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Abstract

In this paper we introduce the concept of geometrically quasiconvex functions on the co-ordinates and
establish some Hermite-Hadamard type integral inequalities for functions defined on rectangles in the
plane. Some inequalities for product of two geometrically quasiconvex functions on the co-ordinates
are considered.
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1. Introduction and preliminaries

Let I C R be a real interval. A function f : I — R, is said to be convex if, for every xz,y € I and
t €[0,1],
fltz+ (1 =t)y) < tf(@)+ (1 =) f(y).

Let f: 1 — R be a convex function and a,b € I with a < b then, we have the following inequality

f(a+b) Sbia/abf(x)dxgw.

2 2

This remarkable result is well known in the literature as Hermite-Hadamard inequality. Both in-
equalities hold in the reversed direction if f is concave. We note that Hermite-Hadamard inequality
may be regarded as a refinement of the concept of convexity and it follows easily from Jensen’s
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inequality. There have been several works in the literature which are devoted to investigating refine-
ments and generalizations of the Hermite-Hadamard inequality for convex functions, see for example
[, 21 B 6L 7 &, @ 11, [12], 14 15, 16] and references therein. In [4], S.S. Dragomir defined convex
functions on the co-ordinates (or co-ordinated convex functions) on the set A := [a,b] X [¢,d] in R?
with a < b and ¢ < d as follows:

Definition 1.1. A function f : A — R is said to be convex on the co-ordinates on A if for every
y € [¢,d] and z € [a,b], the partial mappings,

fy:la, bl = R, fy(w) = f(u,y),

and
fz : [C7d] — R, fx(v>:f(xav)a
are convex. This means that for every (z,v), (z,w) € A and t, s € [0, 1],

fltzr+ (1 —t)z, sy + (1 — s)w)
< tsf(z,y) +s(1=1)f(z,9) + (1 = s)f (2, w) + (1 = 1)(1 = 5)f(z, w).

Clearly, every convex function is co-ordinated convex. Furthermore, there exist co-ordinated
convex functions which are not convex. The following Hermit-Hadamard type inequality for co-
ordinated convex functions was also proved in [4].

Theorem 1.2. Suppose that f: A — R is convex on co-ordinates on A. Then,

a+b c+d
f( et )

1 1 b c+d 1 d a+b
= §[b—a/f(x’ 2 )d +dT f( 2 ,y)dy}
S( _C//f:nydydx
§i{b_a/fxcda:+—/fxd

/fayder—/faydy]

f(a c)—i—f(a d) + f(b, c)+fbd

<
- 4

The above inequalities are sharp.

Since then several important generalizations introduced on this category, see [111, 13}, 18|, 19, 20, 21]
and references therein. Recall that a function f: I C R — R, is said to be quasiconvex if for every
z,y € I and X € [0, 1],

fz+ (1= A)y) <max{f(z), f(y)}.

In [I5], M.E. Ozdemir et al. introduced the notion of co-ordinated quasiconvex functions which
generalize the notion of co-ordinated convex functions as follows:
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Definition 1.3. A function f: A = [a,b] X [¢,d] — R is said to be quasiconvex on the co-ordinates
on A if for every y € [¢,d] and z € [a, ], the partial mapping,

fy a0 = R, fy(u) = f(u,y),

and
foiled =R, fo(v) = f(z,0),

are quasiconvex. This means that for every (z,y), (z,w) € A and s,t € [0, 1],
Pt + (1= )z, 5y + (1 — s)w) < max{f(w,y), f(z, w), £(2,9), f(z,0)}.

Since then several important generalizations on this category introduced in [11, 14]. On the
other hand the notion of geometrically quasiconvex functions is introduced by I. Iscan in [7] and F.
Qi and B.A. Xi in [18] as follows:

Definition 1.4. A function f: I C Ry :=[0,00) — Ry, is said to be geometrically quasiconvex on
I if for every z,y € [ and t € [0, 1],

flaty'™) <max{f(z), f(y)}.

Note that if f decreasing and geometrically quasiconvex then, it is quasiconvex. If f increasing
and quasiconvex then, it is geometrically quasiconvex. We recall some results introduced in [18].

Lemma 1.5. Let f: I C R, := (0,00) — R, be a differentiable function on /° and a,b € I° with
a<b. If f' € L([a,b]) then,

(Ind)f(b) —(na)f(a) 1 /b f(z)
Inb—1Ina Inb—1Ina

) (1.1)
= / a' ' In(a' ) £/ (o I dt.
0

Theorem 1.6. Let f: I C R, — R be a differentiable function on I° and f" € L(]a,b]) for a,b € I°
with a < b. If | f'| is geometrically quasiconvex on [a, b] then,

‘ (Inb)f(b) — (na)f(a) 1 /” f(z)
Inb—1na

Inb—-1na

< N(a,b)sup {[f'(a)], [F'(b)[} .
where N(a,b) := fol a'~tt| In(a'~t0")|dt.

(1.2)

Theorem 1.7. Let f: I CR, - Rbea differentiable function on I° and f" € L([a, b)) for a,b € I°
with a < b. If | f'|7 is geometrically quasiconvex on [a, b] for ¢ > 1 then,

(Inb)f(b) — (Ina)f(a) flz
C Inb— lna /

Inb—1Ina

(1.3)

Q=

. . 1— l/q
< [M(a,b)]s {quN(GQ/ql>bq/ql)} x [sup {|f' (@)% | f'()|"} ]

where M (a, b) fo | In(a'~tbt)|dt.
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Theorem 1.8. Let f: I C R, — R be a differentiable function on I° and f" € L(]a, b)) for a,b € I°
with a < b. If | f'|7 is geometrically quasiconvex on [a b] for ¢ > 1 and ¢ > r > 0 then,

(Inb)f(b) — (Ina)f(a) flz
~Inb— lna /

Inb—1Ina
g—1 1-1/q (1>1/q oy
(=) (5) e
x [N (a1 /a0 Tsup {1 £(a)]7, | £/ (5)]} ]

Theorem 1.9. Let f: I C R, — Ry be a differentiable function on I° and f € L([a, b]) for a,b € I°
with a < b. If f is geometrically quasiconvex on [a, b] then,

b
) < st [ a0 <o (1), s} (15)

(1.4)

Q=

In [16], M. E. Ozdemir introduced the notion of geometrically convex functions on the co-ordinates
as follows:

Definition 1.10. Let A, := [a,b] X [¢,d] be a rectangle in R,? with a < b and ¢ < d. A function
f: Ay — Ris said to be geometrically convex on the co-ordinates if for every y € [c,d] and z € [a, b]
the partial mappings,

fy : [a7b] — R, fy(U):f(U,y),
and

fa: [Cad] - R, f:]c(U):f(ajvv)a

are geometrically convex function. This means that for every (x,y), (z,w) € A and ¢, s € [0, 1],
f(xtzl t) yswl—s>

The main purpose of this paper is to establish some new results connected to the Hermite-
Hadamard type inequality for geometrically quasiconvex functions on the co-ordinates.

2. The main results

In this section we introduce the notion of ”geometrically quasiconvex functions on the co-ordinates”
for functions defined on rectangles in R2, which is a generalization of the notion ” geometrically
convex functions on the co-ordinates” given in definition 1.10. Then, we establish some Hermite-
Hadamard type inequalities for this class of functions.

Definition 2.1. Let A, := [a,b] x [c,d] be a subset of R,? with a < b and ¢ < d. A function
f Ay — Ris said to be geometrically quasiconvex on the co-ordinates on Ay C R? if for every
y € [c,d] and z € [a,b] the partial mappings

fyila, bl =R, fy(u) = f(u,y),
and

foiled =R, fo(v) = fz,v),

are geometrically quasiconvex. This means that for every (x,y), (z,w) € A, and s,t € [0, 1],

fa'= 7y ™) < max{f(z,y), f(z,w), f(2,9), f(z,w)}.
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Note that every geometrically convex function on co-ordinates is geometrically quasiconvex on co-
ordinates, but the converse is not holds. In the following example we give a geometrically quasiconvex
function on co-ordinates which is not geometrically convex function on the co-ordinates.

Example 2.2. Let A, :=[1,4] x [4,9] and consider the function f: A, — R defined by

fla,y) =2 =y~

It is easy to see that the functions

fy(x) = 1'2 - y2> M [1’4]7

and
fx(y) = xQ - y27 Yy € [47 9]7

are geometrically quasiconvex. Hence, f is geometrically quasiconvex on co-ordinates on A, . This

function is not geometrically convex on co-ordinates on A . Indeed, if we choose two points, (z,y) =
(1,4), (z,w) = (4,9) and s =t = 3, then

fla'2 =y w' ™) = f(2,6) = —32,

and
tsf(z,y) +s(1—10)f(zy) +t(1 —s)f(z,w) + (1 —t)(1 —s)f(z,w)

1
= —{f(.l’ y) (l‘ w)uf(sz)af(zay)}:_40
< f( t 1— t’yswl s).
To reach our goal we introduce the following lemma which plays a crucial role in this paper.

Lemma 2.3. Let A, := [a,b] x [c,d] be a subset of R.* with a < b and ¢ < d. Suppose that
f: Ay — R is a partial differentiable function on int(Ay). I gtaf € L(A,), then

1
(Inb—Ina)(Ind —Inc)

(C+D+/b [(mc)f(“” 9 _ (na) L& d)}dx

+/d[(1n)f(ay> (Inb) byd+//fxydd)

1ttlssl 1—-tyt 1—s 38 1ttlss
// b =5d® In(a =) In(c d)ata( b, o d®) dtds,

where

C:=(Ind)[(Inbd)f(b,d) — (Ina)f(a,d)],

and

D :=(Inc)[(Ina)f(a,c) — (Ind) f(b, c)].
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Proof . If we denote the right hand side of ([2.1] ﬂ by I and integrating by parts on A, then, we have
(Inb—Ina)(Ind —Inc)I

= (Inb—1Ina)(Ind —Inc) // tptel=sqs

Xhl( 1— tbt>1 (1 sds)ata ( 1— tbt 1— Sds)dtds

1
=(Inb—Ina)(lnd —Inc) / =5 In(c' 2 d®)
0
1 P/
17t 17t I—tyt d=s s
x[/oa b In(a! b ('8, d)dt]d
= (Inb—1Ina)(Ind —Inc) (2.2)

! In(a'"'b") f !
1—-s gs 1-s 35 ZJ o A-tpt 1—s gs
x(/oc d* In(c d)[(lnb)—(lna)as(a b d)|
1 af

- [ S, CHdS)dt] ds)
S

0
= (Inb—1Ina)(Ind —Inc)

! Inb Of
1—s s 1—s s 1*3 S
X(/OC @ Infe d)[lnb—lna&s”( &)
~ Ina @f< sy — g
Inb—1Inads o 0s

(@, cl—SdS)dt] ds>

af

1
= (lnd—lnc)(lnb)/ cl_sdsln(cl_sds)a—(b,cl_sds)ds
0 s

1 af
— (lnd—lnc)(lna)/ c'75d* In(c' 4 d¥) aS( c'75d*%)ds
0

— (Inb—Ina)(Ind —Inc)
1 1 8f
1-s 35 1—s gs 1-t3t 1—s gs
X (/O [/0 ¢t In(e! ) S (a T e d)ds]dt).

Similarly integrating by parts in the right hand side of (2.2]) deduce that

(Inb—1Ina)(Ind —Inc)l
= (Inb) <1n(cl_5ds)f(b, ' *d*)| — (Ind —Inc) /1 f(o, cl_sds)ds)
0 0
— (Ind -1 1=5dq%)d
(In nc)/o fla,c ) s)
Jat
0

11
+ (Inb—1Ina)(lnd —Inc) / / fla*~t!, ¢ 2 d¥)dtds
o Jo

— (Ina) ( In(c'*d®) f(a, c' *d*)

0

1
— (Inb—1In a)/ (ln(cl_sds)f(al_tbt, c5d®)
0

~ (lnd) ([(ln 0)f(b.d) — () f(b.c)



Hermite-Hadamard inequality for geometrically quasiconvex ... 8 (2017) No. 1, 47-60 53

— (Ind — Inc) /1 f(b, cl_sds)ds)

~(na) ([an 0)f(a.d) — () f(a, )]
— (Ind — In c)/o f(a,cl_sds)ds)

— (Inb —Ina) ((m d) /01 f(a'~'", d)dt — (Inc) /01 fa'~"bt, c)dt)

1 p1
+ (Inb —Ina)(Ind — Inc) / / fla'~t!, 2 d¥)dtds.
0o Jo
If we using the change of variables z = a'~'b" and y = ¢! 7*d® for ¢, s € [0, 1], we obtain
(Inb—1Ina)(Ind —Inc)l

= w0) ([ .0) — eyse.0) - | d Mdy)
— (In a)([(lnd)f(a d) — (Inc)f(a,c)] / fla dy) (2.3)

[ B [ [ [

Dividing both sides of ({2.3} - by (Inb—Ina)(Ind—1In¢) implies that the equation ([2.1]) holds and proof
is completed. []

Theorem 2.4. Let Ay := [a,b] x [c,d] be a subset of R? with a < b and ¢ < d. Suppose that f :
A, — Ris a partial differentiable function on int(A,) and 1 ¢ L(AY). If ‘%’ is a geometrically

0t0s
quasiconver function on the co-ordinates on Ay then the following inequality holds:
C+D N
(Inb—Ina)(Ind —1Inc)  (Inb—Ina)(Ind — Inc)
< N(a,b) N(c,d) (2.4)
2 2 2 2
< {[ 24 0.0]. [ 7L 00| [ g2 0.0] | SL .}

where, C, D are defined in Lemma [2.3]

b= (Inb — In a)l(lnd —1Inc) x (/ab {(ln d)f(a; 2 <lnc)f(a; Cq de

d
+/ [(l b)f(b .y) (lna)M} dy).
c Y Yy
Proof . From Lemma [2.3] it follows that

C+D . o[ gy dy )
(Inb—Ina)(Ind —Inc)  (Inb—Ina)(Ind —Inc)

/ / 1— tbt 1— sds“n( 1— tbt>ln( 1— sds)’

at(;;( Lty elosd) | dtds.
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Since %‘ is geometrically quasiconvex on the co-ordinates we have
Pf o
— bt 1—sds
dros\ @ Ve )
0*f 0*f
< b,d( ,
= max{ dis ¢ 87583 ) ‘8tas (b, ) }
where ¢, s € [0,1]. From this inequality and Lemma [L.5 it follows that
1ttlss 1-tyt 1—s 75 an 1—-t3t 1—s js
b'e *d*|In(a""0") In(c"*d®)| 5108 ——(a 0", ¢ ~°d’)|dtds
2 2 2 2
e )a flo.0)| 1P F0d)) \PS00)| |2210,)
Otos Otos atos Otos

11
></ / a' 7ttt df | In(a' i) In(ct 0 d¥) |dtds
o Jo
= N(a,b) N(c,d)

O*f
X max { 8t83<a’ c)

9% f

) —(avd)? 82f

—(b7 C) ’

mal}.

which is the required inequality (2.4]). Note that
1 1
/ / a9 4% In(at 0t In(c 2 d®) |dtds
0o Jo

1 1

= ( / a(lt)bt\ln(altbtﬂdt) ( / c(ls)d“”]ln(clsds)]ds)
0 0

= N(a,b) N(c,d).

The proof of theorem is completed. []

The following corollary is an immediate consequence of theorem [2.4]

Barani, Malmir

Corollary 2.5. Suppose that the conditions of the theorem are satisfied. Additionally, if

(1) g;fs is increasing on the co-ordinates on A, then
C+D S S R dyda
‘(lnb—lna)(lnd Inc) N (Inb—Ina)(Ind —Inc) '
82
< N(a,b) N bd (
< Nab) Nie,d) |0 f(0.d)
(2) ’% is decreasing on the co-ordinates on A, then
C+D S S B dyda
‘ (Inb—Ina)(Ind —Inc) * (Inb—Ina)(Ind —Inc) '

< N(a,b) N(c,d f(a, )],

) 5785

(2.5)

(2.6)
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where, C', D and B are defined, respectively in Lemma and Theorem [2.4]

Theorem 2.6. Let Ay := [a,b] x [¢,d] be a subset of RZ with a < b and ¢ < d. Suppose that

f Ay — R is a partial differentiable function on int(A,) and aataf € L(Ay). If ggs “isa
geometrically quasiconver function on the co-ordinates on A, and p,q > 1, i + é = 1, then the
following inequality holds:
C+D .\ Jo e dyda B
(Inb—1Ina)(Ind —Inc)  (Inb—1Ina)(Ind —Inc)
1 O f a | O*f q
S [N(ap,bp) N(Op7dp>]p X [max{ 8t83<a’c> ) _<a7d) (27)

W

where, C, D and B are defined, respectively in Lemma and Theorem [2.4]

0*f
O0tds

02 f
(b.d)

(b, ¢)

)q

Proof . Suppose that p > 1. From Lemma and well-known Holder inequality for double
integrals, we obtain

C+D P
(Inb —Ina)(Ind —Inc)  (Inb—Ina)(Ind —Inc)

2
S / / 1— tbt 1— Sdﬂln( 1— tbt) ( 1— sds)‘ aataf< l—tbt’cl—sds) dtds
. (2.8)
< ( / / ap(lt)bptcp(ls)dps|ln(a1tbt)ln(clsd3)|pdtds>
( T (a1, s thds) "
Since gfafs ! is geometrically quasiconvex on the co-ordinates on A, , we obtain
82
f (al—tbt7cl—sds) a
Otos (2.9)
*f a1 0*f .| 0%f *f '
< ) I ‘ b
< wf{| L@l | Sl @] |5 rwa] | SLeal'}
Note that

1 1
/ / ap(l—t)bptcp(l—S)dps| ln(al—tbt) ln(Cl_SdS>|pdtd5
0

1 1
= (/ @p(l_t)bpt|ln(al_tbt)‘pdt) (/ Cp(l_s)dps’ln(cl_sds)|pds) (2.10)
0 0

= N(a”,0") N(&,dP).

Combination of (2.8), (2.9) and (2.10]), gives the desired inequality (2.7)). Hence the proof of the
theorem is completed. [

The following corollary is an immediate consequence of theorem [2.6]
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Corollary 2.7. Suppose that the conditions of the Theorem are satisfied. Additionally, if

q

(1) % is increasing on the co-ordinates on Ay, then
C+D ffdfxy)dydm 3
(Inb—1Ina)(Ind —Inc)  (Inb—1Ina)(Ind —Inc)
2
< [N@.) N |2 f )|
s
(2) % s decreasing on the co-ordinates on A, , then

C+D S, S e dyde
‘(lnb—lna)(lnd—lnc) (Inb—Ina)(Ind — Inc) _B'
L a2
< [N@.) N @) o)

Theorem 2.8. Let A, = [a,b] X

dtds

o°f
Otds

(2.11)

(2.12)

le,d] be a subset of RY with a < b and ¢ < d. Suppose that
f Ay — R is a partial differentiable function on int(A,) and L RS L(Ay). If

q
J 5 a

geometrically quasiconvex function on the co-ordinates on Ay for g > 1, then the following inequality

holds:
C+D
(Inb—1Ina)(Ind —Inc)

< [M(a,b) M(c,d)]"

f fdfmy)dydx
(lnb—lna)(lnd—lnc)_ ‘

_ ) 1-1/q
% (q - 1) N(aq/(q—l)’ ba/(q—1)> N(Cq/(q—l), dq/(q—l))
q

1
q

I

[ 0? 0?
X max{ ((9755{9(@70) , até};(a,d) (b,c)‘

where, C', D and B are defined, respectively in Lemma and Theorem [2.4]

| Of |2

5 (b.d)

Proof . By Lemma Holder’s inequality,

we have

f fdf L dydz

(Inb—Ina)(Ind —Inc)  (Inb—Ina)(lnd —Inc) ’
O*f

1— tbt 1— 51511 1— tbt 1— 55
[ [ (a5 In(e! ) [ -
{ / / 2011/ (a=D) gt/ (a=1) pa(1-9)/(a=1) gas/ (a-1)
0 0

1-1/q
x |In(a'~"d") ln(cl_sds)|dtds]

X Uol /01|1n(a1—tbt)1 1=3g9))|

C+D

dtds

IA

( l—tbt7 Cl—sds)

IN

92 f

q /a
910 dtds}

( l—tbt7 cl—sds)

(2.13)

o251
Btas’ on A,



Hermite-Hadamard inequality for geometrically quasiconvex ... 8 (2017) No. 1, 47-60 57

1 1
{ / / 200/ (a-1)pat/(a-1) a(1-5)/(a-1) gas/(a—1)
0 0

1-1/q
x |In(a'~"d") ln(cl_sd5)|dtds]

el el 1/q
« / / I In (a4 ln(clsds)|dtds}
LJO 0

[ 0? a1 0? q | 92
| ma {| 2L 0.0 | gL )] |52

Note that by Lemma it follows that,

/ / a(1-t)/(g=1) pat/(a=1) ;a(1=s)/(a=1) gas/(g=1)

x | In(a~"b") In(c*~*d*)|dtds

1
= (/ aqut)/(q1)bqt/(q1)\ln(altbt)\dt>
0

1
X (/ Cq(lS)/(ql)dqs/(ql)“n(clSds)’dg)
0

_ (@=17 N (a0, gl a0 N (/a1 go/(a=).

q2

O f
Otos

(b.0)|".

- (0,d)

ik

It is easy to see that

1 1
/ / [ Tn(a'~"8!) In(cl=*d*)|dtds — M(a, b) M(c,d),
0o Jo

and proof is completed. [

Theorem 2.9. Let A, := [a,b] x [¢,d] be a subset of R: with a < b and ¢ < d. Suppose that
f Ay — R is a partial differentiable function on int(A,) and L RS L(AL). If |2

dids Gigs| 15 a
geometrically quasiconvex function on the co-ordinates on A, and ¢ > ¢ > 0, then
C+D . S [ dydy )
(Inb—1Ina)(Ind —Inc)  (Inb—1Ina)(Ind —Inc)
-1 2(1-1/q) 1 2/q 1/
1= o) [Vny) V(]
a—t ¢ (2.14)
" [ N a9/ pla=0/a=DY N (la-0/ @D, d(q—f)/(q—l))} (=19
1
2 2 2 2 g
x [max{ ;a‘i(a,c) 12 ) gté’;( )l ﬁ(b,d)‘q}] ,

where, C', D and B are defined, respectively in Lemma and Theorem [2.4]
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f q
Otos

Proof . From Lemma Holder’s inequality, and the geometrically quasiconvexity of
the co-ordinates on A, we get

C+D . o[ L gy dy )
(Inb—Ina)(Ind—Inc)  (Inb—Ina)(Ind —Inc)

/ / 1— tbt 1— sds|1n( 1— tbt>ln( 1— sds)|

f 1—t3t 1—s 3s
g @ Ve )

1
{ / / (=D 0=/ (=D p(a=0t/(a=1) (a—0)(1=5)/(g—1)
0 0

1-1/q
% dla—0s/(a=1) | In(a'~"b") ln(c1_5d8)|dtd8]

1 1
x [/ / | ln(aé(l—t)bét) ln(cf(l—s)d&e)’
0 0

02f q 1/q
X ﬂ dtdS:|

1 1
< { / / aa=0=t)/(a=1)p(a=0t/(a=1) (a—)(1=5)/(a—1)
0o Jo

1-1/q
% da=0s/(a=1) | In(a'~"b") ln(c15d5)|dtd8]

roplopl 1/q
X / / |afA=Dp =9 g 1n (o1 1ht) ln(clsds)|dtds]
LJO 0

on

dtds

(alftbt’ clfsds)

[ Of e &f of e 19f "
x max{ PrEMCOIE atas(“’d) 5105 )| | 5705 0 D) }
_ (4 — 1\ (@-0/(@-1) pa—0/(@-1)
= (G=p) e e
< N (a0, d(q%)/(g—n)} 1y
2/q 1/
< (%) (o) v(ea)] "
0*f a | Pf a | Pf &f ‘
» [m{ I wo |2 | | 2L 0 [ 2L .0 } |

The proof of theorem is completed. [J

Theorem 2.10. Let Ay := [a,b] X [¢,d] be a subset of R% with a < b and ¢ < d. Suppose that
f: Ay — R is a geometrically quasiconvex function on the co-ordinates on Ay. If f € L(Ay), then

1/2 1/2 flz.y)
f((ab) / s (cd) / ) = (Inb—1Ina) lnd In c) / / T W (2.15)
< max{f(a,c), f(a,d), f(b
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Proof . By geometrically quasiconvexity of f on co-ordinates on A, for every ¢ € [0, 1] we have

f((ab)'?, (cd)'/?)
max{ f(a' 70", c*d%), f(a'b' T, *dP )} (2.16)

max{f(a,c), f(a,d), f(b,c), f(b,d)}.

11 1
//f(al_tbt,cl_sds)dtds:/ / f(a'b'™t cd**)dtds
o Jo o Jo
1 b pd
] [ [ 2y,
(Inb—1Ina)(Ind —Inc) J, J. yz

by integrating in ([2.16]) we get
F((ab)'/?, (cd)'?)

1, 11

Smax{/ / f(al_tbt,cl_sds)dtds,/ / f(atbl_t,csdl_s)dtds}

- / / 5
(lnb—lna )(Ind — lnc

<max{f(a,c), f(a,d), f

and proof is completed. [J

<
<

Since

Theorem 2.11. Let A, := [a,b] X [¢,d] be a subset of R with a < b and ¢ < d. Suppose that
fig: Ay — R are geometrically quasiconvex functions on the co-ordinates on Ay. If fg € L(Ay).

Then,
/ / fy) (x,y)dydx
(lnb—lna )(Ind — Inc)

< max{f u,v) g(w, 2) |u,w€{a,b}, v,ze{c,d}}.

Proof . Let z = a'~ ', y = a’~%b*,s,t € |0, 1]. By using the geometrically quasiconvexity of f, g on

A we have
f(z
(Inb—1Ina) lnd Inc) / / 9(x, y)dyde

— / / f 1— tbt 1— sds) ( 1_tbt,Cl_sd8)dtdS

< max{f(a,c), f(a,d), f(b,c), f(b,d)}
x max{g(a, ), g(a,d), g(b, c), g(b, d)},

and proof is completed. [J
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