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Abstract

In this article, we introduce the notion of (a, 3)-generalized Meir-Keeler condensing operator in a
Banach space, a characterization using strictly L-functions and provide an extension of Darbo’s fixed
point theorem associated with measures of noncompactness. Then, we establish some results on
the existence of coupled fixed points for a class of condensing operators in Banach spaces. As an
application, we study the problem of existence of entire solutions for a general system of nonlinear
integral-differential equations in a Sobolev space. Further, an example is presented to verify the
effectiveness and applicability of our main results.
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1. Introduction

The theory of systems of differential and integral equations play an important role in nonlinear
analysis and is applicable to numerous problems of the other branches of sciences. There have
recently been many papers regarding the existence solutions of systems of integral equations on some
spaces. For example, Aghajani and Allahyari [2] , Aghajani and Jalilian [3], Aghajani and Sabzali [0]
obtained some interesting results of the existence solutions for systems of nonlinear integral equations
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in Banach spaces. We recall that the existence results of these literatures were formulated with the
help of measures of noncompactness.

The concept of measure of noncompactness was initiated by Kuratowski [14]. Banas$ et al. [§]
proposed a generalization of this notion which is more convenient in the applications. The tool of
measure of noncompactness has been used in the theory of operator equations in Banach spaces. They
are frequently used in the theory of functional equations, including ordinary differential equations,
equations with partial derivatives, integral and integro-differential equations, optimal control theory,
etc. In particular, the fixed point theorems derived from them have many applications. The principal
application of measures of noncompactness in the fixed point theory is contained in the Darbo’s fixed
point theorem [I1]. The technique of measures of noncompactness in conjunction with it turned into
a tool to investigate the existence and behavior of solutions of many classes of integral equations
such as Volterra, Fredholm and Uryson type integral equations.

In 1969, Meir and Keeler [16] introduced the concept of Meir-Keeler contractive mapping and
proved some fixed point theorems for this kind of mappings. Thereafter, Aghajani et al., [4] gener-
alized some fixed point and coupled fixed point theorems for Meir-Keeler condensing operators via
measures of noncompactness.

On the other hand, Sobolev spaces [9], i.e., the class of functions with derivatives in L?, play an
outstanding role in the modern analysis. In the last decades, there has been increasing attempts to
study of these spaces. Their importance comes from the fact solutions of partial differential equations
are naturally found in Sobolev spaces. They also highlighted in approximation theory, calculus of
variation, differential geometry, spectral theory, etc.

In this paper, we introduce the notion of («, 5)-generalized Meir-Keeler condensing operator in
a Banach space, and give an extension of Darbo’s fixed point theorem associated with measures
of noncompactness. Then, we establish an existence result of coupled fixed points for a class of
condensing operators in Banach spaces. As an application, we study the problem of existence of
solutions for the following system of nonlinear integral-differential equations in a Sobolev space.

(1.1)
{ u(x) = f(z,ul@), v(@), [ 90y, u(), <), - - 2= (y), v(y))dy)
(@) = fz,0(x),ul@), [y, 0(y), 2£©), - 2= (y), uly))dy)

Further, an example is presented to verify the effectiveness and applicability of our main results.

2. Preliminaries

In this section, we provide some notations, definitions and preliminary facts which will be needed
further on. Denote by R the set of real numbers and put R, = [0, +00). For the Lebesgue measurable
subset D of R" (n € N), let m(D) be the lebesgue measure of D and let L'(D) be the space of all
Lebesgue integrable functions f on D equipped with the standard norm || f||1(py = [}, |f(z)|dz.

Let (E,|| - ||) be a real Banach space with zero element 0. The symbol B(z,r) stands for the
closed ball centered at x with radius r and put B, = B(0,7). For a nonempty subset X of E, the
symbols X and ConvX will denote the closure and closed convex hull of X, respectively. Moreover,
let Mg indicate the family of nonempty and bounded subsets of F/ and 91y indicate the family of all
nonempty and relatively compact subsets of F.

Definition 2.1. [§/ A mapping pu: Me — R, is said to be a measure of noncompactness in E if it
satisfies the following conditions:
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1° The family ker p = {X € Mg : u(X) = 0} is nonempty and ker p C Ng.

2° X CY = p(X) <uly).

3 (%) = ().

4° u(ConvX = p(X).

5° p(AX + (1 =N)Y) < Ap(X) + (1 = N)u(Y) for X € 0,1].

6° If {X,.} is a sequence of closed chagons of Mg such that X,,.1 C X,, forn = 1,2,... and if

n—oo

lim pu(X,,) =0, then the set Xoo = ﬂXn # .
n=1

Definition 2.2. [7/ Suppose that Ey and E, are two Banach spaces and py and us are arbitrary
measures of noncompactness on Ey and Fs, respectively. Also, suppose T : E1 — FEs is a continuous
operator satisfies the following condition:

p2(T () < (%)

for every bounded noncompact set Q C Ey. Then T is called a (p1, u2)-condensing operator.

Theorem 2.3. (Darbo [8]) Let C' be a nonempty, bounded, closed and convexr subset of a Banach
space E and let T : C' — C be a continuous mapping. Assume that a constant k € [0,1) exists such
that

W(T(X)) < k()

for any nonempty subset X of C', where p is a measure of noncompactness defined in E. Then T
has a fixed point in the set C.

Theorem 2.4. (Tychonoff fixed point theorem [1]) Let E be a Hausdor(f locally convex linear topo-
logical space, C' a convex subset of E and T : C — E a continuous mapping such that

T(C)CACC,
with A compact. Then T has at least one fixed point.

Definition 2.5. [} Let C' be a nonempty subset of a Banach space E and p an arbitrary measure
of noncompactness on E. An operator T : C' — C' s called a Mier-keeler condensing operator if for
any € >0, 6 > 0 exists such that

e<u(X)<e+o implies p(T(X)) <e
for any bounded subset X of C'.

Definition 2.6. [10] Let X be a nonempty set. An element (z,y) € X x X is called a coupled fized
point of a mapping G : X x X — X if G(z,y) = x and G(y,z) = y.

Here we quote a useful theorem in [7] concerning the construction of a measure of noncompactness
on a finite product space.
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Theorem 2.7. Let iy, fio, - - ., i, be measures of noncompactness in Banach spaces E1, Fs, ..., E,,
respectively. Moreover, suppose that the function F : [0,00)" — [0, 00) is convex and F(xq,xs, ..., T,)
0 if and only if x; =0 fori=1,2,...,n. Then

ﬁ(X) = F(:U’1<X1)7 N2<X2)7 ce 7Mn(Xn))7

defines a measure of noncompactness in E1 X Exx, ... X E,, where X; denotes the natural projection
of X into E;, fori=1,2,...,n.

As a result from Theorem above, we have the following example which is presented in [6].

Example 2.8. Let p be a measure of noncompactness on a Banach space E. Take F(z,y) =z +vy
for any (xz,y) € R3. Then all the conditions of Theorem are satisfied. Therefore, u(X) =
u(Xy) + u(Xs) defines a measure of noncompactness in the space E X E where X;, i = 1,2 denote
the natural projections of X.

Denote with ¥ the family of increasing functions ¢ : R, — R, continuous in ¢ = 0 such that
e ¢(t) = 0 if and only if ¢t = 0,
o Y(t+5) < P(t) +Y(s).

3. Fixed point results for («, 3)-generalized Meir-Keeler condensing operators

In this section, we define the notion of an («a, #)-generalized Meir-Keeler condensing operator on
a Banach space and describe some fixed point results.

Definition 3.1. Let C be a nonempty subset of a Banach space E and p be an arbitrary measure
of noncompactness on E. Also, suppose ¥ : Ry — R, is an increasing mapping such that ¥(t) = 0
if and only if t = 0. We say that an operator T : C — C' is an («, 3)-generalized Meir-Keeler
condensing operator if for any € > 0, d > 0 exists such that

e < BpX))v(X)) <e+d implies a(u(T(X))P(T(X))) <e (3.1)
for any bounded subset X of C, where a: Ry — [1,+00) and B : Ry — (0,1] are mappings.

Theorem 3.2. Let C' be a nonempty, bounded, closed, and convex subset of a Banach space E and
let u be an arbitrary measure of noncompactness on E. If T : C — C is a continuous and («a, 3)-
generalized Meir-Keeler condensing operator, then T has at least one fixed point in the set C' and the
set of all fixed points of T in C' is compact.

Proof . By induction, we define a sequence {C),} such that Cy = C' and C,, = ConvT'(C,,_1), n > 1.
If u(Cy) = 0 for some integer N > 0, then Cy is compact. Thus, Theorem implies that T" has a
fixed point. Now, assume u(C,) > 0 for any n > 0. Take ¢, = B(u(C,))¥(u(Cy)) > 0 and consider
dn = 0(e,) > 0 such that holds. Therefore, by (3.1, we obtain

a(u(T(Cu)))((T(Cn))) < B((Cn))P((Cn)) (3.2)
for each integer n > 0. By using , we derive that

|
w
=
>
X
=
=
2
+

En+l

(
< (G
= Y((ConvT(Cr)))
< a(uT(Cn))e(u(T(Cn)))
< B((Cn))Y(1(Cr)) = €n,
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which implies that {e,} is a strictly decreasing sequence of positive real numbers. Thus, there is an
r >0 so that e, — r as n — co. We will show that » = 0. If r > 0, then by hypothesis, a () > 0
exists such that (3.1) holds and so Ny > 0 exists such that

r<en = B(p(Cn))b(u(Cn)) <1+ 0(r),

for any n > Ny. By the definition of («, §)-generalized Meir-Keeler condensing operator, we get
a(pu(T(C)NY((T(CL))) < r for each n > Ny. Then it can be concluded that ¢, < r for any
n > Ny which gives us a contradiction, so r = 0.

It can be shown that nh_}ngow(u(Cn)) = 0, too. For, let o > 0 be given. Then N; > 0 exists such that

for each n > Ny, 0 < g, = B(u(Cn))¥(u(Cy)) < 0. Regarding to (3.2), we can write

—0 < éeny1 = B(p(Cry1)) Y (1(Chyr))
< ( (Cn+1))
< a(p(Crrn))(p(Crga))
= ( (T(C)))Y(u(T(Cn)))
< &n = Bu(Cn))(u(Cr))
< 0

for all n > Ny. It follows that ¥ (u(Chy1)) — 0 and so ¢¥(u(Cy)) — 0 as n — oo. Next, we claim that
lim x(C,) = 0. To support the claim, let it be untrue. Thus, there is an € > 0 such that for each
n—oo

positive integer V, ny > N exists in which x(C,,,, ) > ¢. By increasing of ¢ we have ¥ (u(Cy)) > ¥(e),
which is a contradiction with hm w( (Cp)) = 0. Hence, we deduce that, u(C,) — 0 as n — oc.

Using this fact and since the sequence {C,,} is nested, in view of part 6° of Definition , it can be
o
concluded that the set Cy, = ﬂ C,, is nonempty, closed, and convex subset of the C. Furthermore, the

set Cy is invariant under T, gn(ljl Cs € ker . Thus, applying Tychonoff fixed point theorem, we find
that the operator T has a fixed point. Now, suppose that Fr = {z € C : T(x) = x}. We are going
to show that u(Fr) = 0. Suppose to the contrary, that u(Fr) > 0. Take g9 = B(u(Fr))v(u(Fr)),
then by and T'(Fr) = Fr, we infer that ¢(u(Fr)) < ¥ (u(Fr)), which leads to a contradiction.
Then p(Fr) = 0, which means that Fr is relatively compact. As T is a continuous function, thus Fr
is compact in C'. [J

Below, we recall from [I5] the notion of a strictly L-function and then we establish an extension of
Darbo’s fixed point theorem using strictly L-functions.

Definition 3.3. A function 6 : R, — R, s called a strictly L-function if 8(0) = 0, 6(s) > 0 for
€ (0,+00), and for any s > 0, § > 0 exists such that 6(t) < s, for allt € [s, s+ §].

Theorem 3.4. Let o, 3, and ¢ be as Definition[3.1, C be a nonempty, bounded, closed and convex
subset of a Banach space E, and let T : C'— C' be a continuous operator such that

a(u(T(X))(u(T(X)) < 0 B((X))(u(X)))

for any X C C, where pu is an arbitrary measure of noncompactness on E and 6 is a strictly L-
function. Then, T has at least one fized point.
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Proof . We are going to show that 7" is an («, 5)-generalized Meir-Keeler condensing operator. For
this purpose, let € > 0 be arbitrary. By the hypothesis, d > 0 exists such that

e<t<e+0 implies 0(t) <e. (3.3)

If X is a subset of C' such that e < S(u(X))¥(u(X)) < 446, then using O(B((X))(u(X))) <e

and by considering our assumptions, we have

o TCOH(T(X)) < 0(BrO))E((X))) <=
Hence, by making appeal to Theorem [3.2] we conclude that 7" has a fixed point. [J

Now, we present a coupled fixed point theorem using strictly L-functions.

Theorem 3.5. Let E, C, 3, 8 and p be as Theorem and let a : Ry — [1,+00) be an increasing
map. Also, suppose that ) € ¥ and G : C x C' — C, 1s a continuous mapping satisfying

o ((G(X1 x X2)) + p(G(Xz x X1) )b(u(G(X, x X2))) (3.4)

for all subsets X1,X5 of C. Then G has at least a coupled fixed point.

Proof . We first note that Example [2.8) implies that g(X) = u(X;) + p(Xs3) is a measure of
noncompactness in the space £ X E, where X, i = 1,2 are the natural projections of X. Define the
mapping G : C'x C — C' x C by G(z, y) = (G(z,y),G(y,x)). Clearly G is continuous. We claim that
G satisfies all the conditions of Theorem To prove this fact, let us choose a nonempty subset X
of C'x C. By properties of the mappings « and ¢ and using we have

o ((G(X) x Xa)) J((G(Xy x X2)

IN

a(JIG(X % Xz) x G(Xz % X0) U ((G(X1 x Xz) x G(Xz x X))

IN

oz(,u(G(Xl x Xo)) + pu(G(X2 x Xq) )1/1 G(X1 x X3)))
+a<u(G(X2 x X1)) + p(G(X1 x X3)) ) G(X2 x X1)))

U(p
w(Xy) +,UX2)>

_ 9<B(M(X12>< XQ)M)(M(Xl; XQ))>.
Therefore,

G0 x Xa)) 0G0 x X)) < 0BG x Xa))w( (X x X2))

(3

Pl
and taking 1 = =, we obtain

o ([G(X0 x X2)))w(EG(X1 x Xa))) < 0(BGE(X) x Xa)Jw((X1 x X2))).

Since 1, is also a measure of noncompactness, so Theorem guarantees that G has a fixed point,
or equivalently G has a coupled fixed point. [
The next result is a special case of the theorem above, which will be used in Section 4.
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Corollary 3.6. Let C' be a nonempty, bounded, closed and convex subset of a Banach space E and
G:C xC — C be a continuous mapping satisfying

PO x X)) < 2o(wEL L))

for all subsets X1,Xs of C, where u is an arbitrary measure of noncompactness in the space E, 0 is
a strictly L-function, and ¢» € V. Then G has at least a coupled fixed point.

(3.5)

4. Application

In this section, we study the existence of solutions for a system of nonlinear integral-differential
equations. We also provide an illustrative example to verify the effectiveness and applicability of our
results.

We start with some preliminaries which we need in subsequent.

Lemma 4.1. [12] Let Q) be a Lebesgue measurable subset of R™ and 1 < p < oo. If {fx} is convergent
to f in the LP-norm, then there is a subsequence {f,} which converges to f a.e., and there is
g€ LP(2), g >0, such that

| fr.,, ()] < g(z) for ae. z€Q.

Definition 4.2. [5] We say that a function f: R™ x R™ — R satisfies the Carathéodory conditions
if the function f(.,u) is measurable for each w € R™ and the function f(x,.) is continuous for almost
all v € R™.

Let © be a subset of R" and k € N, we denote by W*1(Q) the space of functions f which, together
with all their distributional derivatives D f of order |a| < k, belong to L'(Q2). Here a = (o, ..., )
is a multi-index, i.e., each a; is a nonnegative integer, |a| = a3 + ... + a,, and

D = 9l jgas . gaon,

n

Then, W*1(Q) is equipped with the complete norm

Q a
— m D .
(Al Jax, D% fl )

Now, we are ready to define a measure of noncompactness on the spaces W*1(Q).

Theorem 4.3. Suppose that 1 < k < oo and U is a bounded subset of W*L(Q). Foru € U, ¢ > 0
and 0 < |of <k, let

T(uag) = Sup{HﬁL‘Dau - DauHLl(BT) the Qa ||h’
wh(U,e) = sup{w’(u,e):ue U},

w R7L<€,O§|Oé‘§k},

Wwh(U) = lir%wT(U,s),
wlU) = TlimwT(U),
—00
and

diU) = 7li_rggosup{HDO‘uHLl(Q\BT) cu e U0 <o <k},

where By = {a € Q : ||a||gn < T} and Tru(t) = u(t + h).
Then wo : Mypra ) — R given by
wo(U) =w(U) +d(U)

defines a measure of noncompactness on W*1(Q).
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Proof .Here, we give a sketch of proof.

1° follows from the definition of wy and applying [13, Theorem 5].

2° is obvious by the definition of wy.

3° is a straightforward consequence of the definition of wy and part 2°.
4° follows directly from D®[Conv(U)] = Conv(D*U) (U € Myr1(q))-
5° can be obtained by using the equality

DOy + (1 — Nug) = AD%uy + (1 — A)D%uy

for all A € [0,1], u; € X and uy € Y.
To verify 6°, suppose that {U,} is a sequence of closed and nonempty sets of My k1) such that

Upi1 CU,forn=1,2,... and lim wy(U,) = 0. Now, for any n € N, take u,, € U, and set G = {u,}.
n—oo
We show that G is a compact set in W*1(Q). For, let ¢ > 0 be fixed. Since lim wy(U,) = 0, there
n—oo

exists sufficiently large m; € N such that wy(Uy,,,) < €. Hence, there is small enough 6; > 0 and
large enough 77 > 0 such that w’(U,,,,d1) < € and d(U,,,) < €. Therefore,

||771Daun — Do‘un||L1(BT1) < €
and
I1D%unl L1 @\Bry) <€
for all n > my, 0 < |a| < k and h € 2 such that ||h|lgn < 6;. Then, we obtain
||EDaUn — Do‘un||L1(Q)

< HﬁDaun — DaunHLl(BTl) + HﬁDaun — DaunHLI(Q\BTI)

< [ TwD%un — D%un||21(By,) + 1 TnD"unl L1@\Byy) + 1D Unll L1\ By, )

< 3e.
On the other hand, we know that the set {u,us, ..., Uy, } is compact, hence d, > 0 and Ty > 0 exist
such that

T D%y, — Daun||L1(BT2) <e
foralln=1,2,...,my, 0 <|a| <k and h € Q with ||h||gn < do.
Furthermore,

|1 D%Un || 21(@\Br,) < &
which implies that

| Th D%y, — DUy || 1(0) < 3¢

foralln=1,2,...,m;.
Thus,
HﬁDaun — DaunHLl(Q) < 3¢

and
||D°‘un||L1(Q\BT) <e<3e

for all n € N, ||h|lgn < min{dy, d2} and T = max{71, T>}. By making use of [13, Theorem 5] we find
that G is a compact set.
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Using compactness of G, a subsequence {u,,} and uy € WHkL(Q) exist such that Up, — Ug. Since
un € U,, Uyyq1 C U, and U, is closed for all n € N, we yield

quﬁUn:U
n=1

that finishes the proof of 6°.0J
In the sequel, to demonstrate the applicabili f our results, we study the existence of solutions for
the system of integral-differential equations (L.1)) in the Sobolev space WL(Q) x W11(Q) under the
following general assumptions.

(1) f: QxR — R and af_, 1=1,2,...,n satisfy the Caratéodory conditions, and constants b > 0
and A € [0, %) and a € Ll(Q) exist such that

() |f(z,u(z),v(z),w)| < a(z) + Amax {|D"‘u(:c)| ca=0, 1} + /\max{|D“v(w)| a=0, 1} + blwl,
(i) |2 (2, ul(z), v(z), w)| < a(z) + Amax {|Dau(x)\ ca=0, 1} + Amax {|D%(x)| ca=0, 1} + bluwl,
(ifi) |2 (z, u(z), v(x), w) 2= ()| < a(z) + Amax {|D“u(a¢)\ ca=0, 1} + Amax {|D%(x)\ ca=0, 1} + bluwl,
(iv) 1% (z,ulx), v(x), w) 2 ()] < alz) + Amax{wau(x)\ Ca=0, 1} + Amax{w%(xn ca=0, 1} + bluwl,
for any u,v € WHH(Q) and x € Q, where

w=wu,0) = [ o ulo), 0. G ) o).

(2) Suppose h € R", with ||h||ge small enough, 7}, : Q@ C R™ — R" be the transformation mapping
i.e., Tp(x) =z + h, and let ¢ € ¥ and A C Q) be arbitrary so that

QZJ(IA |f(Th(£E),u1(I),”Ul(l'),U)) - f(z,u(z),v(:z:),w)|dx)
< l9(%1/}(1&13@({||D“(ul —u)|[pia) =0, 1} + max{”Do‘(vl —v)|lLray s =0, 1}))7
(

Dy 155 (Tn(@), w (), 01 (), w) = G (0, u(@), v(@), w)|de)

% (Z ax{||D°‘ up —u)l[pray = 0,1} +max{||Do‘ v — )| 1a a_(),l} )
(i) () [5L (Th(@), ua(2), 01 (@), w) 52 (@ + h) = G (x, u(), v(z), w) 22 (x)|d)
<16 (i (max { D% (1 = w)l|z1a) s @ =0, 1} +max{||Da(v1 o)z ra=0,1}),
|3

SE(T(@), un (2), 01 (2), w) F (2 + h) = G (@, ul@), v(@), w) 22 («)|dx)

v1

%0(%¢(max{||Da(ul — u)HLl(A ca=0, 1} + max{”Da(m — v)||L1(A) ta=0, 1}))7

where 6 is a continuous strictly L-function such that 6(a 4+ b) > 6(a) + 6(b) (a,b € R,).

(3) g : Q x R""? — R satisfies the Caratéodory conditions and there exists a bounded continuous
function a; :  — R, such that |a;(x)] < M for all z € Q and some M > 0, and a concave increasing
lower semi-continuous function £ : R, — R, so that

lg(x, o, U1, . .. Upgr)| < al(gﬁ)f(oglgﬁleD

(4) There exists a positive solution 7y of the inequality

3<||a||L1(Q) +2)\T—|—me(Q)2§(m(1Q)r)> <r. (4.1)
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Theorem 4.4. Under the assumptions (1)-(4), the system of integral-differential equations has
at least one solution in the space Wh1(Q) x WHH(Q).

Proof . First, we define the operator G : WH1(Q) x Wh(Q) — Wh1(Q) by

ou ou

G(“’? U)(QJ) = f(SU, U(SL’), U(SL’), / g(y7 u(y)v a_xl(y)v Tty 8_%(3/)’ U(y))dy)

Q

Notice that, the space W (Q) x W (Q) is equipped with the norm ||(u,v)||1,1 = [Jull{y + [[vlIT
for each (u,v) € Wh1(Q) x WH(Q). Now, by using of conditions (1), (3) and Jensen’s inequality we
have

Gluo)@)] = | Flaute), o), [ gl ) e 5o o), o))

a(z) +)\max{|Do‘u(:v)| ca= 0,1} +)\max{|Do‘v(a:)| a= 0,1}
b [ e (max )l oL | 0] i = 1,20} )y
< (J;)+>\max{|D w(z )|:a:O,1}+AmaX{|D”‘v($)|:a:O,l}

4 0Mm (0 (s mase {ul 1.0l }).

IN

By integrating over €2 we obtain
1
/Q Gl o) (@)lde < ol + NullEy + Nl -+ oMm(@%€ (s max {lull B0 w21 }). (42)

Using chain rule and with a similar argument as above we have

‘ IG (u,v)(x) ‘
ox;

- [gstestason)

8f x,u(x),v(w),w)‘ + ‘g—f x,u(m),v(aj),w)a—xz(x)‘

+‘3 x,u(x), v(az),w)gj ‘—1— ‘3 x,u(zx), v(az),w)g—w

T4

IN

3( (x )—|—)\max{| u(z)| : a:0,1}+)\max{|D“U(m)\:azO,l}

oM (06 (s mae { [l 021 )

By integrating over €2, we deduce

9G (u,v)(x) Q Q 2 1 Q Q
P52 < (el ey + Al + Mol 2y + 00 m (@)% (s ma { el o2 ) (43

Due to inequalities (4.2)) and (4.3]), we infer that G is well defined and

G(Bro X BTO) -

0

where 7 is any solution of (4.1)).
Now, we show that the map G : B,, X B,, = B,, is continuous. For, let ﬁun, v,)} be an arbitrary

sequence in B_T0 X B_T0 which converges to (u,v) € B_ro X B_m By Lemma there are subsequences

{uy, } and {vnk} which converge to u and v a.e., respectively, and for i = 1,... {au"’“} {Bv"’“}
converge to } {2 -} a.e., respectively and there is h € LY(Q), h > 0 such that

Oun, Oun,

n(y),

(y),---,

max{|unk( ), |V, (y)\} < h(y) for ae. ye.
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From condition (3) we have

Oun,, Oun,

9(Ys un,, (y), Tml(y), o (Y): vny (y))

IN

o )€ (o {ums )] Jom, WL [ 2 )] 5= 1,0}
a1 (y)E(h(y))-

Since ¢ satisfies the Caratéodory conditions, it follow that

IN

900 ) )+ G 0), 0 () = 9000 ) ()20

as k — 0o0. As a consequence of Lebesgue’s Dominated Convergence Theorem, it yields that

[ 900 5220 G @ oy~ [ 9lu(0), 5 )00y

as k — 0o. We know that f satisfies Caratéodory conditions, then

OUn,,
’ 8331

OUn,,
’ ’ axn

G(unk ’ vnk) = f(:l?, Uny, (:ZJ), Uny, (I)v /Q g(ya Un,y, (y) (y) (y)’ Uny, (y))dy)

is convergent to

Glu,v) = flz,ulz), (), / S u(0): e 0)s s 5 (0), v ()i

(unk 7Unk)

Similarly, o¢ 5 converges to %(m) as k — oo. These give us

G (ny, vn) = Glu,0) [l =0

as k — o0o. Therefore G is a continuous function from B,, x B,, into B,,. To finish the proof we have
to verify that condition (3.5)) is satisfied. For this, let 7" > 0 and € > 0 be arbitrary constants and

let U x V be a nonempty and bounded subset of B,, x B,,. Choose (u,v) € U x V and z,h € By
with ||h||g» < €, then from condition (2) we have

PG (u x v) = Glu x v)|[L1(Byr))

= w(/B [f (T (@), mhu(), To(e), w) — f (2, u(z), v(z), w)|dz)

IN

Lo (Stmine (D%~ Dl 0 = 0.1
+ max {HThDav = D%lr1(py) =0, 1}))
20(3" (00 + 7 (0,2)

S0(JHT W) + T (V0)).

IN

IN

Thus, by using continuity of 1 and 6, we obtain

lim sup {¢(||Thc:(u < v) = G(ux v)||pi(py) h€Q |hllg <& ueUuve v}

< e(iw(wT(U) +wT(V)))~

N |

and taking 7" — oo we deduce

tim i sup {46((l74 G xv) = Gluxv) i mp) €, bl <&, ueUwe V)< %9(1w(w(U)+w(V))). (4.4)

T—o00 e—

By the same reasoning as above we have
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Y([|ThDG(u x v) = DG(u x v)|| 11 (By))

- a,

x), Thu(x), Tho(z), w) — D f(z, u(x), v(x), w) ‘dm)

< / -(z + b, Tu(x), Tho (), w) — gg ($,u(x),v(m),w)’dx
/ z + h, Tpu(x), Thv(x), W) a(;zu(x +h) - %(w, u(x),v(x), w) gs (x)‘dw
+/B pr (m + h, Tpu(x), v (), W) 6(;-;1) (x +h)— %(I, u(z),v(x), w) g; (m)‘dx
< %9<i¢(max{||ThDau — D%y (By) =0, 1}
+ maX{HThDO‘v — D1y =0, 1}))
< S0(0T we) + T (v,9))
< 0P U) +T(V,2)
and so
Th_r)n igr%)sup{ (lTn DG (u x v) = DG(u X v)||L1(Byy) :h €Q, ||h|gn <&, uwel, wve V} (4.5)
1 /1
< 50(F¥@O) +w(V)).
The relations and imply that
1 /1
V(G x V) < 26( 20w + (). (4.6

Next, taking into account our hypotheses and Jensen’s inequality, for an arbitrary (u,v) € U x V
and z € Q\ Br we derive that

YIG(ux )y @Br) = w(/ﬂ\B (@, u(x), v(z), w|dr)

< (U)o w) - S+ h00wlde+ [ fe+ h0.0.0)ldo)
Q\BT Q\BT
1 /1 o o
< gﬂ(zzb(max{HD ull sy =0, 1} + maX{HD Wl @ @ =0, 1}))
+/ a(x + h) + blw|dx
Q\Br
1 /1
< 59(1%/1(111&“({||DQU||L1(Q\BT) ra=0, 1} + maX{HD%HLl(Q\BT) ra=0, 1}))
+lall 0,57y + DM@ Br)m (@) mase {1 o] }) (47)

Similarly,

1 /1
’(/}(HDG(U X U)HLl(Q\BT)) < §9<Z¢(max{||D“u||L1(Q\BT) L= O7 1} + maX{HD“vHLl(Q\BT) o= 07 1})

+ llallz2 @) + DM\ Bﬂm(@)&(ﬁ max { Jull11, o)1 })- (4.8)

Passing T to infinity in the relations (4.7) and (4.8)) it follows that

YAGW x V) < 50( 7o) +d(V))). (49)
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On combining (4.6) and (4.9) and increasing of mappings 6 and ¢ we obtain

PGU xV))) = Pw(GU xV)) +dGU x V)))
1

< 5 (0GH@) + (V) +0(30(dV) + (V)
< S0(F@) +(V)) + ) +d(V)
< 28(FHU) +dU) + (V) +dV))

< %g(w(u(U);ru(V))).

Now, Corollary guarantees that G has a coupled fixed point in B,, x B,, and thus system of
integral-differential equations (1.1)) have at least one solution in W1(Q) x WhH1(Q). O

Example 4.5. Consider the following system of integral-differential equations

(w(zy,22) =In(1 4 21 + 22) + 155 sm(x zo)u(zy, m2) + = co8(2x1 + 3x2)v(wy, 2)

L LY vt tanh((sin® u(yn, y2)e IO L1 oy, ) )dyidys,

v(z, 2) = In(1 + 21 + 22) + 15 sin(2fzs)v(zy, Ig) + = cos(2z1 + 3xa)u(z, T2)

LS e tanh({sin® vy, ya)e 3 O IO Ly 10 fu(y,, ) )dysdys.

(4.10)
Observe that system is a special case of the system with Q = [0, 1]2,
1 1 1
fz1, xo,u(z1, x2),v(21,22), w) = In(1 + 21 + 22) + 193 sin(z3ze)u(wy, 2o) + 576 cos(2x1 + 3z2)v(x1, x2) + Y

and

A
8x1

ou ou_ _ ou )
g(x1, 2, u(x1, x2), (z1,22), g —(x1,22)) = m1+”2tanh((/sin2u(x1,grjg)ef’%1(“’””2) sz(“’mz)—|—x‘fln|v(m1,x2)|).

In this example, hypothesis (1) of Theorem. 4.4 holds if we define a(xy,22) =In3, A=1, b=

Moreover, take ¥(t) = 0(t) = %, then for each h € R™ with sufficiently small ||h||gn, hypotheszs (2)
18 valid, too. Indeed, for arbztmry subset A of  we have

fA |[f(z+ hyui(x),v1(x),w) — f(z,u(x),u(r),w)|dx

< / |ln(l+x1 + hy —|—.132—|—h2) —1n(1+x1 +$2)|d]}1dl‘2
A

—&—@/ |sin((z1 + h1)? (2o + ho))uy(z1, x2) — sin(a3ze)u(zy, x2)|dzidr,

576 / |cos(2(x1 + h1) + 3(xo + ho))vy(z1, 2) — cos(2x1 + 3xe)v(21, T2)|dx1das. (4.11)
The first term of right hand side of ({{.11)) tends to zero as ||h|jgn — 0. On the other hand, we have
|sin((x1 + h1)?(z2 + h2))ui(z1, 22) — sin(z3w)u(xy, 2)|

S | Sin(([ﬂl + h1)2(1‘2 + h2))||U1(£E1,IE2) — u($1,5€2)|
+sin((z1 + h1)?* (22 + h2)) — sin(zizs)||u(@1, 22)]
< |ur(xy, @) — u(zy, x2)| + |h%x2 + h2!17% + h%hg + 2hyx129 + 2R hoy ||u(xy, 22)),
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which implies that

/ |sin((z1 4 h1)? (@2 + ho))uy (21, 22) — sin(@ize)u(ry, 20)|dr1dry < |Jug — ullz1ay,
A

where ||h||gn is small enough.
Similarly,

/ | cos(2(w1 + h1) + 3(x2 + ho))vi (21, 22) — cos(2w1 + 3z2)v(21, 22)|dr1d2e < [l — v||L1(A).
A

With the help of previous inequalities, part (1) of hypothesis (2) can be concluded. The other parts of

(2) are similar and we ignore the details. In addition, property (3) holds if we consider a(z1,x2) = €7,

2

() =1, and M = €*. It can be easily shown that each number r > 21(In 3+%) satisfies the inequality
. Consequently, all the conditions of Th,eorem are satisfied.

It implies that the system of integral-differential equations has at least one solution in the
Sobolev space W1 (Q) x WHH(Q).
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