(Au" + Bu' + Cu (21)
0 —% T

+ D)rdrdzdf = 0

f N;(Au" + Bu' + Cu + D)2mrdrh = 0 (22)

f N;(Au" + Bu' + Cu + D)2nrdrh = 0

The first relation of Eq. (22) is solved by the
method by parts and Eq. (23) and (24) are
obtained.

N |2 = [ rNARY W' dr +
[ rN;h(BY' + Cu + D)dr = 0 (23)

24
(rN; )y 19 = [rNARY W' dr + (24)

JTN;h(Bu' + Cu + D)dr =0

u' is the derivative of the displacement relative to
the radius, which is obtained from Eq. (25):

E du u
0r=—<—+v— —(1+v)aAT>
(1 —-v®)\dr T
_ E ( du u 1 AT) (25)
09_(1—172) vdr+r -1 +v)a

By expanding the Eq. (22), we obtain Eq. (26)
to (27).

In the following, applying the Eq. (28) and
(29), the stiffness and force matrices of each
element are obtained as equation (30):

I:j(—(TNiAh)’Ni’ + TNL'hBNL"
+ TChNL'NL')dT] u;

+ U(—(rNiAh)’Nj’
+rN;hBN;’
+ rChNL-Nj)dr] U;

(26)

+erl-hDdr =0
[j[—(rNiAh)'Ni' + T'NihBNi’
+ rChNL-NL-)dr] u;

+ U(—(rNjAh)’Nj’
+rN;hBN;’
+ rCthNj)dr] Uj

(27)

+ f rN;hDdr =0
At last, the total stiffness matrix of the
structure is computed as
kiu; + kijjui = f;
kjiu; + kjjup = f; (28)
[Keteu Joxz [Uete u J2x1 = [feteu l2x1

where, N is the number of loops. Consequently,
using Eq. (31) and having values of the hardness
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and force matrices, the total displacement values
in each node are obtained:

Ky Jur 1 =[fr] (29)

4.3. Hermitian element

The governing equations and solving process
of Galerkin Hermitian type are similar to the two-
degree freedom mode. In this case the difference
can be explained as four shape functions been
applied, and their relationships and the Jacobi
related to convert the disk radius -dependent
variable is discussed below. The relationship
between displacement and four shape functions of
the Hermitian element is presented in Eq. (30).

. du du
u =N1u1+N2d_f 1+N3u2+N4d_E|2 (30)

du . o .
where, d—:: is the derivative of the displacement

relative to the location at the beginning and end of
each element. The relations of the shape functions
are given in Eq. (31). Where § is equivalent to a
radius in the local coordinates of each element.

N—133 2
=7 -3+2)

1
Ny =7 =8 —E+1)
1 (31)
N; = _1(53_35—2)

1
No=7@+82—¢- 1D

Applying a Cubic equation, three shape
functions with a continuous definition space and
in the form of a third-order curve from the
distribution of values of the shape functions in
each element can be acquired. The Jacobi equation
with the length of each element in the Hermitian
method is presented by (32) and (33):

x d& (32

dr dr
T'=N1T1 +N2d_f 1+N3T'2 +N4d_§|2
L=7r—n

By expanding the integral of the shape
functions and the differential equation governing
the values of the stiffness matrix elements and
force of each element, and by solving the matrix
equation, the values of displacement, the stress
and strain are obtained respectively.

4.4. Runge-Kutta method

U is stress function, and stress-strain relations
are defined as (33). Runge-Kutta, with the
elementalization of the problem and guessing an
initial value for {', and the transfer of the values

of Y and Y’ from the inner surface node from each
node to the next node in step form, and eventually
reaching to Yy and Y’ of the node, the outer surface
of the disk, the values of displacement, stress and
strain are achieved in the nodes of each element.
This trend can be the opposite and to be from the
outside toward the inside as well. If the ¢
obtained at the last node is the same boundary
condition of the problem, the process is correct,
however if there is a difference, consequently the
initial guess must be corrected ', and the same
process must be continued.

1
Oy =h—rl/)
1dy -
Oy _Ed_r-i_pw T
1
& — aAT = E(ar — voy) (33)

1
&g —aAT = E(O—g —v0,.)

d
L(reg) =& =0

The order of differential equations governing
the disk decreases to one by changing the variable
and contemplating two first-order equations
simultaneously, Eq. (34) is acquired:

2,5+ 2 20

AT

N (34)
z 227 a¥ 2

z=1'

By placing the strain-displacement relations in
the equilibrium Eq. (4), the relation of the disk
elastic region equilibrium is obtained in the form
of Eq. (35), which all derivatives are in terms of r.
Boundary conditions are determined by Eq. (36);
these values are set to a value instead of zero
when the compressive effect of the shaft and
centrifugal of the blades is considered. Due to the
application of the Taylor Four-Order term, the
most accurate results are acquired by Four-Order
Runge-Kutta. The two common types of Runge-
Kutta is Simpson 1/3 and Simpson 3/8. Using Eq.
(38), the Simpson1/3 equation is defined.

{17),,} = {_gz_%d) _%} =F(r,z,)
z

_(z (35)
X= {w}
B C D
{_ZZ_Z ‘Z}—F(nw
Z



B. Shahriari, M. Safari / Mechanics of Advanced Composite Structures 7 (2020) 1 - 13

E

+11 v E
vrh er

h' E'
Y’ = —<1 —rz—r—>r1[;’

N

+vr>1/;—(3+v—r§

+ r%)hpw2r3 — Ehr?(a’AT + aAT")

o,=0 ; Yv=0, r=n
o, =0 ; v=0, r=r, (37)
X=F(r,zvy)

1
Xl+1=Xl+g(k1+2k2+2k3+k4—)
ky = hf (ri, X;) N

38

ke = QK+ 2+ ) G

k, h
ks = hf(X; + - T + E)
ky = hf (X; + k3,7i41)

h is the length of each element. The relationship
related to the Simpson 3/8 rule is presented in Eq.
(39).

X=F(rzvY)
1
Xi+1 =XL +§(k1 + 3k2 +3k3 +k4_)
ky = hf (1, X))
k, h (39)
k, = hf(X; + 3 + §)

ky 2h
ks =hf(X; — ?+ ko, 1 + ?)
ky=hf (X +ky —ky + k3, 7341)

In this study, two problems with dissimilar
properties have been solved, and each problem is
divided into two modes, including temperature-
independent and temperature-dependent
properties. The characteristics of these four
modes are presented in Tables 1 and 2,
respectively.

5. Results and Discussion

After the application of disk properties in each
condition and for each input of the problem, the
results of each method and each state were
attained, and these are presented as diagrams.

5.1. The results of the first problem in the state
of dis-relation of the properties on the
temperature

Pursuant to the Fig. 1, whatever we move from
the internal radius of the disk towards its end, the
amount of displacement of the desired node
increases, which it is as a result to the boost in the
radius and the amount of centrifugal force and the
reduction of this force reverse confronting in the
large radius of disk.

Table 1 Disk properties of the first and the second problem in
the state of independent properties of temperature.

Inner

Outer surface properties
surface
70X 109 151X 109 Elasticity Module (Pa)
0.3 0.3 Poisson Ratio
2700 5700 Density (Kg/m®)
0 100 Temperature(°C)for the
first problem
Temperature (°C) for
100 200 the second problem
Angular speed
500 500 (rad/sec) for the first
problem
Angular speed
5670 5670 (rad/ sec) for the
second problem
¥ 106 X 1006 Thermal expansion
23710 10710 coefficient (1/ °C)
0.5 0.5 M
0.96 0.96 Q
0.02 0.02 h,
0.1 05 r1, rz (m) for the first
' ' problem
0.01 0.11 r1, rz (m) for the

second problem

Table2 Disk properties of the first problem in the state of
dependent properties of temperature

Inner surface  Outer surface Properties
122.56 % 109 244.27% 109 Po
0 0 P Elasticity
-4.59% 104 -1.37% 103 p, Module
0 1.214% 106 P, (Pa)
0 -3.68% 10-10 Py
0.3 0.3 Poisson Ratio
4429 3000 Density (Kg / m?)
0 100 For the first problem
Temperature(°C)
For the second
100 200 problem
Temperature(°c)
500 500 Angular speed
(rad/ sec)
0.5 0.5 M
0.96 0.96 Q
0.02 0.02 h,
0.1 0.5 r1, rz (m) for the first
' ' problem
r1, rz (m) for the
0.01 0.11 second problem
7.5788x10°  12.766x10° Po
0 0 P, Therm_al
expansion
6.638% 104 -1.49% 103 P, coefficient
-3.15%X 106 1.006% 105 p, @/°C)
0 -6.78% 10-11 Ps
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In consonance to Figs. 2 and 3, there is
maximum radial stress in the central points of the
disk and is zero at the beginning and end points
because of the radial loading of the disk. The
peripheral stress also has the highest value at the
beginning and end of the disk and is minimized at
a radius of 0.35. Fig. 2 indicates radial stress
results by VMP and Galerkin and Runge-Kutta
methods and Fig. 3 contemplates hoop stress by
four methods that have similar results.

Confirming to Figs. 4 and 5, the radial strain of
the disk, considering the radial directional load,
starts at its lowest value and reaches its maximum
value in the radius of 0.3 (m). The changes in
peripheral strain are more uniformly and
decrease with a slight gradient in the middle of the
disk; however, this again increases at the end of
the disk. Fig. 4 displays radial strain results by
VMP and Galerkin and Runge-Kutta methods and
Fig. 5 considers hoop strain by four methods that
have similar results.

5.2. The results of the first problem in the state
of dependence of the properties on the
temperature

Pursuant to Fig. 6, it can be concluded that in
the state of dependence of the properties on the
temperature, the displacement variation interval
decreased but numerical values are increased.

With respect to Figs. 7 and 8, the amounts of
environmental stress and radial stress in the state
of dependence of the properties on the
temperature have increased, and the form of the
variations of environmental stress diagram
becomes completely descending.
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With respect to the Figs. 9 and 10, the form of
variations of the radial strain in the state of
dependence of the properties on the temperature
becomes completely ascending, and numerical
values are enhancing as well.

5.3.The results of the second problem in the
state of dis-relation of the properties on the
temperature and disregarding  the
boundary conditions

With respect to Fig. 11, the geometry of the
disk is smaller in this problem, and the loadings
have increased which is the reason for decreasing
the displacement variation interval, but the form
of the variations is as before.

With respect to the Figs. 12 and 13, the
maximum of the radial stress in the radius of 0.03
(m) and the maximum of the environmental stress
in the radius of 0.11 (m) have been achieved.
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According to the Figs. 14 and 15, the maximum
of the radial strain in the radius of 0.05 (m) and
the maximum of the environmental stress in the
radius of 0.01(m) have been attained.

5.4. The results of the second problem in the
state of dis-relation of the properties on the
temperature and taking into account the
boundary conditions

With respect to the Figs. 16 to 20, all the
amounts of stress and strain with respect to the
previous state have enhanced by adding boundary
conditions. This can be explained as the radial
loading. That Fig. 16 illustrates displacement, Fig.
17 indicates radial stress; Fig. 18 displays hoop
stress, Fig. 19 shows radial strain and Fig. 20
portrayed hoop strain amounts by four methods.
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5.5.The results of the second problem in the
state of dependence of the properties on
the temperature and disregarding the
boundary conditions

Pursuant to Figs. 21 to 25, when the properties
depend on the temperature, other than increasing

of the stress followed by increasing of the strain of
the environmental stress and radial strain, form of
the variations become different from the state in
which properties are independent of temperature,
and they become completely descending and
completely ascending respectively. That Fig. 21
indicates displacement, Fig. 22 reveals hoop
strain, Fig. 23 displays radial strain, Fig. 24 shows
radial stress, and Fig. 25 illustrates hoop stress
amounts by four methods.
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5.6.The results of the second problem in the
state of dependence of the properties on
the temperature and taking into account
the boundary conditions

With respect to the Figs. 26 to 30, the amounts
of stress and strain with respect to the previous
state have enhances by adding boundary
conditions. This can be explained as the radial

loading of the disk, although the amount of
loading in the boundary conditions is small
relative to the original loading and has a small
impact on the diagrams as well as on the
increasing of stresses. That Fig. 26 displays
displacement, Fig. 27 indicates radial stress, Fig.
28 shows hoop stress, Fig. 29 shows radial strain
and Fig. 30 illustrates hoop strain amounts by four
methods.

-4

gX 10
e YMP
6 ® Galerkin
® rungel/3
=====runge3/8

Displacement (m)
S

13"

0() 002 004 0.06 0.08 0.1 0.12

r{m)

Fig. 26 Chart of displacement by four methods of the fourth
mode and second problem

8

4% 10
Ng 3r
)
2
2 ] ® Galerkin
& ol 4 ® rungel/3
----- runge3/8

0 0.02 0.04 006 0.08 0.1 0.12
r{m)

Fig. 27 Chart of radial stress by four methods of the fourth

mode and second problem

1 x 10
~ 0.5
E
< 0
]
B
"é -0.5 e \VMP
2 ® Galerkin
-1r ® rungel/3
L. == runge3/8
-1.5 p - ; . -
0 0.02 0.04 0.06 0.08 0.1 0.12
r(m)

Fig. 28 Chart of hoop stress by four methods of the fourth
mode and second problem

0.02 T T T w T
s YMP
0.015+ ®  Galerkin
.‘é * rungel/3
----- - 3/8
2 001 &
|
=
0.005
0 " " i i L
0 0.02 0.04 0.06 0.08 0.1 0.12

T (m)
Fig. 29 Chart of radial strain by four methods of the fourth
mode and second problem



B. Shahriari, M. Safari / Mechanics of Advanced Composite Structures 7 (2020) 1 - 13

10% 10 ‘
o | e = VMP
\ e Galcrkin
= 8r rungel/3
O runge3/8
w
g "
£ 6 J
4 L L L L L
0 002 0.04 006 0.08 0.1 0.12

r (m)

Fig. 30 Chart of hoop strain by four methods of the fourth
mode and second problem

6. Conclusions

Overall in this paper, we deliberated two
problems; each one of them had a different
geometry and loading. It is concluded that the
amount of stress and strain will increase with the
decrease of disk dimensions as well as an increase
in the amount of eccentricity force and
temperature difference. The second problem was
contemplated in four states and it is concluded
that, when adding boundary conditions, as a result
to the boost of radial loading, there is an increase
in the amount of stress and strain, although it is
not very much due to the small the amount of
boundary loading relative to the original loading.

Solving the problem by dissimilar methods
leads to validate of the results, and the capability
of each method in this kind of problems was
estimated. VMP method doesn’t lead to any exact
answer in nodes, because of the gain of stress and
strain in the middle points of each element and
discontinuity in the nodes. It is a drawback of this
method, but we can compensate this drawback by
increasing the number of elements. Runge-Kutta
method is an iterative finite element method. The
advantage of this method is exact solutions as a
result of being exact the own boundary conditions
of loading, and the drawback of the method is
time-consuming. It can be said that the Galerkin
method is so extensive and each state of this
method can be applied the best to answer a family
of problems. The Hermitian element method
utilized in this paper continues in nodes owing to
presence of derivative terms of displacement
related to the location in the nodes. This method
has the capability of computation of stress and
strain in the middle of the element and in the
nodes. The critical points of stress in most of the
states are in the middle of the disk for radial stress
and in the boundaries for environmental stress. At
the equivalent stress, this also occurs in the initial
and the final terminations of the disk.

Comparing two numerical computed problems
(section 5.1 with 5.3) reducing disk size, lead to
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decreasing maximum displacement of 0.00083m
to 0.00068 m, increasing the maximum radial
stress value from 51 MPa to 240 MPa and
increasing the maximum environmental stress
from 160 MPa to 580 MPa. Also, values of radial
and environmental strains increased from 0.0025
to 0.0065 and from 0.0023 to 0.0095, respectively.

Comparing the first problem with properties
independent of temperature with properties
dependence to temperature (results in sec. 5.1
and 5.2) shows that considering thermal effects
i.e., the results of Section 5.1 in comparison with
Section 5.2, cause increase in maximum
displacement from 0.00083 to 0.0019 mm, in
maximum radial stress from 51 to 79 MPa and in
maximum environmental stress from 160 MPa to
210 MPa. Moreover, values of radial and
environmental strains increased from 0.0025 to
0.012 and from 0.0023 to 0.0038 respectively.

Comparing the ideal loading condition for the
second problem (Section 5.3) with the most
critical condition of second problem (Section 5.6)
shows that the maximum displacement increased
from 0.00068 to 0.00078 mm, the maximum radial
stress increased from 240 to 340 MPa, and the
maximum environmental stress increased from
580 to 700 MPa. Also, values of radial and
environmental strains increased and reduced
from 0.0065 to 0.018 and from 0.0095 to 0.0093,
respectively.
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