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Abstract

In this paper, we prove some coupled fixed point theorems for nonlinear contraction type mappings in complete complex
valued metric spaces endowed with partial order. We support our results by establishing an illustrative example. Also
we give an application of this results to the solution of the Urysohn type integral equations.
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1 Introduction and Preliminaries

There are a lot of generalizations of the Banach contraction mapping principle in the literature. One of the
most interesting of them is the result of Bhaskar and Lakshmikantham [4]. Indeed they introduced the notion of
coupled fixed point. Afterwards a wide discussion on coupled fixed point theorems and it’s various generalizations and
extensions aimed the interest of many scientists because of their important role in the study of nonlinear analysis (see,
for instance, [8]-[7]). We begin by recalling some needed definitions and results. let (X,≤, d) be a partially ordered
complete metric space. Further, the product space X2 = X ×X has the following partial order:

(u, v) ≤ (x, y) ⇔ x ≥ u, y ≤ v, for all (x, y), (u, v) ∈ X ×X.

Definition 1.1. [4] A mapping F : X ×X → X is said to have the mixed monotone property if F (x, y) is monotone
non–decreasing in x and is monotone non–increasing in y, that is for any x, y ∈ X,

x1 ≤ x2 ⇒ F (x1, y) ≤ F (x2, y) for x1, x2 ∈ X,

y1 ≤ y2 ⇒ F (x, y2) ≤ F (x, y1) for y1, y2 ∈ X.
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Definition 1.2. [4] An element (x, y) ∈ X ×X is said to be coupled fixed point of the mapping F : X ×X → X if
F (x, y) = x and F (y, x) = y.

Theorem 1.3. [4] Let F : X×X → X be a mapping having the mixed monotone property on X. Assume that there
exists k ∈ [0, 1) with

d(F (x, y), F (u, v)) ≤ k

2
(d(x, u) + d(y, v)) for each x ≤ u, y ≥ v. (1.1)

Also suppose either
(a) F is continuous, or
(b) X has the following properties:

(i) if a non-decreasing sequence {xn} → x then xn ≤ x, for all n,

(ii) if a non-increasing sequence {yn} → y then yn ≥ y, for all n.

If there exist x0, y0 ∈ X, such that x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0), then F has a coupled fixed point.

The purpose of this article is to present a version of Theorem 1.3 in the context of complex valued metric spaces.
Recently, Azam et al [3] introduced then notion of complex valued metric spaces and also presented common fixed point
theorems for mappings satisfying generalized contraction condition. Afterwards some of mathematicians investigated
fixed points in complex valued metric spaces (see [12]-[2]). We summarize in the following the basic notions and results
established in [3].

Let C be the set of complex numbers and z1, z2 ∈ C. Define a partial order ≾ on C as follows:

z1 ≾ z2 ⇔ Re(z1) ≤ Re(z2), Im(z1) ≤ Im(z2).

It follows that z1 ≾ z2 if one of the following conditions is satisfied:

(c1) Re(z1) = Re(z2), Im(z1) < Im(z2),

(c2) Re(z1) < Re(z2), Im(z1) = Im(z2),

(c3) Re(z1) < Re(z2), Im(z1) < Im(z2),

(c4) Re(z1) = Re(z2), Im(z1) = Im(z2).

In particular, we will write z1 ⋨ z2 if z1 ̸= z2 and one of (c1), (c2) and (c3) is satisfied and we will write z1 ≺ z2 if
only (c3) is satisfied. Note that
(1) 0 ≾ z1 ⋨ z2 ⇒ |z1| < |z2|.
(2) z1 ≾ z2, z2 ≺ z3 ⇒ z1 ≺ z3.
(3) a, b ∈ R, a ≤ b ⇒ az ≾ bz, for all z ∈ C.

Definition 1.4. Let X be a nonempty set. Suppose that the mapping d : X × X → C satisfies the following
conditions:
(i) 0 ≾ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X;
(iii) d(x, y) ≾ d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a complex valued metric on X and (X, d) is called a complex valued metric space.

Example 1.5. [12] Let X = C, define the mapping d : X × X → C by d(z1, z2) = eik|z1 − z2| where k ∈ R. Then
(X, d) is a complex valued metric space.

Definition 1.6. Let (X, d) be a complex valued metric space.
(i) A point x ∈ X is called interior point of a set A ⊆ X whenever there exists 0 ≺ r ∈ C such that

B(x, r) = {y ∈ X : d(x, y) ≺ r} ⊆ A.

(ii) A point x ∈ X is called a limit point of A whenever for every 0 ≺ r ∈ C, B(x, r) ∩ (A− {x}) ̸= ϕ.
(iii) A is called open whenever each element of A is an interior point of A.
(iv) A subset B ⊆ X is called closed whenever each limit point of B belongs to B.
(v) The family F = {B(x, r) : x ∈ X, 0 ≺ r} is a sub-basis for a Hausdorff topology τ on X.
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Definition 1.7. Let {xn}n∈N be a sequence in X and x ∈ X.
(i) If for every c ∈ C, with 0 ≺ c there is n0 ∈ N such that for all n > n0, d(xn, x) ≺ c, then {xn} is said to be
convergent, {xn} converges to x and x is the limit point of {xn}. We denote this by limn→∞ xn = x, or xn → x, as
n → ∞.
(ii) If for every c ∈ C with 0 ≺ c there is n0 ∈ N such that for all n > n0, d(xn, xn+m) ≺ c, then {xn} is called a
Cauchy sequence in (X, d).
(iii) If every Cauchy sequence is convergent in (X, d), then (X, d) is called a complete complex valued metric space.

Lemma 1.8. Let (X, d) be a complex valued metric space and let {xn} be a sequence in X. Then {xn} converges to
x if and only if |d(xn, x)| → 0 as n → ∞.

Lemma 1.9. Let (X, d) be a complex valued metric space and let {xn} be a sequence in X. Then {xn} is a Cauchy
sequence if and only if |d(xn, xn+m)| → 0 as n → ∞ where m ∈ N.

Theorem 1.10. Let (X, d) be a complete complex valued metric space and S, T : X → X. If S and T satisfy

d(Sx, Ty) ≾ λd(x, y) +
µd(x, Sx)d(y, Ty)

1 + d(x, y)

for all x, y ∈ X, where λ, µ are nonnegative real numbers with λ+ µ < 1. Then S and T have a common fixed point.

2 Main results

Let (X,≤) be a partially ordered set and d be a complex valued metric on X such that (X, d) is a complete complex
valued metric space. Also the product space X ×X endowed with the following partial order:

(u, v) ≤ (x, y) ⇔ x ≥ u, y ≤ v

for (u, v), (x, y) ∈ X ×X.

Theorem 2.1. Let T : X ×X → X has mixed monotone property on X satisfying :

d(T (x, y), T (u, v)) ≾
λ

2
(d(x, u) + d(y, v)) +

µ

2

(d(x, T (x, y))d(u, T (u, v))
1 + d(x, u)

+
d(y, T (y, x)d(v, T (v, u))

1 + d(y, v)

)
(2.1)

for all (u, v) ≤ (x, y) where λ, µ are nonnegative real numbers with λ+ µ < 1. Also suppose either
(a) T is continuous, or
(b) X has the following properties:

(i) if a non-decreasing sequence{xn} → x then xn ≤ x, for all n,

(ii) if a non-decreasing sequence{yn} → y then yn ≥ y, for all n.

If there exist x0, y0 ∈ X such that x0 ≤ T (x0, y0) and y0 ≥ T (y0, x0), then T has a coupled fixed point (x, y) in X×X.

Proof . Let x0, y0 ∈ X be such that x0 ≤ T (x0, y0) and y0 ≥ T (y0, x0). We denote x1 = T (x0, y0), y1 = T (y0, x0)
and

T 2(x0, y0) = T (T (x0, y0), T (y0, x0)) = T (x1, y1) = x2

T 2(y0, x0) = T (T (y0, x0), T (x0, y0)) = T (y1, x1) = y2.

Due to the mixed monotone property of T ,

x2 = T 2(x0, y0) = T (x1, y1) ≥ T (x0, y0) = x1

y2 = T 2(y0, x0) = T (y1, x1) ≤ T (y0, x0) = y1.

Further for n ∈ {1, 2, · · · }, we let

Tn+1(x0, y0) = T (Tn(x0, y0), T
n(y0, x0)) = T (xn, yn) = xn+1

Tn+1(y0, x0) = T (Tn(y0, x0), T
n(x0, y0)) = T (yn, xn) = yn+1.
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It is easy to check that

x0 ≤ T (x0, y0) = x1 ≤ T 2(x0, y0) = x2 ≤ · · · ≤ Tn+1(x0, y0) ≤ · · ·
and y0 ≥ T (y0, x0) = y1 ≤ T 2(y0, x0) = y2 ≥ · · · ≥ Tn+1(y0, x0) ≥ · · ·

Letting h = λ
(1−µ) , we claim that

d(Tn+1(x0, y0), T
n(x0, y0)) ≾

hn

2
(d(x0, T (x0, y0)) + d(y0, T (y0, x0)), (2.2)

d(Tn+1(y0, x0), T
n(y0, x0)) ≾

hn

2
(d(y0, T (y0, x0)) + d(x0, T (x0, y0)). (2.3)

We will prove (2.2) by induction. For n = 1, using x0 ≤ T (x0, y0) and y0 ≥ T (y0, x0), we get from (2.1);

d(T 2(x0, y0), T (x0, y0)) = d(T (T (x0, y0), T (y0, x0)), T (x0, y0))

≾
λ

2
(d(T (x0, y0), x0) + d(T (y0, x0), y0))

+
µ

2

(d(T (x0, y0), T (T (x0, y0), T (y0, x0))d(x0, T (x0, y0)

1 + d(T (x0, y0), x0)

)
+

µ

2

(d(T (y0, x0), T (T (y0, x0), T (x0, y0))d(y0, T (y0, x0)

1 + d(T (y0, x0), y0)

)
.

On the other hand, we have d(x0, T (x0, y0)) ≾ 1 + d(x0, T (x0, y0)) and d(y0, T (y0, x0)) ≾ 1 + d(y0, T (y0, x0)), then we
get

d(T 2(x0, y0), T (x0, y0)) ≾
λ

2(1− µ
2 )

(
d(T (x0, y0), x0) + d(T (y0, x0), y0)

)
+

µ

2(1− µ
2 )

(
d(T (y0, x0), T

2(y0, x0)
)
. (2.4)

Also

d(T 2(y0, x0), (T (y0, x0)) ≾
λ

2(1− µ
2 )

(
d(T (x0, y0), x0)

)
+ d

(
T (y0, x0), y0)

)
+

µ

2(1− µ
2 )

(
d(T (x0, y0), T

2(x0, y0)
)
. (2.5)

Using (2.4) and (2.5) to obtain

d(T 2(x0, y0), T (x0, y0)) ≾
λ

2(1− µ)
(d(x0, T (x0, y0)) + d(y0, T (y0, x0)),

d(T 2(y0, x0), T (y0, x0)) ≾
λ

2(1− µ)
(d(y0, T (y0, x0)) + d(x0, T (x0, y0)).

Thus (2.2) and (2.3) are true for n = 1. Suppose that (2.2) and (2.3) are true for some n. Using Tn+1(x0, y0) ≥
Tn(x0, y0) and Tn+1(y0, x0) ≤ Tn(y0, x0), to get

d(Tn+2(x0, y0), T
n+1(x0, y0)) = d(T (Tn+1(x0, y0), T

n+1(y0, x0)), T (T
n(x0, y0), T

n(y0, x0))

≾
λ

2

(
d(Tn+1(x0, y0), T

n(x0, y0)) + d(Tn+1(y0, x0), T
n(y0, x0)

)
+

µ

2

(
d(Tn+1(x0, y0), T (T

n+1(x0, y0), T
n+1(y0, x0))d(T

n(x0, y0), T (T
n(x0, y0), T

n(y0, x0))

1 + d(Tn+1(x0, y0), Tn(x0, y0))

)
+

µ

2

(
0d(Tn+1(y0, x0), T (T

n+1(y0, x0), T
n+1(x0, y0))d(T

n(y0, x0), T (T
n(y0, x0), T

n(x0, y0))

1 + d(Tn+1(y0, x0), Tn(y0, x0))

)
.
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Similar relation are satisfied for d(Tn+2(y0, x0), T
n+1(y0, x0)). Using (2.2) and (2.3), we obtain

d(Tn+2(x0, y0), T
n+1(x0, y0)) ≾

λ

2(1− µ)

(hn

2
(d(x0, T (x0, y0)) + d(y0, T (y0, x0))

+
hn

2
(d(y0, T (y0, x0) + d(x0, T (x0, y0))

)
=

hn+1

2
(d(x0, T (x0, y0)) + d(y0, T (y0, x0)).

Similarly, one can show that

d(Tn+2(y0, x0), T
n+1(y0, x0)) ≾

hn+1

2
(d(y0, T (y0, x0)) + d(x0, T (x0, y0)).

So for any m > n,

d(Tm(x0, y0), T
n(x0, y0)) ≾ d(Tm(x0, y0), T

m−1(x0, y0)) + · · ·+ d(Tn+1(x0, y0), T
n(x0, y0))

≾
hm−1 + · · ·+ hn

2

(
d(x0, T (x0, y0)) + d(y0, T (y0, x0)

)
≾

hn

2(1− h)

(
d(x0, T (x0, y0)) + d(y0, T (y0, x0)

)
.

This implies that {Tn(x0, y0)} is Cauchy sequence. Similarly, we can verify that {Tn(y0, x0)} is also Cauchy
sequence. Since X is complete metric space, there exist x, y ∈ X such that

lim
n→∞

Tn(x0, y0) = x and lim
n→∞

Tn(y0, x0) = y. (2.6)

Now we claim that T (x, y) = x and T (y, x) = y. We consider two cases:

Case1: The assumption (a) holds, thus given ϵ ≻ 0 there exists δ ≻ 0 such that

d(x, u) + d(y, v) ≺ δ =⇒ d(T (x, y), T (u, v)) ≺ ϵ.

For η = min{ϵ, δ
2}, from (2.6) there exists n0 ∈ N such that, for n ≥ n0

d(Tn(x0, y0), x) ≺ η, d(Tn(y0, x0), y) ≺ η.

Therefore

d(T (x, y), x) ≾ d(T (x, y), Tn+1(x0, y0)) + d(Tn+1(x0, y0), x)

= d(T (x, y), T (Tn(x0, y0), T
n(y0, x0))) + d(Tn+1(x0, y0), x)

≺ ϵ+ η ≾ 2ϵ.

Thus T (x, y) = x.

Case2: The assumption (b) holds. Let 0 ≺ ϵ ≺ 1 be an arbitrary number and A := 1−µ
1−λ , from (2.6) there exists

n0 ∈ N such that for all n ≥ n0, we have

d(Tn(x0, y0), x) ≺ ϵA, d(Tn(y0, x0), y) ≺ ϵA.

Using Tn(x0, y0) ≤ x, Tn(y0, x0) ≥ y to get

d(T (x, y), x) ≾ d(T (x, y), Tn+1(x0, y0)) + d(Tn+1(x0, y0), x)

= d(T (x, y), T (Tn(x0, y0), T
n(y0, x0)) + d(Tn+1(x0, y0), x)

≾ d(Tn+1(x0, y0), x) +
λ

2

(
d(x, Tn(x0, y0)) + d(y, Tn(y0, x0)

)
+

µ

2

(
d(x, T (x, y))d(Tn(x0, y0), T

n+1(x0, y0))

1 + d(x, Tn(x0, y0))
+

d(y, T (y, x))d(Tn(y0, x0), T
n+1(y0, x0))

1 + d(y, Tn(y0, x0))

)
.
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Therefore

d(T (x, y), x) ≺ ϵA(1 + λ)

1− µ
2

+
µ

2(1− µ
2 )

d(y, T (y, x)).

Similarly

d(T (y, x), y) ≺ ϵA(1 + λ)

1− µ
2

+
µ

2(1− µ
2 )

d(x, T (y, x)).

Thus we get

d(T (x, y), x) ≺ ϵA(1 + λ)

1− µ
2

+
µ

2(1− µ
2 )

(ϵA(1 + λ)

1− µ
2

+
µ

2(1− µ
2 )

d(x, T (x, y))
)

⇒ d(T (x, y), x) ≺ ϵA(1− λ)

1− µ
= ϵ.

This implies that T (x, y) = x. Similarly one can show that T (y, x) = y, i.e, (x, y) is a coupled fixed point of T . □

Corollary 2.2. Let (X,≤) be a partially ordered set and d be a complex valued metric on X such that (X, d) is a
complete complex valued metric space. Suppose for some n ∈ N, Tn : X ×X → X has mixed monotone property on
X satisfying:

d(Tn(x, y), Tn(u, v)) ≾
λ

2
(d(x, u) + d(y, v))

+
µ

2

(
d(x, Tn(x, y)d(u, Tn(u, v))

1 + d(x, u)
+

d(y, Tn(y, x)d(v, Tn(v, u))

1 + d(y, v)

)
,

for all (u, v) ≤ (x, y), where λ, µ are nonnegative real numbers with λ+ µ < 1. Also suppose either
(a) Tn is continuous, or
(b) X has the following properties:

(i) if a non-decreasing sequence{xn} → x then xn ≤ x, for all n,

(ii) if a non-increasing sequence{yn} → y then yn ≥ y,

textforall n.

If there exists x0, y0 ∈ X such that x0 ≤ Tn(x0, y0) and y0 ≥ Tn(y0, x0) then T has a coupled fixed point (x, y) in
X ×X.

Proof . By Theorem 2.1, there exists (u, v) in X ×X,

Tn(u, v) = u, Tn(v, u) = v.

It is easy to show that

T (Tn(u, v), Tn(v, u)) = Tn+1(u, v) = Tn(T (u, v), T (v, u)).

Thus

d(T (u, v), u) = d(T (Tn(u, v), Tn(v, u)), Tn(u, v)) = d(Tn(T (u, v), T (v, u)), Tn(u, v))

≾
λ

2
(d(T (u, v), u) + d(T (v, u), v)) +

µ

2

(
d(T (u, v), Tn(T (u, v), T (v, u))d(u, Tn(u, v))

1 + d(T (u, v), u)

+
d(T (v, u), Tn(T (v, u), T (u, v))d(v, Tn(v, u))

1 + d(T (v, u), v)

)
.

Since d(Tn(v, u), v) = 0 = d(Tn(u, v), u), we get

d(T (u, v), u) ≾
λ

2
(d(T (u, v), u) + d(T (v, u), v)).
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Similarly we can obtain

d(T (v, u), v) ≾
λ

2
(d(T (v, u), v) + d(T (u, v), u)).

Therefore

d(T (u, v), u) ≾
λ2

(2− λ)2
d(T (u, v), u).

Thus d(T (u, v), u) = 0, also we get d(T (v, u), v) = 0. □

Example 2.3. Let X = {x : x ∈ C, 0 ≾ x ≾ 1}, define T : X×X → X by T (x, y) =
x+ iy

2
consider dc : X×X → C,

as follows:
dc(x, y) = |x− y|+ i|x− y|.

Then (X, dc) is a complete complex valued metric space, also

dc(T (x, y), T (u, v)) ≾
1

2

(
dc(x, u) + dc(y, v)

)
for all (x, y) ≤ (u, v). Thus, inequality (2.1) satisfies with constant λ = 1

2 and µ = 0. Other conditions in Theorem
2.1 are satisfied. It follows that T has a coupled fixed point (0, 0) in X ×X.

3 Urysohn integral equations

In this section, we apply Theorem 2.1 to show the existence of solutions of the following Uryshon integral equations:

x(t) =
∫ b

a
K(t, s, (x− y)(s))ds+ g(t),

y(t) =
∫ b

a
K(t, s, (y − x)(s))ds+ g(t). (3.1)

where t ∈ [a, b] ⊆ R, x, y, g ∈ C([a, b],Rn), x ̸= y and K : [a, b]× [a, b]× Rn → Rn. Define the following order

x ≤ y ⇔ |x(t)| ≤ |y(t)|, t ∈ [a, b)

for all x, y ∈ C([a, b],Rn).

Theorem 3.1. Let 0 < a < b, X = C([a, b],Rn) and d : X ×X → C is defined by

d(x, y) = ∥x− y∥∞
√
1 + a2ei tan

−1 a,

where ∥x− y∥∞ = sup{|x(t)− y(t)|; t ∈ [a, b]}. Let

F (u, v)(t) = F (u(t), v(t)) =

∫ b

a

K(t, s, (u− v)(s))ds.

Suppose K : [a, b] × [a, b] × Rn → Rn is a mapping such that F (x(t), y(t)), F (y(t), x(t)) ∈ X for all t ∈ [a, b] and
x, y ∈ X, x ̸= y. If there exist non-negative real numbers λ, µ with λ+ µ < 1 such that

∥F (x, y)− F (u, v)∥∞
√
1 + a2ei tan

−1 a ≾
λ

2
A((x, y), (u, v)) +

µ

2
B((x, y), (u, v)),

for all x, y, u, v ∈ X with (x, y) ≤ (u, v), where

A((x, y), (u, v)) =
(
∥x− u∥∞ + ∥y − v∥∞

)√
1 + a2ei tan

−1 a,

B((x, y), (u, v)) =
∥x− F (x, y)− g∥∞∥u− F (u, v)− g∥∞(1 + a2)e2i tan

−1 a

1 +
(
∥x− u∥∞

)√
1 + a2ei tan−1 a

+
∥y − F (y, x)− g∥∞∥v − F (v, u)− g∥∞(1 + a2)e2i tan

−1 a

1 +
(
∥y − v∥∞

)√
1 + a2ei tan−1 a

.

If there exist x0, y0 ∈ X such that x0 − g ≤ F (x0, y0) and y0 − g ≥ F (y0, x0), then the integral equations (2.1)
have a solution.
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Proof . First define T : X ×X → X by
T (x, y) = F (x, y) + g.

Then x0 ≤ T (x0, y0), y0 ≥ T (y0, x0) and T is continuous. Also,

d(T (x, y), T (u, v)) = ∥F (x, y)− F (u, v)∥∞
√
1 + a2ei tan

−1 a ≾
λ

2
A((x, y), (u, v)) +

µ

2
B((x, y), (u, v)).

It follows that

d(T (x, y), T (u, v)) ≾
λ

2
(d(x, u) + d(y, v)) +

µ

2

(
d(x, T (x, y)d(u, T (u, v))

1 + d(x, u)
+

d(y, T (y, x)d(v, T (v, u))

1 + d(y, v)

)
,

for all (x, y) ≤ (u, v). Theorem 2.1 implies that there exists (x∗, y∗) ∈ X ×X such that

T (x∗, y∗) = x∗, T (y∗, x∗) = y ∗ .

That is (x∗, y∗) is a solution of integral equation (3.1). □
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