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Abstract

In this paper, we give a proof of the results of Miculescu and Mihail [J. Fixed Point Theory Appl.,
19 (2017), 2153-2163] and Suzuki [J. Inequal. Appl., 2017:256 (2017)] in extended b-metric spaces.
Also we give some applications of our result.
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1. Introduction and Preliminaries

Kamran et al. [I5] introduced the concept of extended b-metric space, which is not necessarily
Hausdorff and which generalizes the concepts of metric space and b-metric space.

Definition 1.1. [13] Let M be a nonempty set and e : M x M — [1,00). Let the mapping
de : M X M — [0,00) satisfies:

(EbM1) d.(u,v) = 0 if and only if u = v;

(EbM2) d.(u,v) = de(v,u) for all u,v € M;

(EbM3) d.(u, z) < e(u, 2)[de(u,v) + de(v, 2)] for all u,v,z € M.

Then d. is called an extended b-metric on M with mapping e and (M, d.) is called a extended b-metric
space.
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Definition 1.2. [74] Let (M, d.) be a extended rectangular b-metric space, {u,} be a sequence in
M and u € M. Then the sequence {u,} is said to be

(a) convergent in (M,d.) and converges to u, if for every ¢ > 0 there exists ng € N such that
de(un,u) < e for all n > ng and this fact is represented by lim, o u, = w or u, — u as
n — oo.

(b) Cauchy sequence in (M,d.) if for every e > 0 there exists ng € N such that de(um, u,) < € for
all m,n > ny.

Definition 1.3. [13] (M, d,.) is said to be a complete extended b-metric space if every Cauchy
sequence in M converges to some u € M.

In the papers of Bakhtin [4] and Czerwik [5] the notion of b-metric space was introduced and
some fixed point theorems in those spaces were proved.

Definition 1.4. Let M be a nonempty set and let b > 1 be a given real number. A function
d: Mx M — [0,00) is said to be a b-metric if for all u,v,z € M the following conditions are
satisfied:

(1) d(u,v) =0 if and only if u=v;
(2) d(u,v) = d(v,u);
(3) d(u,z) < bld(u,v) + d(v, z)].
A triplet (M, d,b) is called a b-metric space.

Note that a metric space is included in the class of b-metric spaces. In fact, the notions of convergent
sequence, Cauchy sequence and complete space are defined as in metric spaces. We have the following
diagram where arrows stand for inclusions of various generalizations of metric space. The inverse
inclusions do not hold.

metric space, [§] — b-metric space, [@, 5]

!

extended b-metric space, [I5]
Singh et al. [24] obtained the following result (see also Lemma 3.1 in [17]).

Lemma 1.5. (Lemma 3.1 in [24]) Let (M,d,b) be a b-metric space and let {u,} be a sequence in
M. Assume that there exists A € [0,1/b) satisfying d(uni1, un) < Ad(tp, up—1) for any n € N. Then
{u,} is Cauchy.

Miculescu and Mihail [I7] (Lemma 2.2) and Suzuki [26] (Lemma 6) proved that in Lemma I3,
we can extend the range of A to the case 0 < A < 1.
Algahtani et al. [?] obtained the following result.

Lemma 1.6. (Lemma 2 in [2]) Let (M, d.) be an extended b-metric space and let {u,} be a sequence
in M. Assume that there exists A € [0,1) satisfying

de(Uns1,Un) < Ade(Up, Uy 1),
for any n € N. If

Im  e(up, u,) <
m,n—oo

, (1.1)

> =

then {u,} is Cauchy.
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Remark 1.7. Note that if liny, ;00 €(Um, uy,) does not exists then Lemma I8 is valid if, instead of

oy e . 1
condition (L), we use the condition limsup,, ,, ., €(Um,un) < 5.

In this paper, we give a proof result of Suzuki, Miculescu and Mihail framework extended b-metric
spaces. We will show that instead of condition (IT) can be used weaker condition

limsup e(tp,, u,) < oo. (1.2)
™m,n— 00

Also we give some applications.

2. Main Results
In this section we using some ideas from [19].

Lemma 2.1. Let (M,d.) be an extended b-metric space and let {u,} be a sequence in M. Then for
alln,p € N,

de(Uns Untp) < €(Un, Unap)€(Unt1s Untp) - €(Ungp—2, Unp)
X [de<una unJrl) + de(un+17 un+2) + -+ de(unerfla uner)];
holds.
Proof . Obvious. O

Lemma 2.2. Let (M,d.) be an extended b-metric space and let {u,} be a sequence in M and let
A €[0,1) and C > 0 such that
de(“n—l—la un) S OA”;

for alln € N. If
1 my n ?
11 elu Uu A

m,n— 00

then {u,} is Cauchy.

Proof . It follows directly from Lemma I8 (see the proof of Lemma 2 in [2]). O

Lemma 2.3. Let (M, d.) be an extended b-metric space such that the condition (I3) is fulfilled and
let {u,} be a sequence in M. Assume that there ezists \ € (0,1) satisfying

de(un+17un> S )\de(unyunfﬁa (21)

log limsup e(um,un)

for all n € N. Let ng € N such that ng > — '"’”_'lzog/\ . Then

1. {unny} s Cauchy,
2. de(Un, Upg|n|) = 0 as n — oo,
no
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Proof . Let Q = lim supe(uy, u,) < 0.

m,n—00

1. Using Lemma P71 and condition (1) we get the following

de(u(n+1)n07 unno) S Qno [de(u(nJrl)nm u(n+1)n071) +-+ de(unnoJrla unno)]
S Qno( n+1 )no— 1 cee )\””O)de(ul,uo)
de(uh Uo)
< 10 \ 1o
< Cp",
where C' = Qnodelti:uo) “1 “0) and g = A", Since ng > — 1og§’ we have that
1

limsup e(up,, u,) < —.
m,n—00

So, from Lemma P22 we conclude that {uy,,} is Cauchy.
2.

de(urm ungI_:—Oj) S Qno [de(una un—l) +--+ d (uno j+1a U’TL()L n J)]

QA e A Dy (uy o)
nol 2= | de (w1, uo)
1—X

IN

< Q™A
S0, de (U, Uy =) = 0 as n — oo. O
nQ

Lemma 2.4. Let (M,d.) be an extended b-metric space such that the condition (I2) is fulfilled
and let {u,} be a sequence in M. Assume that there exists A € [0,1) satisfying de(tuni1,un) <
A (Up, up—1) for any n € N. Then {u,} is Cauchy.

log limsup e(um,un)
Proof . The case A = 0 is obvious. Let A € (0,1) and ng € N such that ng > ——==7~
Then the proof follows from Lemma P=3 and the following inequality

de(tn, um) < e(unaung[%]>e<unotﬁj)aum)[de(unaunol_n%)])

e (Ung| 2, no| 22 ) + de(ting| 22, um)} :
U
Example 2.5. Let M =[0,00), e : M x M — [1,00) and d. : M x M — [0,00) such that
e(u,v) =u+v+2, do(u,v) = (u—v)

3un 1

Then (M, d.) is extended b-metric space. Define sequence {u,} byuy € M and u,, = , foralln €
N. Then we have
d (un+17un) S Ade(“n,“n—l);
for all n € N, where X\ = &. Then we have lim e(up,u,) = 2. So, lm e(up,u,) > 2 and
m,n—o0 m,n—00

Lemma A not applicable. ]n other hand, from Lemma [Z4, we conclued that {u,} is Cauchy.

Remark 2.6. Note that, e(u,v) = b for any b > 1, then condition (I3) is fulfilled and from Lemma
24, we obtain the results of Suzuki [26] and Miculescu and Mihail [I77] (see, also [19]).
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3. Applications for single-valued mappings
In this section, we prove a theorem of Reich (see [Z1]) in extended b-metric spaces.

Theorem 3.1. Let (M,d.) be a complete extended b-metric space such that d. is a continuous func-
tional and the condition (I3) is fulfilled. Let T : M — M be a mapping satisfying:

de(Tu, Tv) < ade(u,v) + fde(u, Tu) + vyde(v, Tv),  for all u,v € M, (3.1)

where «, 3,7 non-negative real numbers with o + 3 + v < 1. Then T has a unique fixed point
u* € M. Moreover, there exists a sequence (uy)nen in M converges to u* such that u,1 = Tu, for
every n € N.

Proof . Let ug € M and {u,} be a sequence satisfying (I2) such that u, = Tu,_1 = T "ug. From
condition (B), we have

de(un+1> un) S ade(“ny un—l) + 5de(una un—i—l) + ’yde(un—la un)-

Therefore,

o+
de<un+1;un) S ﬁde

Set A = %rg Then, we have that A € [0,1). Hence, by Lemma 24, we obtain that {u,} is a Cauchy
sequence in M. By completeness of (M, d,), there exists z € M such that

(un—la un)

lim u, = z.
n—0o0

Now, we claim that z is the unique fixed point of 7. For that,
de(T 2, ups1) = de(T 2z, Tuy)

< ade(z,up) + Bde(z, Tz) + vde(Un, Uns1)
< ade(z,up) + Bde(z, T 2) + ve(tn, Uny1)[de(tn, 2) + d(2, Upni1)].

Letting n — oo in the above inequality, we deduce
de(TZ, Z) S ﬁde(TZ, Z)7

which implies that d.(7 z,z) = 0 and so z = T z. Moreover the uniqueness can easily be obtained by
using inequality (81). O

Remark 3.2. Note that the Reich result can be obtained without the continuity conditions for d.,
but we need stronger conditions for 5 and y (see Theorem 2.3 in [I8]).

If we take =~ =0 in (B), from Theorem B, we obtain the following result.

Corollary 3.3. (Theorem 2 in [15]) Let (M,d.) be a complete extended b-metric space such that
d. is a continuous functional and the condition (I2) is fulfilled. Let T : M — M be a mapping
satisfying:

de(Tu, Tv) < ade(u,v),  for allu,v € M,

where a € [0,1). Then T has a unique fized point. u* € M. Moreover, there ezists a sequence
(Un)nen 1 M converges to u* such that u,1 = Tu, for every n € N.
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If we take @ = 0 in (B), by Theorem BT, we obtain the following variant of Kannan theorem [I4]
in extended b-metric spaces.

Corollary 3.4. Let (M,d.) be a complete extended b-metric space such that d. is a continuous
functional and the condition (I) is fulfilled. Let T : M — M be a mapping satisfying:

de(Tu, Tv) < Bde(u, Tu) + vde(v, Tv),  for allu,v € M,

where B,y non-negative real numbers with B+ v < 1. Then T has a unique fived point u* € M.
Moreover, there exists a sequence (Up)nen n M converges to u* such that u,.1 = Tu, for every
n € N.

Remark 3.5. Possible directions for further research in extended b-metric spaces for single valued
maps:

1. The fized-point theorem of Hardy-Rogers, see [9];

2. The theorem of Cirié, see [6];

3. The results of the common fized points, see for example [i] and [13];

4. The Meir-Keeler result of fized points, see [16];

5. The Sehgal theorem, see [22].

4. Applications for multi-valued mappings

In this section, using Lemma P4, we prove the result of Nadler (see [20]) in extended b-metric
spaces.

4.1. Fized point results on the space K (M)

Definition 4.1. [2i] Let (M, d.) be an extended b-metric space and denote the family of nonempty
and compact subsets of M by K(M). For A, B € K(M), define H.: K(M) x K(M) — R* by

H.(A,B) = max{sup d.(a, B), sup d.(b, A)},

acA beB

where de(a, B) = inf{d.(a,b): b€ B}. The mapping H. is called the Pompeiu-Hausdor([f metric
induced by d,.

Lemma 4.2. [23] If (M,d.) is a complete extended b-metric space, then also (K(M), H,) is com-
plete.

Now, we can have main theorem of this subsection.

Theorem 4.3. Let (M, d.) be a complete extended b-metric space such that d. is a continuous func-
tional and the condition (I2) is fulfilled. Let T : M — K(M) be a mapping satisfying:

H.(Tu,Tv) < M(u,v),  for all u,v € M, (4.1)

where X € [0,1). Then T has a fized point u* € M. Moreover, there ezists a sequence (U )nen 1 M
converges to u* such that u,.1 € Tu, for every n € N.
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Proof . Let uy be an arbitrary point of M and uy; € Tug. If ug = uy or uy € Tuy, then u, is a fixed
point of 7 and so the proof is completed. Because of this, assume that xy # u; and u; ¢ Tuy, then
de(uy, Tuy) > 0 and hence H.(Tug, Tuy) > 0. Since Tuy is compact, there exists us € Tu; such that
de(uy, u9) = de(uy, Tuq). From (E), we have

de(ul,UQ) = de(ul,Tul) S He(TUO,T’LL1> S /\de(uo,ul). (42)

Following the previous procedures, we can assume that u; # us and ug & Tug. Then d(ug, Tug) > 0,
and so H.(Tuy,Tuz) > 0. Since Tuy is compact, there exists ug € Tug such that d.(ug,uz) =
de(uz, Tuz). Applying (E), we get

de(UQ,Ug) = de(UQ, TUQ) S H6<TU1, TUQ) S )\de(ul,UQ). (43)
Repeating this process, we can constitute a sequence {u, } C M such that u, # u,41 € Tu, and
de(Upy Upt1) < Mde(Up—1,up), forallneN. (4.4)

Hence, by Lemma 24, we deduce that {u,} is a Cauchy sequence in M. From the completeness of
(M, d,), there exists u € M such that u,, — z as n — co. We now show that z is a fixed point of 7.
Using triangle inequality and (E), we have

de(2,Tz) < ez, Tz)[de(z, uns1) + de(tni1, T2)]
e(z, T 2)[de(2, Upt1) + He(Tun, T2)]

(2, T2)[de(2, ups1) + Ade(tUn, 2)].

IN A IA

Passing to limit as n — oo in the above inequality, we obtain d.(z,7 z) < 0 and hence d.(z, T z) = 0.
Since 7T z is closed, we deduce that z € Tz. I

4.2. Fized point results on the space C B(M)

Let (M, d,) be an extended b-metric space. Denote C'B(M) be the collection of nonempty closed
bounded subsets of M and CL(M) be the class of all nonempty closed subsets of M. For each
r € M and all A, B € CL(M), we define

de(x, A) = ;gg de(x,a),

D.(A, B) = sup{d.(a,B) : a € A}.

Then the extended Pompeiu-Hausdorff b-metric H, on C'L(M) inducted by extended b-metric d, is

defined as
max{D.(A, B), D.(B,A)}, if the maximum exists,

—+00, otherwise,

H.(A,B) = {
for all A, B € CL(M). The following results are useful for the proof main result in the subsection.

Theorem 4.4. If (M,d.) is a complete extended b-metric space, then (CL(M), H.) where H, means
the extended Pompeiu-Hausdorff b-metric induced by d., is also an extended complete b-metric space.

Proof . Let A, B,C € CL(M). Obviously, H.(A,B) = 0 of and only if A = B and H.(A,B) =
H.(B,A). We define the mapping F : CL(M) x CL(M) — [0, 00) with

E(A, B) = max{sup inf e(a,b),sup inf e(b,a)}. (4.5)

acA beEB beB a€A
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We will show that it is worth
H.(A, B) < E(A, B)[H.(A,C) + H.(C, B)] (4.6)
For alla € A,b € B,c € C we have
de(a,B) = ;gg dc(a,b)

d.(a,b)
e(a,b)[dc(a,c) + de(c, b).

VARVAN

Thus,
d.(a, B)

IA

inf e(a, b)[de(a,c) + d.(c, B)

beB
inf e(a,b)[d.(a,c) + supd.(c, B).

beB ceC

IA

So,
d.(a, B) < inf e(a,b)[d.(a,C) + d.(c, B)],

beB
from here we conclude

supd,(a, B) < sup inf e(a, b)[sup d.(a, C) + sup d.(c, B)],

acA acA bEB acA ceC
that is,
D.(A, B) < E(A, B)[D.(A,C) + D.(C, B)]. (47)
Similarly, it is obtained
De(BaA) SE(AaB)[De(CaA)+De(B>C)] (48)

From (B77) and (B=8), we obtain (E4). O

Lemma 4.5. Let (M,d.) be an extended b-metric space and A, B € CB(M). Then, for each a € A
and € > 0, there exists b € B such that

de(a,b) < H.(A, B) + e.
Proof . Obviously. U

Definition 4.6. Let (M,d.) be an extended b-metric space. A mapping T : M — CB(M) is
called closed, if for all sequences (uy)nen and (vy)nen of elements from M and u,v € M such that

lim u, = u, lim v, =v and v, € T (u,) for each n € N, we have v € T (u).
n—oo n—0o0

Definition 4.7. Let (M.,d.) be a the extended b-metric spac. The extended b-metric d. is called
x-continuous, if for all A € CB(M), u € M and each sequence (u,)nen of elements from M such

that lim u, = u, we have lim d.(u,, A) = d.(u, A).
n—oo n—oo

Theorem 4.8. Let (M,d.) be an extended b-metric space such that the condition (I=2) is fulfilled
and T : M — CB(M) be a mapping satisfying:

H(Twu, Tv) < qde(u,v), (4.9)

for all u,v € M, where q € [0,1). Then, there exists a sequence (unp)nen in M converges to some
point x* € M such that u,y1 € T (uy) for every n € N. Also, x* is a fixved point of T if any of the
following conditions are satisfied:
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(i) T is closed;
(i) de is x-continuous.
Proof . Let ug € M. Choose u; € Tug. Let
l—gq
€ = ——H(Tuy, Tug).
L H (T, T

If H.(Tuy,Tug) =0, then we obtain Tu; = Tug and u; € Tuy. In this case proof is hold. So, we
may assume € > 0. From Lemma B3, then there is a point us € T u; such that

2
de(ul, UQ) < H€<TUO, Tul) + €= 1—+qH(TU(), Tul)
Similarly, there is a point us € 7T uy such that

de(uzg,uz) < Ho(Tuy, Tug) + €,

where ]
—q
= ——H.(Tus, Tuy).
€ 1+4 (Tus 1)
If H.(Tusz, Tui) = 0, then we obtain Tus = Tuy and us € Tuy. In this case proof is hold. So, we

may assume € > 0. Hence,
2
de(UQ, Ug) S —He(Tul, TUQ)

1+g¢q
Continuing in this process, we produce a sequence (u,)nen of points of M such that
Upt1 € Tu,, forallmeN, (4.10)
and 9
de(Un, Uni1) < FHE(Tun_l, Tu,), forallneN. (4.11)
q
It follows from (B—IT) that
2
de(Ups1,Up) < —qde(un,un_l), for all n € N. (4.12)
1+g¢q
Now, since %}q < 1, Lemma I implies that the sequence (u,),en is a Cauchy sequence. Since

(M, d,.) is complete, the sequence (u,),en converges to some point u* € M.
(i) Suppose that T is closed. From Definition B8 and the equation (A1), we have u* € Tu*.
(ii) Suppose that d is #-continuous. Then, we have

lim de(up,, Tu*) = de(u”, Tu"). (4.13)
Also,
de(un—i—la TU*) S He(Tuna TU*) S qde(una U*)

Hence, using (E13), we obtain
du*, Tu*) < qd(u*, Tu"). (4.14)

Since g < 1, we conclude that d(u*, Tu*) = 0 and hence u* € Tu*. O

Remark 4.9. They remain open problems in obtaining extended b-metric spaces results from papers
3,13, 10, 11, 23].
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