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Abstract

In this paper we establish an extension of Hermite-Hadamard inequality and as a result we obtain
the Hermite-Hadamard inequality for fractional integral and logarithmical integral. Also we get a
new refinement of it. Some examples are given.
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1. Introduction

Let f be a convex function on [a, b]. The following inequality

()<t <1320

is known in the literature as the Hermite-Hadamard inequality (H-H inequality). It is well known
that the H-H inequality plays an important role in nonlinear analysis. In recent years there have
been many extension, generalization and refinement of the inequality (), see [I, 2, 5, 6, [1] and the
references therein.

M. Z. Sarikaia et al. [R] proved the following inequalities of H-H type involving RiemannLiouville
fractional integrals.
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Theorem 1.1. Let f : [a,b] — R be a positive function with a < b and f € L'[a,b]. If f is convex
function on |a,b], then the following inequality for fractional integrals holds:

fla) + f(b)
2

f ( i b) < Tt D e )4 g fa) < (1.2)

2 2(b—a)
where o > 0, and

b b
J% £ (b) = ﬁ / (b— 02 f(t)dt, I f(a) = ﬁ / (t — a)* f(t)dt

In this paper we extend the H-H inequality by a positive function g € L'([0,1]) and we prove the
following inequality

; (a—;—b) < 2](b1_ > /ab {g (i:z) Ly (I;:Z)] f()dr < f(a)—;f(b) (1.3)

where f is a positive conver function on [a,b] and I = fol g(t)dt.
As a result of (I3) we obtain inequality (2) and also the following inequality,

a+b 1 b 1 b—a 1 b—a
< In® In*"" —— d
f( 2 ) 2(b—a)F(a)/a {n z—a " b-g J(x)de
_ Ha)+ £0)
2
In Theorem and Corollaries 2, 228 we get a new refinement of the inequalities (I2), (I23) and
(C2).
Finally we will give some examples via the convexity of f(x) = z".

(1.4)

2. Main results

Theorem 2.1. Let f : [a,b] — R be a positive convez function on |a,b] and g : [0,1] — R be a
positive function such that g € L'([0,1]). Then the following inequalities hold:

(45 <z [ [ (52) +o (=) roomr < 578 e

where I = fol g(x)dx.

Proof . Since f is convex on [a,b] , by change of variable z = tb + (1 — t)a we have

s [ 2 () o 0o

f(tb+ (1 =t)a)(b — a)di l9(t) +9(1 = O] (tf(b) + (1 — 1) f(a)) dt
f(b)

_7/0 t[g<t>+g<1_t)]dt+¥/o (L 1) [g(t) + a(1 — ) dt

< —
2I J,
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By easy calculation we see that

[ttt +90 - 1= | (=8 [g(t) + 9(1 — )] dt = [ otonte=1

s | o (=8) v (3=2) | swar < 110

For proving the second part of the inequality, considering the convexity of f, we have

f(a;b) :f(ta+(1—t)b—£(1—t)a+tb)

< %f(ta + (1 —t)b) + %f((l —t)a+tb)

Multiplying both sides by g(¢) and integrating on [0, 1] we obtion

a+b\ [! 1 [t 1t
f( ! )/0 g(t)dt<§/0 g(t)f(ta+(1—t)b)dt+§/o 9O F(tb + (1 — t)a)dt

“ziea | [ (5=2) +o (5=5) o
1(5) <am=a | b (=) o (=)o

The proof is complete. [

Hence

Corollary 2.2. Let f be a positive convex function on |a,b]. Then the following inequalities hold:

(4)

(%52) < e v s + g < H D s 22

(i)

1(55) < s | 10 [ e 25w < LSS0

1
Proof . (i) Let g(x) = 2 '(a > 0) on [0,1]. Then I = fol g(x)dx = —. By Theorem PZ1l we have
o'

() <t [(20) () oo 2

So

g <a ; b) S 20 . a)e / (o= 0"+ (0= )] so)de < 1 ; =
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Finally by putting

Je f(b) = ﬁ / (b— ) f()de, I3 f(a) = ﬁ / (z — a)* f(x)da

we deduce the Hermite-Hadamard inequality for fractional integral by Riemann-Liouville integrals
@ fand J f of order a > 0 (see [§])
(i1) Let g(z) = (—Inz)* *(a > 0) on [0,1]. Then

1 +oo
I= / (—lnz)* 'dx = / t*te~tdt = T'(a)
0 0

Using Theorem P71 we obtion

1(55) <o [ o o g e g HE Y

[0 Now we want to refine the right side of the inequalities (21), (22) and (E23). First we need the
following Lemma.

Lemma 2.3. Let f : [a,b] — R be a positive convex function and g : [0, 1] — R be a positive function
such that g € L*([0,1]). Then the following inequalities hold:

o7t 1 ) )

flx)dz < %fa”f(:v) (ffg (25,__2)) tita) e
b

zgéfabf(x)é (b:z) dz
(412) g (Z:f;) f(x)dz + fw g (2 _Z> f(z)dx

rT—a\ b t—a dt b—x\ 2 b—t dt
where G(b—a)—fx‘g<2(b—a)>t—aandG(b—a)_f“g<2(b—a)>t—a'

t
Proof . (i) By change of variable z = “r

, using the left side of Hermite-Hadamard inequality
and Fubini’s Theorem we obtain

a+b

[ a(522) e -
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t—a dt rT—a
Put [° = th
" fmg(2(b— ))t—a G(b a) o
(b+a—x)—a) _/b t—a \ dt
b—a B bmﬂg 2b—a)) t—a
_/w b—t \ dt
— L 9\e—a)) bt

The proof of (i) is complete. Using a similar method the part (i¢) is clear.
(77i) By change of variable x = tb + (1 — t)a and convexity of f we have

/a“z“’g (2:2) f(;c)d;ch/;g (Z:Z) f(z)dx

= (b— a)/2 g(1—t)f(tb+ (1 — t)a)dt + (b — a) [g<t>f<tb+ (1—t)a)dt

0 2

< (b—a) /02 g =1)(Ef(b) + (1 =1)f(a))di + (b a)[ g(@)(Ef(b) + (1 —1)f(a))dt

=0y | [Tt -nars [ tg(t)dt]

/0 2

+(b—a)f(a) /02(1—t)g(1—t)dt+[ (1—t)g(t)] dt

2

— (b— a)(f(a) + FB)) / g(t)dt

Because by easy calculation we see that

/Oétg(l—t)dw/lltg(t)dt:/0%@_t)g(1—t)dt+f(1_t)g(t)dt:[g(t)dt

2

O

Theorem 2.4. With the assumptions of Theorem 2 the following inequalities hold:

s [ B2) 2o
o [ 22) o (20 510

1
< M, where I:/O g(t)dt

383
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Proof . Using Lemma =3 we have

ey | 1 (525) +o (5=5)] o=
“gaa () (i L (5=
<a=a |3 /abf @) /:g (s=) 7t 3 /abf @ [0 () 7]
(152 f o= s [ o (5=2) +

L @)+ 1) [g(t)dt (2.4)

21
By change of variable x = tb 4 (1 — t)a and convexity of f we get

/abf(@{G(Z >+G< )} /ftb+1 1a) [G(t) + G(1 — 1)) dt

b— a)/( f) + 1 =1)f(a) [G() + G(A = t)]dt

(
(b—a)f ()[/ tG(t )dt+/01tG(1—t)dt}
(b—a)f(a) [/0( - )G(t)dt+/01(1—t)G(1—t)dt]

/A

+

(b— a)(f(a) + (D)) / G(t)dt (2.5)

ia integration by parts we have

i
/ Ddt — tG(t —/OtG()dt
:G(l)—/olt(—%g(%)) dt:/olg(%)dt:/jzg@)dt (2.6)

(60)=0.60) = Fsy )g(sz‘“))tdta G’<y>:—1g<%>)

)
Now by (22 ) (23), and (E8) we obtaion

s [ () (0 5
<§</ o0yt ) (7(a) + ) + 120 ”[ o(t)i
fla

) + /) (/ ()m/% o )dt> _ Jla >2+If<>/0 o(0)d

_ @)+ )
2
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O

Corollary 2.5. Let f be a positive convex function on |a,b] and o > 0. Then the following inequal-
ities hold:

(0) INa+1)

b= a) (2 f(b) + Jg- f(a)]

S T2 D _a)de [ @+

(=D = 1) fla) + f(b) _ fla) + f(b)
1+2%(a—1) 2 = 2
y 1 w1 b—1x w1 b—a
(Z’l) mﬁf |:1I1 E +1H m‘| f(.CC)dQ?
1 b a2(b_a> a2<b_a) @

<A o e S e e
fla)+ f(b) rm2 01 4 f(a) + f(b)
@) Jo Ttotetdt < —

+

Proof . (i) In Theorem P4 put g(z) = 2 *(a > 0) on [0, 1].
Then

! 1 r—a bt —a \*' dt

J = a—1 _ _
[ a’G(b—a) /z(2<b—a>> i~
1 b a—2 1 a—lb
_201(b—a)0‘1/x(t_a) &= o=@ Y

L o=l _(x —q)!
~ g a9~ @m0

T

By similar way

b—x 1 e
¢ (b— a) B 20-1(h — a)* (o — 1) [(b—a) (b —x)*

So
T [ [(ii ) + (i:“’)] f(a)da
) : 200 -0 = (2= a)* = (b= 2)*] f(a)da

«

b
Z(b——a)a/a [(17 — a)o‘ + (b — l‘)a ] f(l')dl‘

(07

b b
< 10— a)o(a = 1) [/a 2(b—a)* ' f(z)dx — /a [(z—a)* "+ (b—2)*7"] fz)da

Fl@)+f0) (1Y _ fla)+f(b)
L (1 - 2—) STy

=
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/b [(z —a)* '+ (b—2)*7"] fz)da

a

;; (v —1) / flz 2a+1 j)a(a Y /ab [(z—a)* "+ (b—2)*"] f(z)dz
2gr_( a>)a [ f(0) + T f(a)] < (o (1)‘)<b 3 /ab f(z)da
T ari(p Circf;)(a —y U f®O) + I fla)] + fla) ; /) (1 _ 2%) < f@ ; f(0)
I'(a+1)

Adding [J2 f(b) + J2 f(a)] to both sides we obtion

201 (h — a)*(av — 1)

Fla+1)2%(a—-1)+1], o flo
2a+1(b _ a)a(oz _ 1) [Ja"'f(b) + ‘]b—f( )]

2“(@—?)(6_@ /abf<x)dx+M(l_2ia)

< e U ) + S fl)] +
f(0) + 100

a+1) o
20—y [Ja+f(b) + Jb_f(a)} < T80
L fa+fO) S+ fO) 1+2%a—1)f(a)+ f(0)
S 2o(a—1) 2 2 2¢(a — 1) 2
2%(a — 1)
1+ 2%(a—1)
Fla+1), . . 2%(a —1)
o 1)+ ) < ot [ e
2%(a—1) (27 -1\ f(a) + f(b) f()+f()
1+2a(a—1)< 2 ) 2 S
Ma+1), . N
W[Ja+f(b)+Jb—f( a)] < 05 2 = b—a/f
(a—l)(Qa—l)f(a)+f()<f()+f()
1+2%(a—1) 2 A 2 '
(i1) In Theorem 24 put g(x) = (—Inz)* (o > 0) on [0, 1]. Then

1 o)
I= / (—Inz)* tdx = / t*te7tdt = I'(a),
0 0

(z—a) /b( b—a) dt 1. ,2(b—a)
=——1In
b—a t—a t—a Q t—a
1
o

Since

Multiplying both sides by we get

In® 22~ 7/ (b_&)

Tr—a

:——ln 2+ —
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By similar way

b—a @ b—x
So
1 T L b—a w1 b—a
o [, [ e e
< m/ {—%ln‘%—i—élna%—kélna 2(;__;1)} f(z)dx
_i_f(C;)F—EaJ;(b)ﬁ (_lnt)afldtg f((l)—;—f(b)

1 T oL b—a w1 b—a
2(b—a)F(oz)/a [ln 1x—a+1n lb—x] J(x)d

1 "1 . 2(b—a) o 2(b—a) N
<4(b—a)F(a+1)/a {ln - +In P —2In Q]f(:v)dx
LI g S0

[ In the following corollary we obtain a new refinement of Hermite-Hadamard inequality, when f is
a positive function.

Corollary 2.6. Let f be a positive convex function on [a,b]. Then

a+b 1 b 1 b b—a b—a
f( 2 )gb—a/af@)dng(b—a)/a [lnx—ajqnb—a}f@)dx
_ f@) +70)
2

~X

Proof . we have

f(a—QFb) < bia/abf(x)dx: bia [/aa;bf<x)dx+/;f<x>dg;]

and using Hermite-Hadamard inequality and Fubini’ Theorem we

By change of variable x =
obtain

a+b

[ et o5 s o)
:%/ab <f(x)/:t‘f—ta) dx:%/abf(x)lnz:(;dx

By similar way

b I b—a
< —
o flz)dz < 2/a f(a:)lnb_xd:t
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So

a+b 1 b 1 b b—a b—a
f( 2 )gb—a/aﬂx)dng(b—a)/a {lnx—a—i_lnb—x J(x)dz
_ fla) + £

fla
- 2
The last inequality is obvious by Corollary 22 (i7) for a = 2. [

3. Examples

1. Let f(z) = 2™ and a = n(n € N). By change of variable x = tb + (1 — t)a we have
1

TS0 = o / (b— )" \a"dy — ﬁ /0 (1= 6" (b— a)"!

n _ (b_CL)n ! n—1 n n—k k
(#h+ (1= t)a)" (b~ )it = /0(1—t) Z(k)(tb) (1= t)a)

k=0
(b—a)nzn: (n) —k k/l —k k—1
= " "a R = )"t
I'(n) —\k 0

_(b=a) — (n n—k .k B(y — n
= T ;(k>b B(n—k+1,k+n)

Where B is Beta function and

B(z,y) :/0 £ (1 — )it = (x(;i);{_l;)!
So
. (b—a)" <= (n\,, 1 (n—K)!(n+k—1)
Tied ) =Ty 2 (1) =2
_(b—a)" —~ (n n—k 1
~ 2nI'(n) ; (k)b (2::]{1)

By similar way we obtian

2nl'(n) “— ( - )
Hence
T g0+ 0 ) = S S [ s + (Q@I)]

Now, by Corollary 3 (i) we obtion

a+b\" _Tn+1)(b—a)" < n—k () ()
( 2 ) S 26— a)" 20T (n) kzzob [(22‘_73) ' (2"51)]
(n—1)2"—-1) a"+b* _a"+b"

1+2"(n—1) 2~ 2

n 1

SOrzeone a1 )
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Via means’ notations we get

A"(a,b) < izn:bn_kak [(2&7:)1) + (292)1)]

k=0 n—k k

n N (mn—12"=1) , . . R
gan(a,b)—l— A(a™,b") < A(a™,b")

1+27(n—1)
a+ b bn+1 _ an+1 n
where A(CL, b) = T, Ln(a, b) = m} (CL, b > 0)

2. In Corollary 28 Let f(z) = 2™(b > a > 0). Then

a+b\" bt — gt 1 b b—a b—a a™ 4 b"
—) < < 1 1 "dr <
< 2 ) (b—a)(n+1) b—a/a (n:p—a+nb—x o 2

Integrating by parts we have

b 1 b 1 b .+l ntl n+1
/axnln(x—a)dx:n—H ”+11n(:p—a)a—n+1/ z ;_(;LCL dx
1 i 1 b . an+1
:—n-i—lb ln(b—a)—n+1/ {(x +x a+...+a)+x_a}dx
— i a) - Zx" bk )
n+1 a —a
1
— bn+11 h— bnkarl _n—k+1 n+11 h—
n+1 n kz n— k + 1 ¢ )+ n(b—a)
B ln(b n (bn k+1 n—k-l—l)

a) a
bn+1 n+1
n+1 ( )~ n—i—lkzo n—k+1

Notice that lim [z"** — a™]In(z — a) = 0. By similar way we get

z—at
b hl(b o CL) 1 n bk(bn—k+1 _ an—k-l—l)
ny _ — n+l _ nt+ly
/ag“" n(b = a)de = === (0" —d™) n+1k§ n—k+1
So
1 b b—a b—a 200" — ") In(b — a)
1 1 "dr =
b—a/a (nx—a+nb—x)x v (b—a)(n+1)

b i a /a (In(z —a) +In(b — x)) x"dx

20 —a™)nb—a) 1 [2In(b-a) (b — )
(b—a)(n+1) b—a| n+1
1 n (bn—k—H _ an—k-‘rl) (bk 4 ak) B 1 n (bn7k+1 . ankarl)(ak + bk)
_n+1k:0 n—k+1 S (b—a)(n+1) n—k+1

k=0

389
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Now by (B1) we have

<(l + b)n bn—i—l — qntt 1 n bn—k—i—l . an—k’—i—l a™ + bn
o

2 b=+ D) a1k + )o—a)

Finally, via means’ notations we obtain

A"(a,b) < Ly(a,b) <

n

Z(ak + bk>Ln—k+1<a7 b) < A(an’ bn)

k=0

n+1
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