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Abstract

In this work, we investigate the following Kirchhoff-type equation with variable exponent nonlinear-
ities
we — M (| Vu])?) 2w+ [ugPO 7w = [u] 7w,

We proved the blow up of solutions in finite time by using modified energy functional method.
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1. Introduction

In this article, we investigate the following Kirchhoff-type equation with variable exponent non-
linearities

u — M ([Vul®) & v+ JueP O up = [ul™ % u, (2,1) € Q% (0,T),
u(z,0) =ug (), u(x,0) =uy (x), x e, (1.1)
u(z,t) =0, x € 01,

where 2 is a bounded domain with smooth boundary 02 in R™ (n > 1) and M (s) = o + 857,
a,8 > 0, v > 1. The variable exponents p(.) and ¢(.) are given as measurable functions on (2
satisfying

2<p <p)<p"<q <qx)<q" < (1.2)
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where
p~ = essinfp(z), p" =esssupp(z),
€N z€Q
¢ = essinfq(z), ¢ =esssupq(x),
€N €N
and

. [ oo, iftn=1,2,
T =91 2o ifpn >3

n—27
This type of problems is a generalization of a model introduced by Kirchhoff [5].
The following Kirchhoff type equation

w — M (IVul?) At g () = f (u), (13)

have been discussed by many authors. For g (u;) = u,, the global existence and nonexistence results
can be found in [12, [16]; for ¢ (u;) = |ue|” uy, p > 0, the main results of existence and nonexistence
are in [II, 9.

When M (s) =1, becomes the classical wave equation

uy — Au+ g (uy) = f(u).

In [4, [7, 8, 10, 15], the authors studied existence and blow up of solutions.
Recently, In [11], Messaoudi et al. studied local existence and blow up of the solutions for the
following wave equation with variable exponent nonlinearities

uy — A+ [Py = a0

Motivated by the above studies, in this paper, we consider the blow up of the solution under
some conditions.

The outline of this paper is as follows. In section 2, we state some results about the variable
exponent Lebesgue and Sobolev spaces LP(®) (Q) and WP (Q) . In section 3, the blow up results
will be proved.

2. Preliminaries

In this part, we state some results about the variable exponent Lebesgue and Sobolev spaces
LP@) () and WHPE) (Q) (see [2, B 6, [14]). Also, || - || and || - ||, denote the usual L?(Q2) norm and
LP(£2) norm, respectively.

Let p: 2 — [1, 00| be a measurable function, where Q2 is a bounded domain of R™. We define the
variable exponent Lebesgue space by

L@ (Q) = {u:Q — R, uis measurable and p,() (Au) < oo, for some A >0}
where

iy (0 = [ 1aP do
Q

Also endowed with the Luxemburg norm

p(z)
dr <1,

. u
Jul oy = in )\>O:/’X
Q
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LP®) () is a Banach space.
The variable exponent Sobolev space W1(®) (Q) is defined by

Wwhr@ () = {ue LP@) (Q) : Vu exists and |Vu| € LP® Q)}.
Variable exponent Sobolev space is a Banach space with respect to the norm

[y piay = Nullpiay + V2l

The space Wol’p(x) (Q) is defined as the closure of Cg° (2) in W@ (Q) with respect to the norm
[ully pa - For u € Wol’p(m) (Q), we can define an equivalent norm

||u||1p(.1‘) [Vl p(x)

Let the variable exponents p (.) and ¢ (.) satisfy the log-Holder continuity condition:

A
|p(x)—p(y)|§v for all z,y € Q with |z —y| <, (2.1)
|lz—yl

where A >0 and 0 < § < 1.

Lemma 2.1. (Poincare inequality) Let Q be a bounded domain of R" and p(.) satisfies log-Hélder
condition, then
for all w € W™ (),

[l < clIVul

p(z) p(z)

where ¢ = ¢ (p~,p*,|Q]) > 0.

Lemma 2.2. Let p(.) € C (Q) and q¢: Q — [1,00) be a measurable function and satisfy

essinf(p* (x) — q(z)) > 0.

z€Q

Then the Sobolev embedding Wol’p(m) (Q) — LI@ (Q) is continuous and compact. Where

. " fpT < n
p(ﬂf)Z{"‘p .fp

0o, if p~ = n.

Next, we state the local existence theorem of problem (1.1]), that can be obtained by combining
arguments in [11], [13].

Theorem 2.3. (Local existence). Assume that and hold, and that (ug,u;) € H} () x
L?(Q)), then there exists a unique solution u of satisfying

we C([0,7);Hy (), weC([0,T);L*(Q)NLY(Qx(0,T)).



40 E. Pigkin

3. Blow up

In this part, we will proved the blow up of the solution for problem ({1.1)). Firstly, we give following
lemma:

Lemma 3.1. [11] If g: Q — [1,00) is a measurable function and

2§q§q(:c)§q+<%; n>3 (3.1)
holds. Then, we have following inequalities:
i) )
pay (1) < e (IVul* + py) () (3:2)
i)
ey < e (IVull® + Jlull2”) (3.3)
iii) S
piy () < ¢ (H )]+ ull” + pyy (). (3.4)
i)
el < e (1 @)1+l + al?” ) (3.5)
v)

cllully- < pay (u) (3.6)
for any v € Hy (Q) and 2 < s < q~. Where ¢ > 1 a positive constant and H (t) = —E ().

Now, we state and prove our main result:
Theorem 3.2. Let the assumptions of Theorem 3 be satisfied and assume that
E(0) <O0.
Then the solution blows up in finite time.

Proof . Multiplying u; on two sides of the problem (1.1) and integrate over the domain €2, we have

d 11 ey Lo 1 20y+1) / L @ / 1 @)
| = _ V - V Y _ - q(x d — _ - plx d
o |5 lwll” + 5 [Vl METCESY [Vull ) |ul ™ d o) ue|" da,
Q
E'(t) = — / | [P diz, (3.7)
Q
where . . . .

E) = 2wl + L 1val? + — - 2(7+1)_/_ a@) 4 58
(&) = 5 lwll” + 5 [IVull METCESY [Vull 1) ul™ d (3.8)
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Set
H{(t) = -E(t)
then F (0) < 0 and (3.7)) gives H (t) > H (0) > 0. Also, by the definition H (), we have
1 2 1 2 1 2(y+1) / 1 (@)
H t - __ _ = - Y - q
) = —glul? = 5 IVul’ = gy IVl + [ sl s
Q
/ ‘q(ﬂf
q ()
< —
S = ().
Define

U(t)y=H"(t)+ 5/ uud,
Q

where € small to be chosen later and

0<0§min{ q P g }

(pt—1)q " 2¢~

By taking a derivative of (3.10)) and using Eq. (1.1]), we obtain
\Ijl(t) = (1—U)H_U(t)H/(t)+€/(U?‘{‘Uutt)dl’
Q
= (L=o)H 7 () H' (1) + ¢ |Juel|* — £ |Vl
—e || VulP0 T + 8/ | dz — 6/ wg P72 da.
Q Q

By using the definition of the H (t), it follows that

- = U ey %HWH?

e (1-¢ 1
ALY T —9) [l
2(v+1)
Q

where 0 < £ < 1.
Add and subtract (3.13) into (3.12]), we obtain

V(1) > (1—o)H (W) H (t) +2q (1- &) H (1)

(1 — (1 —
+e (_q_ <12_ §) — 1) HVUH2(7+1) + 85/ \ulqm dr — 5/ Uy |ut]p(')7 dx
Q Q

Then, for £ small enough, we get
W(t) > B [H (1) + ful + [Vul + [Vl oy, (w)

+(1—0)H " (t)H (t) —¢ / g |ug [PV 72 da
Q

41

(3.12)

(3.13)

(3.14)

(3.15)
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where

q (1-¢)
2

w) :/|u|q(') dx.
0

In order to estimate the last term in (3.15), we make use of the following Young inequality

5ksz 5—lyl
k + 7

Bzmin{q‘(l—f), .

and

XY <

where X, Y >0, § >0, k,l € R" such that %4—% = 1. Consequently, applying the previous we have

_ 1 —1 __ »@
/u!ut|p(') Ydr < /—5”(’”) |u|P™ dx—l—/p—(x) § R g [P dae
Q J p(z) J p(x)

1 -1
< /512(96) |U|P(x) dx + p_/5 Tom: |y |P(33 dx (3.16)
P~ re

where ¢ is constant depending on the time ¢ and specified later. Inserting estimate (3.16|) into (3.15)),

we get
W) = eB [H (1) + lluel + IVul® + [VulPT™ 4 gy ()]
1
+(1—0) B (t) H' (t) — e— / CIEC
p

Q

1 p(x)
L / 5T |y, [P da (3.17)
er

Q

p(x)
Therefore, by taking ¢ so that 0~ »@-1 = kH 7 (t), where k > 0 is specified later, we obtain
v(t) = ep [H (8) + lluell® + I Vul® + [ Vul7Y + pgq) (u)

1

+(1—0)H 7 (t)H (t) —e— / ft @) goe@=1 () |y @) dg
Pa

-1

p—i-

—&

/ KH™ (t) |u, [P da

Q
B [H (1) + el + [Vl + Va7 + pygy ()]

i
" o) /\u|”>dx

v

+(1—0) H™7 (t) H' (t) —

(e o

=68 [H (0) + Jwll” + [ Vul* + [FulPT 4 gy, (w)]

+ {(1 Co)—¢ <p+ - 1) k] H (1) ' (1) — e

v

p D

1o 1) (1) / u[P@ dz. (3.18)



Finite time blow up of solutions of the Kirchhoff-type equation... 11 (2020) No. 1, 37-45 43

By using and ( ., we get

(1) / ™ dr < B (1) / [ul” dﬁ/ " do
) _
o(r-1) [ / ult” da / ult” da

+
= O 0y [l + ul’]

pt

q

IN

< C(qi_ﬂqm (U))U(pt1> [(qu ()" + (pgey () 1
- l(ﬂqo (@)= 4 (o (u))stM(pM)] (3.19)

where Q_ ={zx € Q:|u| <1} and Q. ={z € Q: |u| > 1}.
We then use Lemma 4 and (3.11)), for

ST

s=p +oqg (p"—1)<q

and
s=p +oq (pt—-1)<q,

to deduce, from (3.19)),

a0 (¢) / [l dz < e [IIVull® + pyc, ()] - (8:20)

Thus, inserting estimate (3.20)) into (3.18)), we have

V() = e (ﬁ S ) H () + el + [ul* + [ VulPT 4y ()]
+ {(1 —0)—¢ <p+p: 1) k} H= (t)H'(t). (3.21)

At this moment, choosing k large enough so that v = g — o1 > 0, and picking € small enough

such that (1 —0) — ¢ (p _1> k>0 and

W (t)>W(0)=H"7(0)+ 5/ uourdr > 0, Vt > 0. (3.22)
Q

Consequently, (3.21]) yields
W) > ey [H )+l + [ Val® + [ TulPT o+ py) ()]

> ey [H @)+l + [Vul + IVl + Jul? |, (3.23)
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due to (3.6)). Therefore we get
U (t) > W (0) >0, forall £ >0.

On the other hand, applying Holder inequality, we obtain

/ uuLdx
Q

1
1—-0o

< ull = (w7

_1 1
e T—F
< C(IIUIIq- Hutll“’>-

Young inequality gives
/ uurdx
Q

for l%—i—% = 1. We take § = 2(1 — o), to obtain £ = 2~ < ¢~ by 1) Therefore, 1}

becomes

1
1—

o B 6
< C (JJull =" + 7). (3.24)

o
l—0o
/ uudx
Q

where ﬁ < ¢~ . By using 1) we get

2 s
< C (Tl + ully- )

-
/ uudx
0

Uie () = [ch’(t)+e/

Q

< C (Il + el + H (@)

1
1—0o

Uy dx}

/ uurdx
Q

< (Il + e + H (1))

C (H (@) + ) + 70l + [VulP T+ + flu)2) (3.25)

IA

91% (H (t) + 77

IN

where
(a+b)P <2071 (aP +bF)

is used. By combining of (3.23) and ({3.25]), we arrive
V(1) > 0T (1), (3.26)

where ¢ is a positive constant.

A simple integration of (3.26) over (0,t) yields U= (t) > m, which implies that the

1-0o

solution blows up in a finite time 7™, with
Tre 177
§oWi=7 (0)

This completes the proof of the theorem. [
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