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Abstract

In this paper, Avery-Henderson (Double) fixed point theorem and Ren fixed point theorem are used to
investigate the existence of positive solutions for fractional-order nonlinear boundary value problems
on infinite interval. As applications, some examples are given to illustrate the main results.
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1. Introduction

In applied mathematics and mathematical analysis, fractional derivative is a derivative of any arbi-
trary order, real or complex. The first appearance of the concept of a fractional derivative is based
in a letter written to Guillaume de L’Hospital by Gottfried Wilhelm Leibniz in 1695. Since then,
the new theory turned out to be very attractive to mathematicians as well as physicists, biologists,
engineers and economists. The first application of fractional calculus was due to Abel in his solution
to the Tautocrone problem [12]. It also appears in many engineering and scientific disciplines as
the mathematical models of systems and processes in the fields of aerodynamics, electrodynamics of
complex medium, polymer rheology, physics, chemistry. In [§], Oldham et al. provide an encyclope-
dic treatment of the subject. Recently, there are many papers dealing with the existence of solutions
of nonlinear initial or boundary value problems for fractional differential equations by virtue of tech-
niques of nonlinear analysis, for example, see [4], [5], [9], [10], [I1], [14] and the references therein.
Also, few existence of positive solutions results are obtained on an infinite interval, see [2], [15], [17]
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and [I8]. For general results and backround on the fractional calculus, we refer the reader to [1], [3]
and [13].

In [I7], Ge and Zhao considered the following fractional boundary value problem on an infinite
interval:

Dg.ult) +a(t) f(tu(t)) = 0, te(0,00), ae(1,2),

u(0) =0,
tEeroo D0+ u( ) = Bu(§),

where Df, is the standard Riemann-Liouville fractional derivative. They obtained the existence of
the unique positive solution for the above fractional order boundary value problem by using the
Leray-Schauder nonlinear alternative theorem.

In [15], Liang and Zhang considered the following m-point fractional boundary value problem on
an infinite interval:

Dgu(t) 4+ a(t) f(u(t)) =0, 0 <t < +oo,
u(0) = '(0) =0,

Dg u(+00) Z@ (&),

where 2 < o < 3, D, denotes the standard Riemann-Liouville fractional derivative, 0 < & < & <
m—2

W <&poa < +o00, i=1,...,m—2 satisfies 0 < Z Biu(&;) < I'(ar). They obtained the existence of

=1
three positive solutions by using the Legget-Williams fixed point theorem.
In [I8], Gholami considered the following fractional integral boundary value problem on an infinite
interval:

Dg.u(t) +a(t)f(t,u(t),u'(t) =0; te(0,00), ac(23),
u(0) = u/(0) =0,

a—1
tllinooDOJr ’LL § Bz 0+ U |t &ir

where Dg, denotes the standard Riemann-Liouville fractional derivative, 0 < & < & < ... < §p_2 <
400,17 =1,....,m — 2, ; € R. The author obtained the existence of an unbounded solution for a
fractional order boundary value problem by using the Leray-Schauder nonlinear alternative theorem.

In [2], Wang considered the following fractional boundary value problem on semi-infinite interval:

Du(t) + f(t,u(t)) =0, 0 <t < 400,
u(0) = u/(0) =0,
D tu(+00) = £TPu(n), B> 0.
The author obtained the existence of the unique solution by using the monotone iterative technique.

Motivated by the above works, in this paper, we consider the following fractional-order nonlinear
boundary value problem (BVP). Our boundary conditions are more complicated than the BVP
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studied in [2].

Dg.u(t) +a(t)f(t,u(t)) =0, te0,400)
u(0) =u'(0) = u”(O) =..=u"20)=0

D u(+00) Zm "=3(&)

(1.1)

where n € N, n >3, n—1<a<mn, D§ denotes the standard Riemann-Liouville fractional
derivative, 0 < & < & < ... <& o< 400, 17, >0, 1 =1,....,m—2, B > 0. Throughout this paper
we assume that following conditions hold:

m—2
(H1) 0< > &2 <D+ f—n+3);

i=1
+00

(H2) f:]0,400) x R — [0, +00) continuous and 0 < / a(s)ds < +oo;
0

(H3) F(t,u) = f(t,(1+t*Hu), fe C(]0,+00) x R,[0,400)), [f(0,u)# 0 on any subinterval of
(0, +00) and when u is bounded f(¢, (1 + t* ')u) is bounded on [0, +00).

In this paper, we will prove the existence of at least two and three positive solutions for the BVP
using Avery-Henderson (double) fixed point theorem in [6] and Ren’s fixed point theorem in [7]
respectively.

This paper is organized as follows. In section 2, we provide some definitions and preliminary
lemma which are key tools for our main results. Section 3 is devoted to the theoretical discussions
concerning the existence of at least two and three positive solutions of the problem under consider-
ation and give some examples to illustrate how the main results can be used in practice. Finally,
conclusion part is established in section 4.

2. Preliminaries

In this section, to state the main results of this paper, we need the following lemmas and defini-
tions.

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a function f : (0,00) —
R s given by
1

300 = s | =9 s

provided that the right-hand side is pointwise defined on (0,400).

Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 of a continuous func-
tion f:(0,400) — R is given by

0610 = iy (&) |, e

where n — 1 < a < n, provided that the right-hand side is pointwise defined on (0, +00).

Lemma 2.3. Let a > 0; then I$, Dy u(t) = u(t) + c1t® ! + eot® 2 4 ¢35t + ..+ ¢, ", where
g €R, i=1,2,...,n (n=|a|+1). Here I$, stands for the standard Riemann- Lzoumlle fractional
integral of order « > O and Dg, denotes the Rzemcmn Liouwville fractional derivative.
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3. Main Results

In this section, we will give the necessary lemma and theorems to demonstrate the existence of
solutions.

Lemma 3.1. Assume that the conditions (H1) — (H3) are satisfied. If h € C[0,400), fractional
boundary value problem

Du(t) + h(t) =0, te]0,+00)
u(0) = u/(0) = u”(O) = .. =u"2(0)=0

(3.1)
Dg+ 1U +OO an (n- 3 gl
has an integral expression
+oo
u(t) = G(t,s)h(s)ds (3.2)
0
where
G(t,s) = Gi(t, s) + Gaft, s), (3.3)
here
1 et —(t—s)1, 0<s<t<+4o00
Gi(t,s) = — ’ -~ ’ 3.4
1(t;5) F(a){ -1 0<t<s<+oo. (3:4)
and
m—2
Z ,rlit(l—l
G2<t7 S) = = m—2
Do) [T(a+B—n+3)—> p&rtomt?
(3.5)

1

gLt 0<¢& <s<+oo.

1

{594—6—714?2 - (gl - S)a+/87n+27 0 S S S §Z < +OO)

Proof . According to Lemma , we can obtain that u(t) = —Igh(t) + c1t® ! 4 eot® 2 + ¢t > +
.+ ¢t ™. By the boundary conditions of (3.1)), we have

F(Oz—i—ﬁ—n—{—?))/o—’—oo dS—an/ i_ oe-‘rﬁ n+2h( )d

cl =

I(e) [F(Oé +B8—-n+3)— Z mf@,ﬂ+6—n+2}
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and ¢o =0, c3 =0, ..., ¢, = 0. Therefore, we obtain

L(a+B—n+3)t! /+°° h(s)ds
0

u(t) = ——/0 (t — s)* 'h(s)ds + —
ni€?+ﬂ_n+2:|

F(a){l“(a+5—n+3)— '

1=1
m—2
Z it )
) = / (& — )2 h(s)ds
[(c) [F(Oé +B8-—n+3)— Z 77i€;1+/3—n+2} 0
i=1

= /+OO G(t,s)h(s)ds, t € [0,+00).
0
U
Lemma 3.2. [15] The function G,(t,s) defined by satisfies
i) Gi(t,s) is a continuous and Gy(t,s) > 0 for (t,s) € [0,4+00) x [0, 4+00),
1) G1(t,s) is strictly increasing in the first variable,
131) G1(t,s) is concave in the first variable for 0 < s <t < 4o0.

Lemma 3.3. [1J] If k > 1, then G1(t,s) defined by (3.4)) has the following property

. Gl(t, S) 1 G1<t, S)
min > max .
1<k LAt ™ 4k2(1 4 ko1 tefo,400) 1 4 o1

Lemma 3.4. From the definition of G1(t,s), we have

Gi(t,s) < 1 7 G(t,s) <
14+ t=t ~ T'(«) 14tot =

L for (t,s)€[0,4+00) x [0, +00),

I'a+B—n+3)

where L =

m—2 ’
['a) [ TN(a+B8—n+3) — Z 0P
i=1

Proof . The functions G(t, s), G1(t,s) and Gy(t, s) are as defined in (3.3)), (3.4) and (3.5)

respectively. Let s <t. Using Lemma (3.2 we have

Gi(t,s) t* 1 —(t—s)*! ot 1
= < < .
1+ tot C(a)(T+teh) — T(a)(l+tel) — T'(«)
Let t < 5. From Lemma [3.2] we get
Gi(t, s) et 1 ot -
= < — 1 th ¢t —
I+ T+ ~T(@) 1400 v oo
In both cases, we obtain
Gl (t, S) 1
< .
1+t~ T'(«)
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Similarly, we can get an inequality for function Gy(t, s). If 0 < s < &;, then

m—1
ita—l Z{X+B—n+2 — (& — a+B—n+2
Gt > (¢ (6 — s)77+2)

1+ ¢t

(1 +to=1\D(a)

m—2
R e
i=1

m—2

— — 2
tha 1§ia+6 n+
i=1

<
(1+t>-D)I'(a)

m—2
Ma+pB—-n+3)— Z ni§?+ﬁ_n+2]
i=1

m—2
+B8—n+2
S
i=1

<
['(«)

m—2 )
[a+B8—-n+3)— Z 77¢§,~a+6_n+2]
i=1

On the other hand, if 0 < &; < s, then

m—1

— — 2
tha lé-iaJrﬁ n+
=1

GQ(t7 8) _
14 tot m—2
(L+t () [T(a+B—n+3) =Y pgto
i=1
m—2
Z ni£?+6fn+2
< =1
- m—2 '
Do) [T(@+B-n+3)—>_ m&?*““]
=1

The following inequality is obtained from both cases:

m—2
Z n; £?+B*n+2
G (ta 8) i=1

14 tot =
[(a)

m—2 ’
I'a+pf—n+3)— Z ni§?+ﬁ_n+2]
i=1

Finally, by means of the equation (3.3]), we get
G(t,s) < MNa+5—n+3)

1 tot = m—2 .|
MNa+p—-—n+3)— Zni§?+ﬁ_”+
i=1

I(a)
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Lemma 3.5. If k > 1, then Ga(t,s) defined by (3.5)) has the following property

. Gg(t, 8) 1 Gg(t, S)
min > max .
Lok L+tomt 7 ko1 + koml) tefo,400) 1+t 1

Proof . Let 0 < s <¢;, then by using (3.5, we obtain

m—2

Z it <£?+B—n+2 —(6— S)a+ﬁ—n+2>
. Galt,s) . i=1
min ———~ = min
1<k 142!

(1+ t*)I(a)

m—2
Dla+f-n+3)—Y ni€?+5_”+2]
i=1

m—2 a—1
Z n; (%) (gz{xﬁ@*nw@ N (fz _ S>a+ﬁfn+2>

m—2
INa+pf—n+3)— Z m{?w"H]
i=1

(1+ k*1)T(a)

m—2
Z nita_l <€q+5—n+2 N (£z . 8)a+,3—n+2>
1 P 1

T keI (14 ko) tel0.150)
(14t (o)

m—2 :
— =
i=1

Let 0 < ¢&; < s, then the following inequality is obtained:

. Gz(t, S) 1 Gz(t, S)
min > max .
i<k L+tot 7 ko (1 + koml) tefo,400) 1T+ 1071

O

Lemma 3.6. For a fized k > 1,

G(t G(t
min (t,s) > A(k) max Clts).
<t<k 1 +to1 te[0,400) 1 + to1

1
k

where

. 1 1
Alk) = min { 21+ ko 1) ko (1 + ko)) } '

Proof . This Lemma is obvious from Lemma B.4] and Lemma [3.51 [J
Set

t
E:{uGC[O,—I—OO):maX [u(®)] <—|—oo}.
>0 1+ ¢al

Clearly, E is a Banach space with the norm

ju(t)]

0<t<+oo 1 + to—1

|ul| = < +00
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t
Lemma 3.7. Assume that (H1)-(H3) hold. Letu € E andk > 1. Then, u(t) > 0 and min 1 |i(t)| - >
1<t<k o

A() [Jull

Proof . Lemma3.2] positivity of Ga(t, s) and conditions (H1)-(H3) imply that u(¢) > 0. For a fixed
k > 1, by using Lemma
u(t) 1 Hoo

min - = min -
Lopck 1+ Lok LH107 )

G(t, s)a(s)f(s,u(s))ds

> /0+00 min G(t,5) a(s)f(s,u(s))ds

- Lk 1+ to—1

X
>0 14 to-1

> A(k) /0 " e G5 ps u(s))ds

> [ 2 a5 uo)as
> AW

OJ
By using Lemma |3.7] we can define the cone P C E by

o<k L+t ™

pP= {u € E:u(t) >0, min ‘jf(t)' > A(k) ||u||} .

Denote the operator T': P — E by
+oo

Tu(t) = G(t, s)a(s)f(s,u(s))ds. (3.6)

0

Lemma 3.8. Assume that (H1)-(H3) hold. Then T : P — P is completely continuous operator.

Proof . Firstly, it is easy to check that T': P — P is well-defined. Now, we will show that T is a
completely continuous operator in three steps.

Step 1: T : P — P is a continuous operator.

Let u, € P, there exists a sequence u,, — u, n — 400 in P. Since the convergent sequences are

bounded, there is a real number 7y such that mz@(} ||un|| < 7o. Denote the set
neN\{0

By, = max {f(t, (1 +t* — 1Du), (t,u) € [0,+00) x [0,r0]}.

For all (¢,s) € [0,+00), by the Lebesgue Dominated Convergence theorem and Lemma [3.4] we can
get

14t

Tun(t) —Tup(t)|
1+ gt a

/0 e a(s)[f(s,un(s)) — f(s,u(s))lds

SAwG@QMMﬂwa—ﬂM@M%

14t

< L/o h a(s) |f(s,un(s)) — f(s,u(s))|ds — 0, (n — +00).
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This implies that

Tuy,(t) — Tuo(t)
1+t

max
t>0

’ = || Tun(t) — Tup(t)]] — 0.

Thus, T': P — P is sequential continuous. If T is sequential continuous, then 7" is continuous.

Step 2: T : P — P is relatively compact operator.

Let © be any bounded subset of P. Then there exists r > 0 such that |Ju|| < r for all u € Q. So,
from (H2) and Lemma [3.4] for all z € €,

Tu(t)
1+ tart

< L/O Ooa(s)f(s,u(s))ds

= L/0+OO a(s)f (s, (1+ s“l)ﬂ) ds

1+ st
+o0
< LBT/ a(s)ds
0

< +00.

This yields that ||Tu(t)|| < +o00. So T2 is uniformly bounded. Next, we show that 7TQ is equicon-
tinuous on [0, +o00). For any a > 0 and t1,ts € [0, a|, without loss of generality, we may assume that
to > t1. For all u € 2, we have

(Tu)(t1)  (Tw)(t2)
R

a(s)f(s,u(s))ds

< /*“‘G@hs)  Glts,s)

L+t 1457t

</+OO Gl(tl,s)_Gl(tQ,s)
R o A I 7

Foo Gg(tl, S) Gg(tg, S)
+ a—1 a—1

a(s)f(s,u(s))ds

a(s)f(s,u(s))ds

< | +°°\G1(“’3> = Gl (s, us))ds

L+t 14!

a—1 a—1
151 b

m—2
cat+f—n+2
2 i T T oo
+—= — / a(s)f(s,u(s))ds
0
o) I T(a+5—-—n+3) — Z £t
i=1

Foo Gl(tl,S) G1<t2,8) Gl(tQ,S) Gl(t2,8>
< /o ‘ — — + a(s)f(s,u(s))ds

SR R T A R N A

a—1 a—1
tl t2

R

m—2

+B—n+2
E &
i=1

/0+00 a(s)f(s,u(s))ds
I'(a) ]

m—2
I'a+pB—n+3)— Zm@aw*nﬁ
i=1
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< | +°°‘Gl(t“8) =GB 15, uls))ds

—+o00
/
0

m—2
+B-—n+2
> m€

i=1

Gl(tg, S) o G1<t2, S)

1+ 145! a(s)f(s,u(s))ds

a—1 a—1
tl t2

I

+

I(a)

+o00
Ila+B—-n+3) mf §a+ﬁn+2] /0 a(s)f(s, u(s))ds.
“ " B 1niS;

On the other hand, we have

/+oo ‘Gl(tl,S) . Gl(tg,S)

0 R
t1

-

/i]

+/+°°‘G1(t1,3) _ Galta, s)
P B A

a(s)f(s,u(s))ds

Gl(tl,s) _ Gl(tQ,S)
R N
Gi(ti,s)  Gilla,s)
I N

a(s)f(s,u(s))ds

a(s)f(s,u(s))ds

a(s)f(s,u(s))ds

<5 /t1 (5 =10 + (e —5)* ' = (1 — S)Q_I)Q(S)ds
" J 14971

t2 tOé*]. _ tafl t _ a—l -‘rOO tOé*]. _ tOA*l
+Br/ ( 2 1 ) —'—7(12 S) CL(S)dS + BT/ %a(s)ds
\ 1+t Y 1+

1

< B /“ (5 =t )+ ((ta— )" = ( — S)Q_I)G(S)ds
) 1497t

+5, | T G s
" 14+t97!

1

o (gt — g )
—I—BT/ W&(S)ds — 0 as tl — t2.
t 1

2
In a similar way, one can see that

/+°° 'Gl(tg,s) Gty s)

a(s)f(s,u(s))ds — 0 as t; — ts.

Hence, we obtain

— — 0 as t; — ta.
T+6070 14577 b

‘ Tu(t,)  Tul(ts)

That is, T2 is equicontinuous on [0, 400).
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Step 3: T : P — P is equiconvergent at +o00.
For any u € €2, we have

/0+OO a(s)f(s,u(s))ds < B, /0+oo a(s)ds < +oo.

It follows from Lemma [3.4] that
T

o | L)

t—+oo | 1 4 -1

/0+OO Ma(s)f(s,u(s))ds

T 5t 1+ tol
+o0
< L lim / a(s)f(s,u(s))ds
t—+o00 0
< 400.

Hence, T2 is equiconvergent at +oo. Therefore, we conclude that T : P — P is a completely
continuous operator. []
In order to obtain at least two positive solutions of BVP (|1.1)), we will apply the following theorem.

Theorem 3.9. (Avery-Henderson (Double) Fized Point Theorem)[6l] Let P be a cone in a real Ba-
nach space E. Assume o and vy are increasing, nonnegative continuous on P. Let 3 be a nonnegative
continuous functional on P with 5(0) = 0 such that, for some positive constants q and M,

Y(u) < Bu) <alu) and lu]] < Mry(u)

for all uw € P(v,q). Suppose that there exist positive numbers | < r < q such that
B(Au) < AB(u), forall 0<A<1 and wue€dP(B,r).

If T : P(v,q) — P is a completely continuous operator satisfying
(1) v(Tu) > q for alluw € OP(v,q),
(17) B(Tu) <r for all uw € OP(B,r),
(it7) P(ay,l) £ 0 and a(Tu) > 1 for all u € OP(a, 1),
then T has at least two fized points uy and us such that
I <oa(uy) with B(uy) <r and r < [(uz) with ~y(ug) < q.

1
Let 0 < z <t < k, a, 7 be nonnegative, increasing, continuous functionals on P and ( be a

nonnegative continuous functional on P be defined by

u(t) _ u(t) (i)
— Bl = A T e Y(u) = S T et (3.7)

and let P(v,q) ={u e P:v(u) <q}.

a(u) = P,

For convenience, we denote

a(s)ds e
TG R N = L/o a(s)ds (3.8)

?r\»a\
el

K =

Q

[(a)k

where L is defined by Lemma [3.4]
We now state growth conditions on F' so that ([1.1)) has at least two positive solutions.
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Theorem 3.10. Assume that (H1)— (H3) hold. Suppose there exist positive numbers 0 <1 <r < q

K

such that 0 < [ < ~ < N/\(k‘)q and the function F' satisfies the following conditions:
q 1 q

Hj) F(t = t —k —

(H4) Pt > - for e [0 ¢ Ja 5],

r

(H5) F(t,u) < % for (t,u) € [0,400) X [O,W ,
(H6) F(t,u)> % for (t,u) € [0,k] x [0,1] .

where K and N are as defined in (3.8). Then the boundary value problem (1.1)) has at least two

positive solutions uy and us such that

t t t
[ < max w(t) with max &)1 <r and r < max &1 with min uz—() <
tef0,k] 1 + to1 te[L k] 1+ 197 te[Ly) 1+t~ te[Lr 1+ to—1

Proof . It is obvious that for each u € P, y(u) < B(u) < a(u). In addition, from Lemma [3.6] for
each u € P
1 , u(t) 1
< g _
lul'= 355 B A AK)
For 0 < A <1 and each u € P we obtain S(Au) = A\3(u). Also, it is clear that 3(0) = 0.
We now show that the remaining conditions of Theorem [3.9] are satisfied. We define the completely

continuous operator T by (83.6). So, it is easy to check that T' : P(vy,q) — P. We now turn to

t
3.9l Choose u € OP(v,q). Then y(u) = min u(t) - = q. Since u € P,
te[L k] 1+ 197

property (i) of Theorem

1
|lul| < ﬁ, te [E,k] This implies that

u(t) q 1
< < t — k.
e [k:

As a consequence of (H4),

F(t,u) > %, (t,u) € [%,k} X :q, ﬁ] )

Also, Tu € P, and so

v(Tu) = min /0 oo%a(s)ﬂs,u(S))ds

tE[ 1 k]

+o00 . G(t’ S)
- /0 tg[lﬁ] 1+ rar1o(s) f (s, u(s))ds

> | " min (G““) ; G2<t’3>)a<s>f<s,u<s>>ds

velba) \1+ o1 T4 o1

> /0+00< MEAUL) + mi GQ(t’S)) a(s)f(s,u(s))ds

min in
te[l g L4+t el g 1+t

oo Gt s)
- /o b 1+ ra-10(8)f (5, u(s))ds




Positive Solutions for Fractional-order BVP on Infinite Interval 12 (2021) No. 1, 317-335 329

+o0 t
2/ min Sl ’S)Ia(s)F (s, Lh) ds
o tellr 1+t 1+ s>~

> Gi(d,s) u(s)

> — K R S

> /0 T ka_la(s)F <s, g Sa—l) ds
FGi(3,5) u(s)

> Y A N S

> /i = ka*la(s)F (s, T, Sa1> ds
1 1 1 F u(s)

" T(a) ka1(1-+-kal)‘/; “(8)F1(3’1+-sa1> ds

g 1 1 1 /k
~ K T(a) ko1 (11 ko D) %“ﬁﬁ

We conclude that (i) of Theorem is satisfied. We next adress (i) of Theorem So, let us
t t 1
choose u € OP(S,r). Then f(u) = max u(t) = r. This implies 0 < u(?) <r te [E’k] )

te[L ] 1+ to1 14ttt —
1 1 1
Noticing that ||ul| < —7v(v) < —=f(u) = ——7, we get
u(t)
< .
0< T+ T = 3E) for t€]0,+00)
Using (H5),
F(tu) < —, (t,u) € [0, +00) x |0, ——
7u N’ 7u ) o8 ’)\(k)

Tu € P, and so, for t € E,k} ,

= a(s)f(s,u(s))ds

Tu(t) L/+“ G(t,s)

T 1+ to—1

IN

+o0
L/o a(s)f(s,u(s))ds

_ AﬁwdﬂF(&TE%%T)ds
<<%L[fma@@

<.

This yields that 8(Tu) < r. Hence, condition (ii) is satisfied. For the final part, we turn to (i)

of Theorem For this part, if we first define u(t) = é, for all t € [0,k], then a(L) < I, and
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P(a,l) # 0. Now, let us choose u € dP(a,l). Then a(u) = m

0< Ut

< .
S I, te€l0,k]

ta—1 —
Using assumption (H6),
l
F(t,u) > X (t,u) € (t,u) € [0,k] x [0,1].

As before T'u € P, and so

oTu) = max /Om E )15, u(s))ds
Z /Om 1G+(tgf_)1a(s)f (5, u(s))ds
= /0“0 it 1(1(1&7;5_)1 a(s)f (s, u(s))ds
- /om i LG i(if)l c ji;i)l} a(s)f(s, u(s))ds
Gi(t, s)

min
te[L k] 14 to!

> /0+<><> a(s)f(s,u(s))ds
u(s)

+o00 Gl(l S)
> — kYT F
> /0 T ka*la(s) <s, g 8&1) ds

1 B u(s)
> - s M5
> e [, Gl (s e

) s

l /Ok Gl(%, s)a(s)ds + ﬁ Gl(%, s)a(s)ds]

> —
K

1
14 kot

l P
>_ - Z
- K(l + ka—l) /11C Gl(ka S)(I(S)dé’

l k
K(1 + koD (a)ko-1 / als)ds

= .

ax ———>—
tefo,k] 1 4+ to1

Yaslan Karaca, Oz

= [. This implies

Thus, (iii) of Theorem [3.9]is satisfied. Therefore, there exist at least two positive solutions u; and

ug, belonging to P(7, q), of the boundary value problem (|1.1)) such that

t
with max u (?)

T <r and r < max
re[la) 1+t

(%) (t)

te[l k) 1+t~

Us (T
T with min 2(t) -
re[la) 14t

<q.



Positive Solutions for Fractional-order BVP on Infinite Interval 12 (2021) No. 1, 317-335 331

Example 3.11. Consider the following boundary value problem:

D0+u(t) +e ' f(t,u(t)) =0, te0,+00),

u(0) = w/(0) = 11&"(0) —0, (3.9)

0+u +00) an 0+u (&)-

where

( 9u + 740

Jut Y <u<T4
14800 0su< 70,

F(tu(t)) = 1071
520

1
(u—T740) + 5. 740 < w < 10,

| 5.106, 103 < u < 2112.108.

By simple calculations, we have N = 0,60180, K = 0,0002166994 and A(k) = 0,00047348. If we

1 K K
choose ¢ = 1072, r = 1 and ¢ = 103, then we get £ = 107° < ~N = (1,200026).107* < N)\(k)q =
(1,705).10~%. Tt can be easily seen that the conditions (H1) — (H3), (H4)-(H6) are provided. Then
all conditions of Theorem hold. Hence, BVP (3.9) has at least two positive solutions u; and uy

such that

t t 1 1 t t
107° < max u )5 with max ul() < - and - < maX 10 with min — 2(t)

tef04] 1 4¢3 eltal+¢3 4 4 T iella) 143 telta) 1+ 3

< 10°.

We will apply the following theorem so that (|1.1)) has at least three positive solutions.

Theorem 3.12. (Ren Fired Point Theorem)[7] Let P be a cone in a real Banach space E. Let o, 0

and 1) are increasing, nonnegative continuous functionals on P. There are constants v > 0, M > 0
such that

V() < 0(uw) < p(u) and |lu] < My(u)

for all u € P(y,v). Suppose there exist a completely continuous operator T : P(¢,v) — P and
constants 0 < h < p < v such that

(i) Y(Tu) <v for Yu € OP(,v);

(i) O(Tu) > p for Yu € OP(0,p);

(iii) P(p,h) # 0 and p(Tu) < h for Yu € OP(p, h).

Then T has at least three fived points uy, ug and ug belonging to P(y,v) such that

0 <o(u) <h<p(u), O(ug) <p<06(us), ¥(ug) <wv.
1
Let 0 < z < i < k and define the nonnegative, increasing, continuous functionals ¢ , 6 and ¢, by

, u(t) , u(t) u(t)
u) = min ———,  f(u) = min ———, u) = max ————.
Ylw) te[L g 14 to1 (v) te[tu 1+t (u) telok] 1+ o1

and let P(y,v) = {u € P:¢(u) <v}.

(3.10)
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/M a(s)ds

1 +oo
_ } _ 11
R (e T /0 a(s)ds (3.11)

where L is defined by Lemma [3.4]

In order to established at least three positive solutions of our boundary value problem, we give
growth conditions on F'.

For convenience, we define

Theorem 3.13. Assume that (H1) — (H3) hold. Suppose there exist positive numbers h < p < v

such that <p< ~Lv and the function F' satisfies the following conditions:

A(k) 0, _
(H7) F(t,u><91 for ¥(¢, u) € [0,+00) x |0,

where Q; and Qs are as defined in (3.11)). Then the boundary value problem (1.1) has at least three
positive solutions uy, us and uz such that
us (t) us(t) () us(t) us(t)

0<max ———— <h< max ————, min ———— <p< min ————, min ———
T teok) 1+ tot telof] T+t gl ) 1+ tot b tellp] 14+1t271 gely 14 to!

Proof . It is clear that for each u € P, 1 (u) < 0(u) < ¢(u). Also, from Lemma 3.6} for each u € P

w1 "
lul'= 35 AR s M= >0

The proof of this theorem will proceed in a similar to the proof of Theorem [3.10, By Lemma 3.8, we
know that 7" : P(¢,v) — P is completely continuous operator. In order to show that (i) of Theorem

1
3.12| we choose u € OP(¢,v). Using (HT7), for t € {E, k:]

Tult) /0 " GS) L s u(s))ds

14 to-1 14 to-1
+oo
< L/ a(s)F (5, &) ds
0 1 + s&—
v [T
< L— a(s)ds
o | el
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This yields that ¢(Tu) < v. Hence, condition (7) is satisfied. We now turn to property (ii) of
Theorem [3.12} Choose u € OP(1),v). Using assumption (H8),

= min o G(t’s)as s,u(s))ds
o(Tu) = ]l ()£ (s, u(s))d

tE[%,/L 1 _|_ taf].

+o0o
> min [ ) s s
el o T

+oo G(t,s)
ZA i, T g () (s, u(s))ds

[ e (o, Y
> /; %Q(S)F <s, %) ds
- F(a)kalél + ko) /;““W (8’ %) o

P 12
~ er(a)ka—l(uka—l)é als)ds

Thus, the condition (i7) Theorem is satisfied. Finally, we turn to (iii) of Theorem [3.12, We
h

note that u(t) = 3 t € [0,k] is a member of P(y, h), and so P(p,h) # 0. Now, let u € OP(p,h).

Using (H9), for t € [0, k],

Tu(t) _/+°° G(t,s)

1+ o1 1+ o1

a(s)f(s,u(s))ds

IN

I / " () (s, u(s))ds
L/O ( 11(;2 1) ds

/\Z{:) /+OO a(s)ds

=h

This implies that (Tu) < h. So, the condition (#ii) Theorem is satisfied.

As a result, all conditions of Theorem [3.12] are satisfied. Therefore, the boundary value problem
has at least three positive solutions u, us and ug, belonging to P(1),v), of the boundary value
problem [I.1] such that

w(t) < max —u2(t) min —u2 2 < p < min us(t) i us(t)

0 < max

<h ———— min ———
tef0k) 1 + ot tef0k] 1+ 1071 el ) 14! e[l 1Ht71 el 14 tot

<.
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O

Example 3.14. Consider the following boundary value problem:

9

D2 u(t) + 167" In16f(t,u(t)) =0, t € [0,400),
u(0) = v/(0) = u”(0) = v"(0) = 0,
] ) 1 (3.12)
Dg.u(+00) = mein(&)-
i—1
where
0, 0 <u < 8256.1073,
107
F(t,u(t)) = g (500u — 4128) 8256.1073 < u < 10,
5.106, 10 < u < 8256.106.
After some calculations, we obtain Q; = (2,2779).107%, Qy = 0,1719434922 and A(k) = (1,21124).107*.
h 1073
If we choose h = 1072, p = 10 and v = 10°, then this inequality = <p=10<

Ak)  (1,21124).10—
Q
Q—lv = (1,3247957).107°10° is satisfied. It is easy to see that the conditions of (H1) — (H3), (H7)-
2
(H9) are satisfied. So, all conditions of Theorem hold. Therefore, BVP (3.12) has at least three

positive solutions uq, us and uz such that

t t t t t
0 < max ul—(l <107 < max i)w min UQ—(Z < 10 < min s )7, min us )7 < 10°.
tel04] 1 4+ ¢2 tel0A4] 1 ¢z te[t) 1 +t2 te[21] 1 +¢2 te[ia 1+ t2

4. Conclusions

In this paper, we consider BVP on an infinite interval. We theoretically prove using the
double fixed point and Ren’s fixed point theorems the existence of at least two or three positive
solutions. Some appropriate examples that support the theoretical results are provided. In the
future, methods dealing with the existence of positive solutions of boundary value problems can
be developed. Furthermore, the existence of exactly two or three positive solutions can also be
investigated.
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