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Abstract

In this paper, we give some sufficient conditions under which perturbations preserve Hilbert-Schmidt
frames. Also show that the canonical dual of a perturbed Hilbert-Schmidt frame is a perturbation
of the canonical dual (alternative dual respectively) of the original Hilbert-Schmidt frame and dis-
cuss best approximation in the set of all dual Hilbert-Schmidt frames. Next, we apply the woven
principle to Hilbert-Schmidt frames and study the stability of weaving Hilbert-Schmidt frames under
perturbations. Finally, we present sufficient conditions under which perturbations preserve weaving
Hilbert-Schmidt frames and weaving dual Hilbert-Schmidt frames.
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1. Introduction

The von NeumannSchatten frames in a separable Banach space was first proposed by Sadeghi and
Arefijamaal [29] to deal with all the existing frames as a united object. In fact, von Neumann-Schatten
frames is an extension of g-frames [30], bounded quasi-projectors [[9], fusion frames [3, 8], pseudo-
frames [22], weighted frames [4], oblique frames [I0, O8], outer frames [I], p-frames for separable
Banach spaces [I2] and in the context of numerical analysis the stable space splittings [24, 24].
As an important class of von Neumann-Schatten p-frames, Hilbert-Schmidt frames have interested
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some mathematicians due to having the inner product structure [, [2]. For more information on
Hilbert-Schmidt frames, see Refs. [20, 26, 27, 35].

Weaving frames in a separable Hilbert space was first proposed by Bemrose et al. [H]. This
frames are an important concept for applications in wireless sensor networks that require distributed
processing under different frames, as well as pre-processing of signals using Gabor frames. Casazza
and Lynch [6] studied the fundamental properties of weaving frames. Also, Casazza et al. [{]
extended the concept of weaving Hilbert space frames to the Banach space setting. They introduced
and studied weaving Schauder frames in Banach spaces. Many generalizations of the notion of
weaving Hilbert space frames such as Weaving g-frames and fusion frames [I4, I5, 21, B3], weaving
K-Frames and K-g-Frames [I6, B4], continuous weaving frames [31, B7], as well as weaving Gabor
frames in L*(R) [I'7] were presented by many authors. In this study, we will apply the woven principle
to Hilbert-Schmidt frames. We first show that small perturbations of a Hilbert-Schmidt frame give
rise to another Hilbert-Schmidt frame. Also, we prove that if we do a sufficiently small perturbation
of a Hilbert-Schmidt frame, the canonical dual of the new Hilbert-Schmidt frame is also a small
perturbation of the canonical dual of the first one. We then obtain a similar result for the case of
alternative dual Hilbert-Schmidt frames. Using this, we present sufficient conditions under which
perturbations preserve weaving Hilbert-Schmidt frames and weaving dual HilbertSchmidt frames.

The rest of this paper is organized as follows. Section B gives an overview of some notions and
related results for later use. In Section B, we give various results about stability under perturbations
for HilbertSchmidt frames and dual HilbertSchmidt frames. Finally, in Section B, we introduce the
notion of weaving Hilbert-Schmidt frames and study the stability of weaving Hilbert-Schmidt frames
under perturbations.

2. Background on von Neumann-Schatten and Hilbert-Schmidt frames

In this section, we give some basic notations of von Neumann-Schatten p-Bessel sequences in the
sense of Sadeghi and Arefijamaal [29]. Nevertheless, we shall require some facts about the theory of
von Neumann-Schatten p-class C,. For background on this theory, we use [23, 28] as reference and
adopt that book’s notation. Moreover, our notation and terminology are standard and, concerning
frames in Hilbert and Banach spaces, they are in general those of the book [9].

Let H be a separable Hilbert space with orthonormal basis € = {e,}neny and B(H) denotes
the C*-algebra of all bounded linear operators on H. For a compact operator A € B(H), let
s1(A) > so(A) > -+ > 0 denote the singular values of A, that is, the eigenvalues of the positive
operator |A| = (A*A)%, arranged in a decreasing order and repeated according to multiplicity. For
1 < p < o0, the von Neumann- Schatten p-class C, is defined to be the set of all compact operators
A for which 7, s?(A) < oo. For A € C,, the von Neumann Schatten p-norm of A is defined by

Al = (X)) = (erar) 2.

where tr is the trace functional which defines as tr(A) = Y _(A(en), en). It is convenient to let Cog
denote the class of compact operators, and in this case || Al|c., = s1(A) is the usual operator norm.
In what follows, the notations || - ||c, and || - ||c.. denote the norm of the Banach spaces C, and C.,
respectively. The special case Cy is called the Hilbert-Schmidt class. Recall from [36, Theorem 1.4.6]
that an operator A is in C, if and only if A? € C;. In particular, ||A[[z = [|A?||c,. It is proved that
C, is a two sided *-ideal of B(#), that is, a Banach algebra under the norm (2) and the finite rank
operators are dense in (Cp, || - [|lc,). Moreover, for A € C,, one has [|Allc, = | A*lc,, Al < [lAlle,
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and if B € B(H), then [[BAllc, < ||B|||Allc, and || AB|l¢, < ||Bll||Allc,- In particular, C, C C, if
1 < p < q< oo We also recall that Cy is a Banach space with respect to the norm || - ||gs . It is
shown that the space Cy with the inner product [T, S¢ := tr(S*T) is a Hilbert space.

Now for a fixed 1 < p < o0, following Conway [I3, p. 74], we define the Banach spaces

@C, = {A = {4}, : A, €C, VieNand A, = (Z HAngp); < oo}.

In particular, &C, is a Hilbert space with the inner product

(e 9]

(AAY) = AL A,

i=1

and so ||A[j3 = (A, A).
If x and y are elements of a Hilbert spaces H we define the operator x ® y on H by

(z®y)(2) = (z,9) .

It is obvious that ||z ® y|| = ||z|||ly|]] and the rank of z ® y is one if z and y are non-zero. If
z, 2’ y,y € H and u € B(H), then the following equalities are easily verified:

(z@)(yey)=(y,2) (z@Y)
(zRy) =y
u(z®y) =ulr)®y
(z@y)u=z@u (y)

Note that if z,y € H, then ||z @ yllc, = lz ® yllc, = [[z[|lyll and tr(z @ y) = (z,y) so z @y is in
C, for all p > 1. The operator x ® z is a rank-one projection if and only if (x,x) = 1, that is, z is
a unit vector. Conversely, every rank-one projection is of the form x ® x for some unit vector z. If
{n; i eI} and {¢; : i € I} are orthonormal bases in #, then {1, ® (; : 4,5 € I} is an orthonormal
basis of Co; see [28] for more details.

Recall from [29] that a countable family G = {G;}2, of bounded linear operators from X to C, C
B(H) is a von Neumann-Schatten p-frame for the Banach space X with respect to H (1 < p < o0)
if constants A, B > 0 exist such that

Allfllx < (Z I\Qz(f)\|§p> < Bl f]lx (2:2)

i>1

for all f € X. It is called a von Neumann-Schatten p-Bessel sequence with bound B if the second
inequality holds. In particular, the authors of [29] showed that the von Neumann-Schatten p-frame
condition is satisfied if and only if {A4;};2; — > 2, A;G; is a well defined mapping from @©C, onto
X*, and motivated by this fact, they considered the following operators:

Tg : @Cq — X*; {Az}f; — ZAZQ,, (23)
=1

and

Tg: X = @Cy f e {Gi(H)}2 (2.4)
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As usual, the operator Ty is called the synthesis operator, and 7§ is the analysis operator of G. The
reader will remark that if # = C, then B(H) = C, = C and thus &C, = (1 < p < 00), and thus
the above definitions is consistent with the corresponding definitions in the concept of p-frames for
separable Banach spaces.

In the case where p = 2 the spaces Cy :=5 (H) and @®2Cs are Hilbert and motivated by this fact
the authors of [2, 29] provided a detailed study of the duals of a von Neumann-Schatten 2-frame,
called Hilbert—Schmidt frame for Hilbert space K with respect to Hilbert space H.

Definition 2.1. A sequence G := {G;}2, C B(K,®Cs) is said to be a HilbertSchmidt frame or
simply a HS-frame for IC with respect to H, whenever there exist two positive numbers Ag and Bg
such that

AgllfII* < Z IG:(H)lle, < Ball 1 (2.5)

for all f € K. The constants Ag and Bg are called the lower and upper HS-frame bounds of G and
G is called to be a HS-Bessel sequence for IC with respect to H, if the right-hand side of (23) holds.

Particularly, by using the Hilbert properties of the spaces, they observed that
To({Ai}Z ZQA and Tg(f) ={G:(N)}<y s
where f € K and {A;}2, € ®C, and the mapping
So K=K L Sl =TT = Y66
i=1

is an invertible, self-adjoint, positive and bounded linear operator and
Ag]d/{ < Sg < Bg[d]c.

From this, they were able to characterize all dual frames of a HS-frame. It is worthwhile to mention
that a HS-frame is a more general version of the g-frame, an important generalization of ordinary
frames.

3. The Perturbation on the Dual Hilbert-Schmidt frames

In what follows we shall frequently make use of the following notation for a HS-frame F :
ranngc,e,) (1'r) == {CP € BIK,®Cy) : Tx® = O},

the set of all right annihilators of the operator T in B(IC, ®Cs).

Definition 3.1. Let F = {F;}2, be a HS-frame for K with respect to H. A HS-frame {G;}3°,
is called Hilbert-Schmidt dual frame or simply a HS-dual frame for F if f = > FrGi(f) for all
f ek, ie TFIG = ldy.
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By using the properties of the Hilbert-Schmidt frame operator Sz, we observe that for all f € K
f=5x(S Z}"*}"S ) and f = S7H(SFf) = Z S FIF

The sequence F = {F;}%2, = {F:S7'}, is a HS-dual frame for K with respect to H with the lower
and upper HS-bounds B}l and A;_-l, where Ar and Bz are the lower and upper HS-frame bounds

of F (see Ref. [2]). The HS-dual frame F is called the canonical HS-dual frame of F. The authors
in [?] characterized all HS-duals of F by using the canonical HS-dual. Indeed, if F be a HS-frame of
H then F¢ = {F4}2, is a HS-dual of F if and only if

Fi=Fit+m® = S +m@,
where ¢ € rannp i e,)(1r) and
it B =2, m({A})=A
In what follows, the notation F(®) denote the HS-dual {F; + m®}>, of F.

Theorem 3.2. Let F = {F;}2, and G = {G;}32, be HS-frames for KC with respect to H. Then the
following statements hold:

(a) Let {vpm : n,m € N} be an orthonormal basis for Cy. Then, G is a HS-dual frame of F if and
only if the ordinary frame {G} (Vnm)} be a dual frame of {F; (Vnm)}-

(b) Let {e;}2, be an orthonormal basis for H, then G is a HS-dual frame of F if and only if and
only {Ql (en ® en)} is a dual frame of {F; (e, @ en)}.

Proof . Let {F;}2, be a HS-frame for K with respect to H and {v,,, : n,m € N} be a orthonormal
basis of 5. Define a bounded linear functional on K as follows

f'_> [‘Ef: Vn,m]tr (f GK)

By Riesz representation theorem, there exists f;,. » € K such that

[Jr]fa Vn,m]tr = <f: fj,n,m) (f € ’C)
Hence

‘T_.]f = Z <f7 fj,n,m)yn,m (f < IC)

n,meN

The sequence {f;,n} is a Bessel sequence, since for all f € K

> W frma) P = 1111 (3.1)

n,meN

< I AP
Now, for any f € K and A €5, we get

<f7 ~F]*~A> = [Efa -A]tr = [ Z <f7 fj,n,m>Vn,m; A]

n,meN

= <f’ Z [“47 Vn,M]tl" fjvn’m>'

n,meN



164 Choubin, Ghaemi, Kim

Therefore

I;A: Z ["47 Vn,m]trfj,n,m (-A 62)- (3.2)

n,meN

In particular, 5 (vym) = fjnm- Therefore by (B2), we have
FrA= DA Vemlee F (Vam) (A E). (3.3)
n,meN

Similarly, there exists g;,m € H such that G (Vnm) = gjnm- By [2, Theorem 3.3], F' = {F} (vnm)}
and G = {G; (Vnm)} are frames for Hilbert space K. Using (B33), we obtain that

TFTé(f> = Z Z <fa gz*(’/mm» ]:i*<’/n,m)

1=1 n,meN

—Z]-"* ( Z (f), Vnom)tr me)

n,meN

= Zf:@-(f) = TFT4(f),
i=1
which proves part (a) of the theorem. To prove the part (), it is sufficient to put v, ,, := e, ® e, in
part (a). O

Definition 3.3. Let F = {F;}3°, and G = {G;}°, be HS-Bessel sequences for KC with respect to H.
For p >0, we say that G is a p-perturbation of F zf

175 = Tol < .

Theorem 3.4. Let F = {F;}2, be HS-frame for K with respect to H with the lower and upper
HS-bounds A, B and let G = {G;}2, be a p-perturbation of F. If u < VA, then G is a HS-frame for
IC with respect to H with frame HS-bounds

(VA - M)Q , (VB+ ,u)2.
Proof . Since A and B are the lower and upper HS-frame bounds for F, so that
VA < IT5H: < VBIfIl - (feK).
Therefore, for all f € K we have

T3 (Nl = I1TF()lz = 1(TF = T6)* (Dl = (VA=) 111,

and

1T5(Nll2 < 1T = To) (fllz + ITE)l2 < (1 + VB) £

Hence, for all f € IC we obtain

(VA—p HW<ZM HIZ< (VB+p) |If]>
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Lemma 3.5. Let F = {F;}2, and G = {G;}32, be HS-frame for K with respect to H and let
¢ € rannpc,e,)(Tr), ¥ € rannpc,e,)(1g). Then

Towy — Trw) = Tr@) (Tr —Tg)" Tg + V" — Tz g Prer7s- (3.4)

Proof . At first, note that R(T3) is closed , since |T¢(f)|2 > V/A| f|| where A is lower HS-frame
bound of G. Therefore R(T3) @ ker Ty = Idg,. Thus

PR(TQ*) D PkerTg = Id@Q and Tng = PR(TQ*)

Also Tz 415 = Idx, Since F(®) is a HS-dual frame of F. For an arbitary {A;}%°, € ®,, we have

(@)

o0

T5w) A2 = Z(Q: + m V) A,
i=1
= Z G A; + Z Urrr A,
1=1 i=1

=T ({AJZ) + " (3o A)

=T5 ({A}2)) + U ({Ai}2) .

SO Tg(@)

= T + V. Therefor, we obtain
Tz (Tr — 1g)Tg + VU — Tz Prer e
=T — Txe)Priry) + V" — Ty Prer 1y
= (Tre)T5) Tg — Triay (T5T5) + 9 = T (g Prarrs
= (T5+ V") = Trg)(Prezy) + Prerty)

— T

g(v) F(@)

and the lemma is proven. [J

Theorem 3.6. Let F = {F;}2, be HS-frame for KC with respect to H with the lower HS-frame bound
A cmci let G ={G;}2, be a u—pertu@atz’on of F. If u < VA, then G is a HS-frame and the canonical
dual G of G is a A\-perturbation of F, where

1
= Tin

Proof . By Theorem B4, G is a HS-frame for K with respect to ‘H with the lower bound (\/Z — u)Q.
Putting ® = ¥ := 0 in Lemma B3, we get

Tg~ — T]f— = Tf (T]: — Tg)* Tg~ - T]f-PkerTgu

A

and so
|1T5 — Tl < T2 TF — Toll |1 Tgl + 175
Since A~! and (\/Z — ,u) - are lower HS-bauds of F and 5 , respectively, therefore

1

1T — T#| < ,
g F \/Z—,u

which completes the proof. [J
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Theorem 3.7. Let F = {F;}2, be HS-frame for IC with respect to H with lower HS-frame bound
A and let G = {G;}2, be a p-perturbation of F. If p < VA, then G is a HS-frame and for every

® € rannp,e,)(TF) the HS-dual Q(PkerTgT}(@) of G is a A-perturbation of F(®), where

\ /T AT

VANVA =)
Moreover, for every ® € rannpca,)(Tr) the HS-dual gN(PkerTgT;(q))) of G is a best approximation
of .7?(<I>) in the set of all HS-duals of G.

Proof . By Theorem B4, G is a HS-frame for C with respect to H with the lowefrv bound frame
(VA - ,u)2 and so || T3] < (VA - u)fl. Since A™! is the lower HS-bound frame of F, we conclude
that

(3.5)

1T ) (D12 = ZHf +m @(f);

:§<ﬁ+ﬂi@(f)aﬁi+m®(f)>

Mg

(IO +{Fom o)) + (m (), F) + lmo()]2)
TH() 3 + 12013

=1

< Z||f||2+ 12121 11 (3.6)
for all f € K and ® € rannp(ce,)(T7). So that [[Tx4)l < VA" +[[®|*. For every & €
rannpk g, (1), we denote ¥y := PkerTgT]*?(q)) € ranng g, (Tg). Putting ¥ := V¥4 in Lemma

B3, we get
Tewey — 7@y = T7@y (Tr —Tg)" T+ Vo — Tr(g) Prer 1o
= T (Tr = Tg)" Tg,

which implies || 5y, — T#qg [l < A, where A given by (B3H).
Moreover, since PR(T;) ® Prerr; = Idg,,we observe that

=(Tg — T(g))Prirz) + (V" = T g)) Prer1y

for all ¥ € rannp( a,) (7). By setting ¥ := ¥y in (??7), we have
Totwe) = Tr@) = (Tg = Tra) Prizg)-

Therefor, for all T € @&, we have
(T00) — Tr@) TI? = 1(Tg = Tr) Pragy (O = 1Tgwe) — Tr@) I

which implies the HS-dual Q(PkerTng@)) of G is a best approximation of F (®) in the set of all
HS-duals of G. U
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Theorem 3.8. Let F = {F;}2, be HS-frame for IC with respect to H with lower HS-frame bound

A and let G = {G;}2, be a p-perturbation of F. If p < \/727 then G is a HS-frame and the set of all
HS-duals of F and the set of all HS-duals of G are isomorphic.

Proof . We show that for every ® € ranng ¢,) (1), A : Flp) — QN(PkerTgT}(q))) is a bijective map
from the set of all HS-duals of 7 onto the set of all HS-duals of G. Suppose that A(F(¢1)) = A(F(p2))
for two ®1,®, € rannpa,) (Tr). Hence, we have g(PkerTgT;’;(q)l)) = Q(PkerTgT}(%)). Therefore
PkerTgT;}(@l) = PkerTgT}(%), which yields Pyer 7, ®1 = Prerr; 2. Clearly, Pyer 7, ® = (PkerTg ker T;)CID
for all ® € rannp e,)(TF). It will thus be sufficient to prove that Pye 7, |ker T is injective and so
that ®; = ®,. By Theorem B3, ||T;(g)||2 > (VA—p)]g]| for all g € K which, together with y < \/TZ,

yields

—sup { infoerry) [0 — T2 : T € R(TE), | Tl =1}
sup { infjex | T5() = T5(9)lz : 9 € K. I T5(9)l2 = 1

< sup { I Tx(9) = T(9)ll2 = g € K. I T5(g)lls = 1}
< |1 = Tyl sup{llgl : g € K. ITg(g)l2 = 1}

1%
< A <L

For all T = {A4;}2, € @9 with ||T]|s = 1, we can use the Pythagorean relation to show that

Prerze (V)13 = 1 = [|(Jdsy — Prerry ) (13-

So that by (?7) we have

inf Pror. (D2 =1 — sup ldg, — Prer T)|I?
TEkerTf,HTHQ:l” ker7g (1) I3 TekerT;,HYHg:1||< © — Prerry ) (T) |15

=1- H([al@2 — PkerTg)\ kerTfH2
=1 — ||Pry| ker T ||?

=1- ||(PR(T5) kerTf)*H2

=1 — |[Prerr[R(TG)II> > 0

Thus, Pyerry | ker T is bounded below and so is injective.

To prove A is surjective, suppose that G(¥) be a HS-duals of G, where ¥ € rannpk.e,)(1g). We
set

= (Prernyker T%) (¥ — Prer, T%).
Then, we have
PkerTgT‘%((I)) = PkerTg (T;%- + q))
= PkorTgT;’E + V- PkorTgT

*
F
=V,

which completes the proof. [
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4. Weaving Hilbert-Schmidt frames and Perturbations

The concept of weaving was recently proposed by Bemrose et al [H] to simulate a question in dis-
tributed signal processing. In this section, we first recall the definition of weaving Hilbert space
frames ([4]), and apply the woven principle to Hilbert-Schmidt frames. Next, we discuss the erasures
and perturbations of weaving for Hilbert-Schmidt frames.

For a given natural number m, let [m] := {1,2,---  m}.

Definition 4.1. A family of frames {{fi;}ien : j € [m]} for a separable Hilbert space H is said to
be woven if there are universal constants A and B so that, for every partition {o;}jcpm of N, the
family { fi;}ico, jem) is a frame for H with lower and upper frame bounds A and B, respectively.

Definition 4.2. A family of HS-frames {{Fi;}ien : j € [m]} for a separable Hilbert space K with
respect to H is said to be HS-woven if there are universal constants A and B so that, for every
partition {0} jeim) of N, the family {Fij}ico, jepm) i a HS-frame for K with respect to H with lower
and upper HS-frame bounds A and B, respectively, and each Ujcim{Fij }ies, is called a weaving.

Theorem 4.3. Let F = {F;}2, and G = {G;}32, be HS-frames for K with respect to H and let
{Vnm : n,m € N} be an orthonormal basis for Cy. Then, F and G are HS-woven for K with respect
to H if and only if for every o C N, the family

{‘E*(Vn,m)}n,meN,iEa U {g;(yn,m)}mmEN,ieac

is a frame for KC. In particular, if {e;}5°, be an orthonormal basis for H, then F and G are HS-woven
for IC with respect to H if and only if for every o C N, the family

{E*<€n &® em)}n,mGN,iEa U {g;k(en & em)}n,mGN,iEoC
18 a frame for IC.

Proof . Let {F;}32, be a HS-frame for IC with respect to H and {v,,,, : n,m € N} be a orthonormal
basis of 5. As in the proof of Theorem B2, there exists f;,,m, gjnm € H such that ﬂ“(ynm) = finm,
G (Vnm) = gjnm and also by (B1),

IF A2 = D7 1 fonmd Py NGf12 =3 1 Ginm)

n,meN n,meN

Now, for every subset 0 C N and f € H we have

i€o i€cC i€o n,meN 1€0¢ n,meN
=3 D HEF @) P+ > G ) I*
€0 n,meN 1€0° n,meN

Therefore, {F;}ico U{Gi}icoe is HS-frame for H with respect to K if and only if {F; (Vn.m) }nmen.ico U
{F (Vnm) tnmenicoe s frames for K. This completes the proof. [

As application of Theorem B=3, we now present the following example which use a finite index set
J instead of N.
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Example 4.4. Let H be a two-dimensional Hilbet space and {e1,es} be an orthonormal basis of H.
Choose

{fiYiii =A{er,e2,2e2} , {g:}i) = {er,e1 + e, e1 — €2}
Since both of {f;}2_, and {g;};_, span H , then those are frames. Define

EI?‘[—)Z giZ,H—h
and

Filf) =f®fi G(f)=rf®g

forall f € H andi € J :={1,2,3}. We first show that for every o C J, {Fi}tico U{Gi}icoe C B(H,2)
are HS-frames, i.e. {F;}3_; and {G;}}_, are HS-woven.
Note that {F;}}_, and {G;}?_, are HS-frames, because for all f € H

ZH}%II AP >E:IIJTf||2 Z Z IFi(f), €n @ emlex|”

i=1 n,m=1

:Z Z tr((en ® ) (f © £)[*

i=1 n,m=1

=5 3 IS (U eaden ® F)(en) e

i=1 nm=1 k=1

=3 S IS feaen, £ (emsen)

i=1 nm=1 k=1

=SS [ endlem £

i=1 n,m=1

>3 (o eadlen i)

i=1 n=1
3
i=1

and similarly Y7 |(f, 901> < 2 1Gif 12 < (2 sl I1F11-
Let A be an Hilbert-Schmidt operator. We compute

[‘E(f)a A]tr :tI‘(.A*f & fl)

NE

(A" f® fi)(ex), ex)

Eod

v |
—

<ek7 fz><'A*f7 €k>

Z fzyek ek
k=1
A(f))-

Eod

=1

/\
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Thus F;(A) = A(f;). Similarly GF(A) = A(g;). So that

{Filen®em): ny,m=1,2}3, = {el,O, €2,0;0,e1,0, 62;0,261,0,262}

and
{Gien®em): n,m=1,2}_, = {el,O €2, 0; el,el,eQ,eg,el, 61,62, e%}.
= 1 1= 2 = 3
Now, since for any o C J, {Ff(e, @ en) : nym = 1,2}, U{G (e, @ ) : nym = 1,2}c5¢ is a
frame for H, hence by Theorem F-3, {Fi}3_, and {G;}3_, are HS-woven.

Two ordinary frames {f;}2, and {g¢;}°, for a Hilbert space H are weakly woven if for every
o C N, the family {f;}ico U{gi }icoc is a frame for H. In [6], Bemrose et al. proved that woven frames
are equivalent to weakly woven frames.

Definition 4.5. A family of HS-frames {{Gyi}nen : @ € [m]} for a separable Hilbert space IC with re-
spect to H is said to be weakly HS-woven if for every partition {o;}icpm) of N, the family {Gpitneo, icim
1s a HS-frame for IC with respect to H.

Using a technique given in Theorem 4.5. of [6], we have the following result for woven and weakly
woven HS-frames.

Theorem 4.6. Let F = {F;}°, and G = {G;}2, be HS-frames for IC with respect to H. Then, the
following are equivalent:

(a) F and G are HS-woven frames.
(b) F and G are weakly HS-woven frames.
Let F = {F;}2, be HS-frames for I with respect to H. For all 0 C N, let @;c,Co denote the
Hilbert space

{A (Aico : Ai€Cy Vieoand ||Al] = (ZHA H@) <oo}

1€0

We define 7, : ®Cy — ®icsCa by 7o ({A;}ien) := {Ai}ico and

Tr o ({Ai}ien) == Trmo({Aitien) = Z]’—* i {Ai}ieN € @Cz).

1€0

Theorem 4.7. Let F = {F;}32, be a HS-frame for K with respect to H with lower and upper HS-
bounds Ar, B, respectively, and let G = {G;}32, be a HS-Bessel sequences for KC with respect to H
with upper HS-bound Bg. If G be a p-perturbation of F and p < F \/_ then G is a HS-frame

for IC with respect to H and F and G are HS-woven.

Proof . The fact that G is a HS-frame for I with respect to H follows directly from Theorem B,

since
Ar Ar
p< < <VAr.
VBr++VBg ~— VBr d
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Let o be an arbitrary subset of N. For every f € K, we have
S AFDNE+ D NG NIE < B fI” + Ball £II* < (Br + Bo)| f]1*
1€0¢ €0

Therefore, the upper HS-frame bound of {G;}ic, U {F;}icoe is at most B + Bg. Since ||| < 1,
observe that

1T5 ol = 1TFoll = 1T || < [[T#]| < v Br

and similarly || Tg0|| < VBr , (|15, — T5 |l = 150 — Trol < T — Tr|| < p1. Therefore, for every
f € K we have

1665 = > FFWN| = To0T5,(f) = TroTr, (£

€0 i€o
< H (Tg,aTé,a - TQJT;‘,J) (f>H + H (TQ,UTJ*-‘,U - T}'JT;-',J) (f)H
< (1Teol 1750 = Troll + | Too — Tro|[[|T5,1]) £

< w(V/Br + V)|

which implies

1Y a6+ S FEAD] = | L ERG + (g - Y rrm)|

€0 i€o® i=1 St 1€0
> | D FFDN-1D_6:6:() > FF()
i=1 1€0 1€0

> |82 ()| = |1 TowTg0(f) — TroTs o ()|
> (Ar — u(VBr + VBa) ) Il

Thus Ar — /,L(\/B]—‘ + \/Bg) is the lower HS-frame bound of {G;}ic, U {F;}icoe, which proves the

theorem. [

Corollary 4.8. Let F = {F;}2, be a HS-frame for IC with respect to H with HS-bounds Ax, Br and
let G ={G;}2, be a u- perturbatzon of F. If n < 2F+ , then G is a HS-frame for K with respect to
H and F and G are HS-woven. Moreover, if also

VA7 (VAF — )’
2Br(2+ Ar||®]?)’

for some operator ® € ranng g,)(TF), then the HS-dual F(®) of F and HS-dual QN(PkerTgT]*E((I))) of
G are HS-woven.

Proof . The fact that G is a HS-frame for K with respect to H follows directly from Theorem B,

since
A Ar VA
2v/Br + 1 2\/B_]-‘ -2
This theorem also yields that G has the lower and upper HS-frame bounds Ag := (\/Z — ,u)2 and
Bg := (\/E—i-,u)Q, respectively. By (BB), F(®) has the upper HS-frame bound Azg) = A7t ||@)2.
Also Bz g i= B! is the lower HS-bound frame of F(®), since

1 1
13 (D5 = ITEOIE + 1NN = FIFI” + [N = FIIFI”
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Similarly, we conclude

[T ([, = T30 + IPuaer T, (1) 1B

< g 17 1Ty (D13

1 1 9 9
< (ﬂ + 2+l ) 171

where, ¥ := PkerTgT}(@. Thus Bg g = (VA - ,u)_2 + A7 +||®|]? is the upper HS-frame bound

of G(¥). Theorem B yields that G(¥) is a A-perturbation of F(®), where A given by (83). Since

u<—Land

VBr+
Az - L
- -2 _
Br@) T 1/ Baw 2Bf\/(x/Af — )+ AZ 4|22
Ar —p

2B5\/2+ (VA7 - )@
> VAr —
= 28721 AF|O]P

/AP
VA (VA7 — 4)

>\,
then by Theorem 74 we have the result. [

Corollary 4.9. Let F = {F;}3°, be HS-frame for KC with respect to H with HS-bounds Ar, Br and
let G ={G;}2, be a p-perturbation of F. If u < ﬁﬁ’ then G is a HS-frame for IC with respect
to H and F and G are HS-woven. Moreover, if also

ArvAFx
8Br (2 + Ax||®|?)’

p<

for some operator ® € rannp(k g,)(TF), then the HS-dual F(®) of F and HS-dual é(PkerTgT;{:(@)) of
G are HS-woven.
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