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Abstract

In this paper, we establish the existence and uniqueness of common coupled fixed point results for
three covariant mappings in bipolar metric spaces. Moreover, we give an illustration which presents
the applicability of the achieved results also we provided applications to homotopy theory as well as
integral equations.
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1. Introduction and Preliminaries

This work is motivated by the recent work on extension of Banach contraction principle [5] on bipolar
metric spaces, which has been done by Mutlu and Giirdal [20]. Also, they investigated some fixed
point and coupled fixed point results on this spaces (see [21, 22]). Subsequently, many authors
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established coupled fixed point theorems in different spaces (see [1, 2], 3l 6] [7, &, [1T), 12, 13|, 14, 5]
16, (18, 19, 23, 25, 26]).

The aim of this paper is to initiate the study of a common coupled fixed point results for three
mappings under various contractive conditions in bipolar metric spaces. Finally, we give an example
which presents the applicability of our achieved results also we provided applications to homotopy
theory as well as integral equations.

First we recall some definitions and examples as follows.

Definition 1.1 ([20]). Let A and B be a two nonempty sets. Suppose that d : A x B — [0,00) is
a mapping satisfying the following properties:

(Bo) If d(a,b) =0 then a = b for all (a,b) € A x B,

(B1) If a =10 then d(a,b) =0, for all (a,b) € A x B,

(Bs) If d(a,b) = d(b,a), for all a,b € AN B,

(By) If d(ay,be) < d(ay,by) + d(ag, by) + d(ag, bs) for all ay,as € A, by, by € B.

Then the mapping d is called a bipolar-metric on the pair (A, B) and the triple (A, B,d) is called a
bipolar-metric space.

Definition 1.2 ([20]). Assume (A, By) and (As, By) as two pairs of sets.

The function F : AyUB; — AyUBy is said to be a covariant map, if F(A;) C Ay and F(B;) C By
and denote this as F : (A1, By) = (Asg, By).

The mapping F : Ay U By — As U By is said to be a contravariant map, if F(A;) C By and
F(By) C Ay and this as F : (A1, By) = (As, Bs).

In particular, if dy and dy are bipolar metrics in (Aq, B1) and (As, Bs) respectively. Then in some
times we use the notations F : (A1, By,dy) = (Asg, By, ds) and F : (A1, By,dy) = (As, Ba, ds).

Definition 1.3 ([20]). Let (A, B,d) be a bipolar metric space. A point v € AU B is said to be left
point if v € A, a right point if v € B and a central point if both.

Similarly, a sequence {a,} on the set A and a sequence {b,} on the set B are called a left and
right sequence respectively.

In a bipolar metric space, sequence is the simple term for a left or right sequence.

A sequence {v,} is convergent to a point v if and only if {v,} is a left sequence, v is a right point
and llm d(vn,v) = 0; or {v,} is a right sequence, v is a left point and hﬁm d(v,v,) =0.

A bzsequence ({an}, {bn}) on (A, B,d) is sequence on the set A x B. If the sequence {a,} and
{bn} are convergent, then the bisequence ({an}, {b,}) is said to be convergent. ({a,},{bn}) is Cauchy
sequence , if lim d(ay,b,) = 0.

A bipolar metric space is called complete, if every Cauchy bisequence is convergent, hence bicon-
vergent.

Definition 1.4 ([21]). Let (A, B,d) be a bipolar metric space,
F : (A% B%) = (A, B) be a covariant mapping. If F (a,b) = a and F (b,a) = b for (a,b) € A*> U B?
then (a,b) is called a coupled fized point of F.
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2. Main Results

In this section, we give some common coupled fixed point theorems for three covariant mappings
in bipolar metric spaces.

Definition 2.1. Let (A, B,d) be a bipolar metric space, F : (A%, B?) = (A,B) and f : (A,B) =
(A, B) be two covariant mappings. An element (a,b) is said to be a coupled coincident point of F
and f. If F (a,b) = fa and F (b,a) = fb.

Definition 2.2. Let (A, B,d) be a bipolar metric space, F : (A%, B®) = (A,B) and f : (A,B) =
(A, B) be two covariant mappings. An element (a,b) is said to be a common coupled fixed point of

F and f. If F(a,b) = fa=a and F (b,a) = fb=0b.

Definition 2.3. Let (A, B,d) be a bipolar metric space, F : (A*, B*) = (A, B) and f : (
(A, B) be two covariant mappings are called w-compatible if f (F' (a,b)) = F (fa, fb) and f (F
F (fb, fa) whenever F (a,b) = fa and F (b,a) = fb.

A, B) =
(b,a)) =

Theorem 2.4. Let (A, B,d) be a bipolar metric space and F,G : (A%, B®) = (A,B), f: (A,B) =
(A, B) be covariant mappings satisfying:

(i) for all a,b € A and p,q € B with 6 € (0,1),

d(F(a,b),G(p,q)) < 9max{d(fa, fp),d(fd, fq)},

(it1) F(A2UB*)UG(A*UB? C f(AUB),
(1ii) either (F, f) or (G, f) are w-compatible,
(iv) f(AU B) is complete.

Then the mappings F,G and f have a unique common fized point of the form (u,w).

Proof . Let ag,byp € A and po,qo € B and from (ii), we construct the bisequence ({aa,},{p2n}),

({b2n} s {a2n}), ({wan}, {x2n}) and ({&n}, {K2n}) in (A, B) as

F (a2n7 b2n) = fagm41 = won, G (p2n> Q2n) = fPont1 = Xon,
F (bon, asp) = fbony1 = Eon, G (@20, P2n) = f@nt+1 = Kon,
G (a2nt1,bant1) = fazni2 = Wany1, F (pan+1, @2nt1) = fP2nt2 = Xont1,
G (b2n+17 @2n+1) = fbany2 = Eont1, F (QQn+17p2n+l) = fQont2 = Kony1,

forn=0,1,2,....
Now from (i), we have

d(w2m X2n+1) = d(F (a2n; bzn) ) G (p2n+1, Q2n+1))

< Omax { d(fazm, [P2n+1), d(fbon, fqont1) }
(2.1)

< Omax { d(wan—1, X2n); d(Ean—1, K2n) }

< Omax { d(wan—1, X2n), d(E2n-1, K2n) },
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and
d (€2n7 /{2n+1) - d (F (ana a2n) ) G <q2n+17p2n+1))

< Gmax{ d(fans [Gant1), d(faom, [P2n41) }

(2.2)
< Omax { d(&n-1, K2n), d(Won-1, X20) }
S 0 max { d(w2n—17 X2n)7 d<§2n—17 K/Q'n) } .
Combining and , we get that
max {d (w2n7 X2n+1> ,d (§2n, /<v'2n+1)} < f max {d (w2n—1a X2n) ,d (fzn—h 'f2n)}
< 6? max {d (WZn—Qa in—l) ,d (§2n—2, K’Qn—l)}
< 6?"max {d (wo, x1) , d (§0, K1)} -
Thus,
d (wan, Xons1) < 02" max {d (wo, x1) ,d (&0, K1)}, (2.3)
d(&n,lian) < anmax{d(%,)(ﬁ»d(foyﬁl)}- .
On the other hand, we have
d(w2n+1, X2n) = d(F (G2n+1, b2n+1) G (ana C_Izn))
< 6 max { d(fazni1, fp2n), d(fbant1, faon) } (2.4)
S 9 max { d(w2n7 X?n—1)7 d(€2na 5271—1) } )
and
d (£2n+17 ﬁ2n) =d (F (b2n+17 a2n+1) ) G (q2n7p2n))
S Omax { d(fb2n+17 fQQn)7 d(fa2n+1a fp2n) } (25)
< Qmax{ d(&on, K2n-1), d(Wan, X2n—1) } .
Combining and ([2.5)), we get that
max {d (wont1, X2n) » d (Eant1, Kon)} < O@max {d (wan, Xon—1) , d (§2n, Kan—1)}
< 6? max {d (w2n—17 X2n—2) ,d (€2n—17 /f2n—2)}
S 9271, max {d (wla XO) ) d (517 KO)} .
Thus,
d <W2n+1, XQW«) S 92” max {d (wb XO) ) d (517 "10)} ) (2 6)
d<§2n+17/€2n> S 02” max {d (thO) 7d<§17 I{U)} . .
Moreover,
d (W2n7 X2n) =d (F (a2n7 b2n) ) G <p2n7 q2n))
S Hmax { d(fa2n7 fp2n)7 d(fb2n7 fq2n) } (27)

< Omax { d(wan—1, X2n-1), d(Eon—1, K2n-1) }
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and
d (52717 R?n) - d (F (an) a2n) ’ G (q2n7p2n))

S 9 max { d(bena fQ2n>7 d(fa2na prn) } (28)

< Gmax{ d(&on—1, Kon-1), d(Wan—1, X2n—1) } :
Combining (2.7) and ({2.8]), we get

max {d (wzm XQn) ,d (§2n7 f<u'2n)} < f max {d (w2n717 X2n71) ,d (£2n71; /{/2n71>}
< 0% max {d (wan—2, X2n—2) , d ((2n—2, Kan—2) }

é 62" max {d (wo, xo0) , d (&0, ko) } -

Thus,
d(wzn,X%) S 92” max {d (w0>X0) 7d(€07 /ﬁ))} ’ (2 9)
d (&2n; Kian) < 07" max {d (wo, X0) , d (€0, ko) } - '

Using the property (By), we obtain

d (wan, Xom) < d(wWan, Xont+1) + d (Wont1s Xont1) + -+ + d (Wom—1, Xom) (2.10)
d (&on, Kom) < d(&an, Kant1) + d (ant1, Kont1) + - -+ d (Eam—1, K2m) '

and
d (Wam, Xon) < d(Wam, Xom—1) + d (Wom—1, Xom—1) + -+ - + d (Wan+1, X2n) 5 (2.11)
d (&am, kon) < d (E2m, Kam—1) + d (Eom—1, Kam—1) + - + d (Eans1, Kan) '

for each n,m € N with n < m. Then, from (2.3)), (2.6), (2.9), (2.10) and (2.11]), we have

d (w2n, X2m) + d (§an, Kom)
< (d(wan; X2n+1) + d (&ans K2nt1)) + (d (Want1, Xont1) + d (2nt1; Kont1))

+ -+ (d (Wam—1, Xom—1) + d (Sam—1, Kam—1)) + (d (Wam—1, X2m) + d (§2m—1, Kom))
<2007 4+ 62" 4 4+ 02" ) max { d(wo, x1), d(&o, K1) }

+ 2(92n+1 + 02n+2 + .+ 92m71> max{ d(wo, XO): d(fo, KO) }
2n

< 21 emax{ d(wo, x1), d(&o, k1) }

2n+1

1—-6

+2 max{ d(wo, Xo0), d(&o, Ko) } — 0 as n — oo.
Similarly, we can prove (d (wom, X2n) + d (&am, K2r)) = 0 as n,m — oo. This shows (wan, X2m) and
(&on, Kom) are Cauchy bisequences in (A, B). Therefore,

lim (wan, Xom) = lim (&, Kom) = 0.

n—oo n—oo
Since f(AUB) is a complete subspace of (A, B, d), so {want1}, {X2m+1}s {E2nt1}s {Koms1} C fF(AUB)
are converges in the complete bipolar metric space (f(A), f(B),d). Therefore, there exist u,v € f(A)
and w, z € f(B) with

lim Wop+1 = W, lim €2n+l =z, lim Xon+1 = U, lim Rop4+1 = V. (212)
n—oo n—00 n—00 n—0o
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Since f: AUB — AU B and u,v € f(A), w,z € f(B), there exist [,m € A, r,s € B such that
fl=u, fm=vand fr =w, fs = z. From (i) and (Bj,), we have

d(F(l,m),w) (F(1;m), Xon41) + d (Want1, Xon+1) + d (Want1, w)
(F'(L,m), G(p2n+1; Gent1)) + d (W2nt1; Xont1) + d (Want1, w)
f max { d(f1, fpant1), d(fm, fgant1) }

+ d (Want1, Xan+1) + d (Wang1, W)
< Gmax{ d(fl, xon),d(fm, Kap) }

+ d (wont1, Xont1) + d (wops1, w) — 0 as n — 0.

<
<
<

Therefore, d (F(l,m),w) = 0 implies F(I,m) = w = fr. Similarly, we can prove that F(m,l) =
z=fs, F(r,s) =u = fl and F(s,7) = v = fm. Since (F, f) are w-compatible mappings, we have
F(u,v) = fu, F(v,u) = fv and F(w,z) = fw, F(z,w) = fz. We prove that fu = u, fv = v and
fw=w, fz=z. Now,

d (fua X2n) =d (F('Ll,, U)a G(p2n7 q2n>)
S  max {d(fuv fp2n>7 d(fU, fq2n)}
S 0 max {d(fu7 X?n—l)v d(f’U, RQTL—l)} :

Letting n — oo, we get
d(fu,u) < @max{d(fu,u),d(fv,v)}. (2.13)
Also,
d(fv, ko) =d(F(v,u),G(qan, P2n))
S ¢ max {d(f?}, fQ2n)7 d(fua fp2n)}
< Omax {d(fv, Kan_1),d(fu, xon-1)}-

Letting n — oo, we get
d(fv,v) < O@max{d(fv,v),d(fu,u)}. (2.14)

Combining (2.13)) and (2.14)), we have

max {d(fu,u),d(fv,v)} < Omax{d(fu,u),d(fv,v)}
< max {d(fu,u),d(fv,v)},

which implies that d(fu,u) = 0,d(fv,v) =0 and so fu = u, fv = v. Similarly, we can show fw = w
and fz = z. Therefore,

F(w,z)sz:w:fr:F(l,m), F(Z,’LU)ZfZ:Z:fS:F(m,l),
F(u,v) = fu=u= fl=F(r,s), F(v,u) = fv=v= fm=F(s,7).

On the other hand, from ([2.12)), we get

d(fl, fr)=d(u,w) =d ( lim Xgn,gi_g)low%) = lim d(wap, x2n) = 0,

n—oo n—oo

and

d(fm, fs)=d(v,2) =d ( lim “2%}2205%) = lim d(&n, K20) = 0.

n—oo
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Since G(A? U B?) C f(AU B), so there exist a,b € A and z,y € B such that fa = u, fb = v
and fz = w, fy = z. Therefore, G(u,v) = fr = w, G(v,u) = fy = z and G(w,2) = fa = u,
G(z,w) = fb=wv. Now, from (B,) and (i), we have

d(u,G(z,y))
< d (U X2n+1) +d (W2n+17 X2n+1) +d (w2n+17 G(% Y))

d (u, Xon+1) + d (Want1, Xont1) + d (F(a2n41, banta), G(,9))

d (U, X2nt1) + d (Want1, Xony1) + O max {d(fazni1, f2), d(fbanir, fy)}
< d (U, Xant1) + d (Want1, Xong1) + 0 max {d(wan, f7), d(Xan, fY)}

— 0 as n — 0.

That is, d (u, G(z,y)) = 0 implies G(z,y)
v = G(y,x) = fband w = G(a,b) = fx,
G(u,v) = fu, G(v,u) = fv and G(w,z) =

fw =w, fz = z. Therefore,

G(w,z) = fu=w= fr=_G(a,b), G(z,w) = fz=2= fy=_G(b,a),
G(u,v) = fu=u= fa=G(x,y), G(v,u) = fv=v= fb=G(y,x).

On the other hand, from (2.12)), we get

= u, and hence u = G(z,y) = fa. Similarly, we prove
z = G(b,a) = fy. Since (G, f) are w-compatible, so
fw, G(z,w) = fz. But, we have fu = u, fv = v and

d(fa, fr)=d(u,w) =d ( h_{ﬂ X2n, hm w2n) = nh_>ﬂc}o d(wan; X2n) = 0,

and
A(fb, fy) = d(v,2) = d (lim fa, Tim &, ) = Tim d(€n, Kan) = 0.

So u = w and v = 2. Therefore, (u,v) € A2 N B? is coupled fixed point of covariant mappings F, G
and f.

Now we prove the uniqueness, we begin by taking (u*,v*) € A% U B? be another fixed point of F,G
and f. If (u*,v*) € A% then we have

d(u,u*) =d(F(u,v),Gu*,v*))

< Omax {d(fu, fu*),d(fv, fv*)} (2.15)
< @max {d(u, u*),d(v,v*)},

and
d(v,v*) =d(F(v,u),Gv*u"))

< Omax {d(fv, fv*),d(fu, fu*)} (2.16)
< Omax {d(v,v*),d(u,u*)} .

Combining (2.17) and (2.1€]), we have

max {d(u, u*),d(v,v*)} < Omax{d(u,u*),d(v,v*)}
< max {d(u, u*),d(v,v*)}.

Therefore, d (u,u*) = 0,d (v,v*) = 0 implies v = u*, v = v*. Similarly, if (u*,v*) € B?, then we have
u = u* and v = v*. Then (u,v) € A* N B? is unique coupled fixed point of covariant mappings F, G
and f. Finally we will show that u = v.

d(u,v) =d(F(u,v),G(v,u))

< Omax {d(fu, fv),d(fv, fu)} (2.17)
< @max {d(u,v),d(v,u)},



8 Kishore, Rao, Isik, Rao, Sombabu

and
d(v,u) =d(F(v,u),G(u,v))

< Gmax {d(fo, fu).d(fu, fo)} (2.13)
< Omax {d(v,u),d(u,v)} .

Combining (2.17) and (2.18)), we get

max {d(u,v),d(v,u)} < Omax{d(u,v),d(v,u)}

< max {d(u,v),d(v,u)}.
Therefore, d (u,v) = 0,d (v,u) = 0 = u = v. Hence u is the common fixed point of F,G and f. O
Corollary 2.5. Let (A, B,d) be a bipolar metric space and F : (A%, B*) = (A,B), f : (A,B) =
(A, B) be covariant mappings satisfying:
(i) for all a,b € A and p,q € B with 6 € (0,1),

d(F(a,b), F(p.q)) < Omax{d(fa, fp),d(fb. fq)},
(i) F(A2UB%) C f(AUB),
(1ii) (F, f) are w-compatible,
(iv) f(AU B) is complete.

Then the mappings F and f have a unique common fized point of the form (u,u).

Corollary 2.6. Let (A, B,d) be a complete bipolar metric space and F : (A%, B*) = (A, B) be a
covariant mapping such that

d(F(a,b), F(p,q)) < 0 max{d(a,p),d(b,q)},
for all a,b € A and p,q € B with 0 € (0,1). Then, F' has a unique common fized point of the form

(u,u).

Example 2.7. Let U,,(R) and L,,(R) be the set of all m x m upper and lower triangular matrices
over R. Define d : U,,(R) X L,,(R) — [0,00) as

d(P,Q) = Z Ipij — il
ij=1

for all P = (pij)mxm € Un(R) and Q = (gij)mxm € Lm(R). Then obviously (U,,(R), L,,(R),d) is a
Bipolar-metric space. Also, define
F.G:A°UB* - AUB as F(P,Q) = (% + %) and G(P,Q) = (BL + &) ,xm where (P =
(pij)an% Q = (%])me) S Um(R)2 U Lm(R)2
Also, f: AUB — AU B as f(P) = (2pij)mxm where P = (pij)mxm € Un(R) U Ly, (R).
Consider,

d(F(P,Q),G(U,V) =d (% + %), (“2 4 22), )

m
= 2 (% + %) — (5 + 5)]
< IR -FHIE -
e m
<3 2 iy — 2ugl+ 1 X g — 2vy]
ig=1 ig=1

by 2pij — 2uiy| + g ,Zl 12¢ij — 2vi]
?, 1,]=

max { d(fP, fU),d(fQ, fV) } .

IN

(VAN
®lw ool
<

DNE
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Clearly, F,G and f are satisfies all the conditions of Theorem and (Omxms Omxm) 1S unique
coupled fixed point.

3. Application to the existence of solutions of integral equations

The coupled fixed point theorem proved here pave the way for application on complete bipolar
metric spaces to prove the existence and uniqueness of a solution for a Fredholm nonlinear integral

equation.

Theorem 3.1. Let us Consider the integral equation

a(v) = / (K1 (0,9) + K> (v, 9)) (H) dY + F(v), (3.1)

F1UFE>

where H = f(9,a(9)) + g(v, a(9))), (v,9) € E? U E? and Ey U Ey is a Lebesque measurable set.
Suppose that the following assertions hold:
() Ky : B2UE2 — [0,400), Ky : E2U E2 — (—00,0] and F € L®(E) U L®(E), f.,g :
(Ey U Ey) x R — R are integrable;
(i) there exist i,j € (0,3) such that

0<f(v,a) = f(v, ) <ila—p),
—jla=p) <glv,a) —g(,p) <0,

forve EyUFE, and o, 8 € R;
(@) || [ (Ki(v,0) — Ka(v,0)) dv|| <1,

FE1UFE>
ie. sup [ |Ki(v,9) — Ky(v,9)]d9 <1,
vEE1UES B UE,
for (v,9) € E? U E3.

Then the equation (3.1)) has a unique solution in L>(E;)* U L*°(Fy)?.

Proof . Let U = L>®(E;) and V = L*(E,) be two normed linear spaces, where E;, Es are Lebesgue
measurable sets and m(E; U Ey) < oo, Let d: U x V — [0,400) be defined as d(Q2, ¥) = || — V||
for all (Q, V) € U x V. Then (U, V,d) is a complete bipolar metric space. Define S : U?UV? — UUV
by

S(a,P)wv) = [ Ki@9)(f(0,av))+g(,B(v))) dd

F1UFE>

+ [ K@) (f(9,8(v))+ 99, a(v)))dd+ F(v), ve EUE,.

F1UFE>

Now we have, d (S(a, B), S(k,€)) = ||S(a, B) — S(K,&)]]oo-
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Let us first evaluate the following expression:

= | [ Kw)W)dd| +| [ Kyv,v)(e)dd

F1UFE> F1UE>

< [ K o)ldd— [ Ka(w,d)|6]do

FE1UE5 Ei{UE>

< (illa =kl dill =€l [ (Ki(w,9) = Ka(v,9))dd

F1UFE>

where

= [0, av)) = f(0,5(¥)) + 9(J, B(v)) — g(9,£(v)),

¢ = f(0,8(v) = f(9,6w)) + g(V, a(v)) — g(¥, K(v)).
Then,
d(S(a, B), S(~, £))

= ||S(aa6> _S(Hag)Hoo

< (ille = lloe + 4118 = &llo) [ [ (K1 (,9) = Ky (v, 0)) ||

FE1UE>

< (illo = Klloe + I8 = €lloc) sup [ [Ka(v,0) = Ka(v, 0)|d)

veEE1UES EB1UE,

<l = Klloo + 3118 — €llo
< Omax {||la — K)||oo: |5 — &l

< fmax {d(c, k), d(5,€)}-
Hence, applying Corollary [2.6], we get the desired result. [J

4. Application to Homotopy

Theorem 4.1. Let (A, B,d) be complete bipolar metric space, (U, V') be an open subset of (A, B) and
(U, V) be closed subset of (A, B) such that (U,V) C (U,V). Suppose H : (U2 UVQ) x[0,1] - AUB
be an operator with following conditions are satisfying:

(1) uw# H(u,v,k) and v # H(v,u, k) for each u,v € OU UJV and k € [0, 1],
(ii) for allu,v € U, z,y € V and k € [0,1],0 € (0,1),

d(H(u,v,k), H(z,y,k)) < 0max{d(u,z),d(v,y)},
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(1ii) there exists M > 0 such that
d<H(u> U, /ﬁ)a H(I’, Y, C)) < M‘K' - C’?
for every u,v € U and x,y € V and k,¢ € [0,1].
Then H(.,0) has a fived point <= H(.,1) has a fized point.

Proof . Let the set
X ={ke€[0,1] :u=H(u,v,k),v=H(v,u,r) for some (u,v) € U*UV?},

Y ={Ce€[0,1]:2=H(z,y,(),y = H(y,r,¢) for some (z,y) € U*UV?}.

Since H(.,0) has a fixed point in U? U V?, so (0,0) € X2 NY?2.
Now we show that X? NY? is both closed and open in [0, 1] and hence by the connectedness X =
Y =[0,1].
Let ({kn}o—y,{C}re)) C (X,Y) with (kn,() — (K,¢) € [0,1] as n — oco. We must show that
(k,¢) € X2NY?2. Since (kn, () € (X,Y) forn =0,1,2,3, -+, there exist bisequences (ty,, T,,), (Vn, Yn)
with w11 = H(Un, U, En)y Une1 = H(Up, Un, Kp) and Tpy1 = H(Zn, Yn, Co)s Yne1 = H(Yn, T,y C)-
Consider,
d(Un, Tpy1) = d(H (Un-1,Vn—1, Kn—1), H(T0, Yn, (a)) (4.1)
< ¢ max {d(un—lamn)vd(vn—layn>} ’ .
and
d(Vn, Yns1) = d(H (Vn—1, Un—1, Kn—1), H(Yn, Tn, (n)) (4.2)
< Omax {d(vn—1,Yn), d(Un-1,7n)} . '

Combining (4.1) and (4.2)), we get

max {d(una anrl)a d(vn7 yn+1)} S 9 max {d(unfb .Tn), d(vnfla yn)}
S 92 max {d<unf27 1;1171)7 d<vn727 yn—l)}
< 0" max {d(ug, 1), d(vo, Y1)} -

Thus,

d(una $n+1) < 0" max {d(U07I1)7 d(”o, yl)} ) (4 3)

d(Vn, Ynt1) < 0" max {d(ug, z1),d(vo, y1)} - '
Similarly, we can prove

d(un-‘rl? l’n) S 0" max {d(ub 370)7 d(vla yﬂ)} ) (4 4)

d(anrla yn) S en max {d<u17 $0)7 d(“la yO)} . '
Also,

d(“mxn) S en max {d(UO,ﬁo),d(Uo,yo)} ) (45)

d(U’m yn) S 0" max {d(u07 .170), d(UU) yO)} )
for each n,m € N with n < m. Using the property (B,) and (4.3)), (4.4), (4.5), we have

d(Up, Tm) + d(Vn, Ym)
< (d(un; Tnt1) + d(Vn, Ynt1)) + (d(Wnt1, Togr) + d(Vns1, Yngr)) + -
+ (d(Um—-1, Tm—1) + d(Vm—1, Ym-1)) + (d(Um-1, Tm) + d(Vy—1,Ym))
< 20" max {d(ug, x1), d(vo, y1)} + M|kns1 — Guaa| + -+
+ M|km-1 — (1| + 20™ max {d(ug, 1), d(vo,y1)} — 0 as n,m — oo.
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It follows lim (d(up,Zm) + d(Vn, Ym)) = 0. Similarly, we can show lim (d(wp,, x,) + d(Vm, ys)) = 0.
o0 n—oo

n—
Therefore, (u,,z,) and (v,,y,) are Cauchy bisequence in (U,V). By completeness, there exist

(v eU and 0,n € V with

lim w, =9, limv,=mn, limz,=¢ limy,=rv. (4.6)
n—oo n—oo n—o0 n—oo

Now,

d(H(&, v, k),0) < d(H(&, v, ), Tny1) + d(Uns1, Tnga) + d(tn 1, 0)
< d(H(E, v, k), H(2n, Yn, Cn))
+ d(H (tn, Vns Kn)s H(Zn, Yn, Go)) + d(tnt1, )
< Omax {d(un, x,), d(Vn, Yn) } + M|kp — G| + d(upn+1,9)
< max {d(up,, x,), d(Vn, Yn)}
+ M|kp — Co| + d(tupy1,0) — 0 as n — oo.

It follows d(H (&, v, k),0) = 0 implies H(§, v, k) = 0. Similarly we get H(v,&, k) =n and H(d,1,() =

§ H(n,6,¢) =v.
On the other hand, from (4.6), we get

d(&, ) = d( hm Ty hm un) = lim d(uy,z,) =0,

n—oo

d(v,n) = d( hm Yns hm vn) = lim d(v,,y,) = 0.
n—oo
Therefore, ¢ = § and v = 5 and hence x = (. Thus, (x,{) € X?*NY?2 Clearly X>NY? is closed in
[0, 1.
Let (ko, (o) € (X,Y), then there exist bisequences (ug, xo), (vo, yo) With uwg = H(ug, vo, ko), vo =
H (vo, uo, ko) and xo = H (w0, Yo, C0), Yo = H (Yo, To, o).
Since U? UV? is open, then there exist r > 0 such that Xy(ug,r) € U?UV? and X4(vg,7) C U?UV?
and Xy(wo,7) CU>UV? and X4(yo,7) C U? U V2
Choose k€ (o — €, +€), € (ko — €, kg + €) such that [k — (o] < 77 < 5, [¢ — ko < 57 < § and
ko — Co §ﬁ<§~
Then for @ € Bxyy (up,7) = {x,x0 € V : d(ug, z) < r + d(ug, x9)},
y € Bxuy(vo,7) = {y,%0 €V : d(vo,y) < 7+ d(vo,%0)} and
u € Bxuy (1, 20) = {u,up € U : d(u, z0) < 7+ d(uo, 20)},
v € Bxuy (1,10) = {v,v0 € U : d(v,yo) <7+ d(vo,y0)}. Also
(

d(H(u,v,k),z0) = d(H(u,v,k), H(xg, Yo, (o))
< d(H<u7U7 K’)? H(m,y, CO)) + d(H(UOa Vo, f{), H(:E,y, CO))
+d(H(u0’,UON%)aH(xoa?JOaCOD
< # + 6 max {d(u07 ‘1')7 d(UO, y)} :

Letting n — oo, we get
d(H (u,v,k),z0) < @max {d(uo,z),d(vo,y)}. (4.7)
Similarly, we can prove

d(H(v,u,k),y0) < 0 max{d(vo,y),d(ug,x)}. (4.8)
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Combining (4.7)) and (4.8)), we get

max {d(H (u,v, ), z), d(H (1,0, 5),20)} < 0 max {d(uo, ), d(vo, y)}
< max {d(ug, x), d(vo,y)}
< max {d(ug, zo) + r,d(vo, yo) + r} .

Thus, d(H(u,v,k),x0) < d(ug,z0) + 7, d(H(u,v,k),z9) < d(vo,yo) + 7. Similarly,
d(uo, H(z,y,¢)) < d(u,z0) < v+ d(uo, o) and d(vo, H(y,z,¢)) < d(v,y0) < r+ d(vo,%). On
the other hand,

d(ug, vo) = d(H (uo,vo, ko), H (0, Yo, o)) < M|rg — Col

SM#SM}H%OCLSTL%OO,

and
d(onyo) = d(H(Umum F&o)a H(yoal'o, Co)) < M|/€0 - Co’
SM%S%%Oasn—)oo.

So up = zp and vy = yo and hence Kk = (. Thus for each fixed k € (kg — €, k0 +€), H(.,K) :
Bxuy (ug,r7) — Bxuy(uo,r) and  H(.,k) : Bxuy(ve,7) — Bxuy(vo, 7). Thus, we conclude that
H(., k) has a coupled fixed point in T*NV”. But this must be in U2N V2. Therefore, (k, k) € X2NY?
for k € (ko — €, Ko+ €). Hence (kg — €, k0 +¢) € X2NY?2. Clearly X2NY? is open in [0, 1]. To prove
the reverse, we can use the similar process. [

Theorem 4.2. Let (A, B, d) be complete bipolar metric space, (U, V) be an open subset of (A, B) and
(U, V) be closed subset of (A, B) such that (U, V) C (U, V). Suppose H : (UxV)U(V xU) x[0,1] —
AU B be an operator with following conditions are satisfying:

(1) u# H(u,v,k) and v # H(v,u, k) for each u,v € OU UV and k € [0, 1],
(ii) for allu,v € U, z,y €V and x € [0,1],0 € (0,1),

4(H(u, 2, ), H(y, 0,)) < Omax {d(u, ), d(v, 2)}
(i13) there exists M > 0 such that
d(H(u,z, k), H(y,v,()) < M|x — (],

for every u,v € U and 2,y € V and k,¢ € [0,1].
Then H(.,0) has a fived point <= H(.,1) has a fized point.

Open Problems:

1) Prove analogue of the results obtained herein on “Bipolar Orthogonal Metric Spaces’. For more
details, see [4], O, 10} 17].

2) Prove analogue of the results obtained herein on “Bipolar R-Metric Spaces”. For more details,
see [24].
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5. Conclusions

In this paper, we obtain the existence and uniqueness solution for two covariant mappings in

a complete bipolar metric spaces with an example. Also, we have provided some applications to
nonlinear integral equations as well as homotopy theory by using fixed point theorems in bipolar
metric spaces.
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