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Abstract

In this paper, some fixed point results for generalized Geraghty type a-admissible contractive map-
pings and rational type generalized Geraghty contraction mappings are given in partially ordered
partial b, (s)-metric spaces. Also, a modified version of a partial b, (s)-metric space is defined and a
fixed point theorem is proved in this space. Finally, some examples are given related to the results.
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1. Introduction and Preliminaries

The Banach contraction principle is one of the most important results in fixed point theory. The
importance of this principle stems from the fact that it has large application areas in different
disciplines. This principle was generalized by many authors in different ways and some fixed point
results were obtained. In 1973, Geraghty [7] introduced a generalization of Banach contraction
principle in complete metric space. Later, Amini-Harandi and Emami [2] studied the results of
Geraghty in partially ordered complete metric space. Gordji et al. [12] defined the concept of -
Geraghty contractive mappings and improved the results of Amini-Harandi and Emami [2]. In 2012
Samet et al. [22] established remarkable fixed point results by defining the concept of a-1) contraction
mapping. Recently, Karapmar and Bae [4] introduced the notion of a- Geraghty type contractive
mappings in metric space and proved the existence and uniqueness of such mapping in the concept of
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a complete metric space. In 2017, Erhan [6] proved some fixed point theorem for generalized Geraghty
type a-admissible contractive mappings defined in a complete Branciari b-metric spaces.Afterwards,
Arshad and Hussamn [3], Prasad and Singh [20], Latif et al. [16] and Roshan et al. [21] published
some papers about the existence and uniqueness of fixed points of different kinds of generalizations
of Geraghty type contraction mappings.

On the other hand, many different type generalizedmetric spaces were introduced by many authors
for many years. In 1994, Matthews [I7] introduced the notion of partial metric spaces as a part of
the study of denotational semantics of dataflow network. By the time the usual metric is replaced
by partial metric. In this type metric spaces, the self-distance of any point may not be zero. In 2013,
Shukla [23] introduced the concept of partial b-metric spaces as a generalization of partial metric
and b-metric spaces. Afterwards, In 2014, Shukla [24] generalized the rectangular metric spaces and
extended the notion of partial metric space by introducing the partial rectangular metric space.

In 2017, Mitrovic and Radenovic introduced the following generalized metric space which is
called as b, (s)-metric space.

Definition 1.1. [18/Let X be a nonempty set and d : X x X — [0,00) be a mapping and v € N.
Then (X, d) is said to be a b, (s)-metric space if there ezists a real number s > 1 such that following
conditions hold for all distinct points x,y, uy, ug, ..., u, € X \ {z,y}:

1. d(z,y) =0 iff =y,
2. d(z,y) =d(y,z),
3. d(x,y) < sld(x,ur) +d(up,ug) + ... +d(up_1,uy,) + d(y, y)].

In 2020, Karahan and Isik [13] introduced the concept of partial b, (s)-metric space as follows.

Definition 1.2. [13/Let X be a nonempty set and d, : X x X — [0,00) be a mapping and v € N.
Then (X,d,) is called a partial b, (s)-metric space if there exists a real number s > 1 such that
following conditions hold for all x,y,uy,us, ..., u, € X:

Zyiﬁd( z) =d,(z,y) =d,(y,y),

b (,7) < dy (2,y),

p(T,y) =dy (y,7), )

(z,y) < sldp (v, u1) + dp (ur, uz) + oo+ dp (Up—1, ) + dyp (W, y)] — > dp (i, ui).

i=1

&&.H
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It is easy to see that every b, (s)-metric space is a partial b, (s)-metric space. However, the
converse is not usually true. In the following, we give some properties and definitions related with
partial b, (s)-metric space.

Remark 1.3. [19/Let (X, d,) be a partial b, (s)-metric space. If d,(z,y) = 0 for x,y € X, then
r=7.

Proposition 1.4. Let E be a nonempty set such that dy is a partial metric and ds is a b,(s)-metric
on E. Then (E,p) is a partial b,(s)-metric space where p : E x E — [0,00) is a mapping defined by
p(u,w) =dy (u,w) + ds (u,w) for all u,w € E.

Definition 1.5. [13] Let {x,} be a sequence in partial b, (s)-metric space (X,d,) and x € X. Then:

1. The sequence {x,} is called convergent in X and converges to x, if im,_,oo d, (T, x) = d, (z, ).
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2. The sequence {x,} is called Cauchy sequence in X if Uimy, o0 dp (T, ) exists and is finite.
3. (X,d,) is called complete partial b, (s)-metric space if for every Cauchy sequence {z,} in X
there exists x € X such that

n}:Lr—I}oo dy (Tp, Tm) = nll_>r20 dy (Tn,x) = d, (z, ).

Note that the limit of a convergent sequence has not to be unique in a partial b, (s)-metric space.
In this paper, we consider partially ordered partial b, (s)-metric spaces and a-admissible mappings
which are defined by the following ways.

Definition 1.6. Let X be a nonempty set. If (X, =) is a partially ordered set and d, is a partial
b, (s)-metric on X, then (X, <,d,) is called as a partially ordered partial b, (s)-metric space.

Definition 1.7. [22] Let T : X — X be a mapping and « : X x X — [0,00) be a function. Then
T is said to be a-admaissible if

a(x,y) > 1 implies a(Tx, Ty) > 1 forx,y € X.

2. Main Results

In this section, we present our main results about existence and uniqueness of fixed points of
special generalized Geraghty type contractive mappings in partially ordered partial b, (s)-metric
spaces.

Let F, be the class of functions 5 : [0,00) — [0, %) for which

1
limsup g (t,,) = — whenever lim ¢, =0,
n—00 S n—00

holds for some s > 1. If s = 1, we obtain the well-known class F of all Geraghty type contrac-
tive mappings introduced in [7]. The following theorem is an extension of [[6], Theorem 2.2] from
rectangular b-metric spaces to the case of partially ordered partial b, (s)-metric space.

Theorem 2.1. Let (X, <,d,) be a complete partially ordered partial b, (s)-metric space with a con-
stant s > 1 and o : X x X — [0,00) be a function. Let T : X — X be a a-admissible nondecreasing
mapping with respect to =<7 . Assume that

for some B € Fs and for all x,y € X with x <y where

M1 (l‘, y) = max {dp (‘T7 y) adp (‘T’ TI) ’ dp (ya Ty)} :
Also, suppose that the following assertions hold:

1. a(x,x) > 1 for all v € X and there exists xo € X such that a (zo,Txo) > 1 and o = Txy.
2. T 1s continuous mapping.
3. For every fized points u and v of T, a (u,v) > 1.

Then T has at least one fized point u. Also, if v is another fized point of T such that u and v are
comparable, then u = v.
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Proof . Let 2y € X be an arbitrary initial point such that a (xg, Tz¢) > 1 and let define the sequence
{xn} by
Tpi1 = Tx, for n € N.

If there exists n € N such that z,, = z,.1, then x,, is a fixed point of T" and the proof is completed.
Otherwise, suppose that x,, # x,,1 for all n € N. Since xg < Tz¢ and T is a nondecreasing mapping,
we have by induction that

2o = Txg <T?xg < ...<T xy <T" gy < ...
Since T' is a-admissible, we have
a(xg, 1) = a(xg, Txg) > 1 implies a (Txg, Txq) = o (21, 22) > 1.
Continuing this process, we get that
a (@, Xpyp) > 1 for all n € N. (2.2)
Now, we define a sequence {e,} as
en =dp (Tp_1,Zn).
We will prove that the sequence {e,} converges to 0, that is,

nh_}n;) dy (Tp—1,2,) = 0.

Since z,, = x,41 for each n € N, then by (2.1)) and (2.2) we have

dp (xnv xn+1) dp (Txnfla Txn)

S a (:L'n—la xn) dp (Txn—ly Tmn)
S ﬁ (Ml (xn—la an)) Ml (In—la xn)
1
< ng (%nfl, xn) . (23)

for all n > 1 where,
Ml (Q:n—la xn) = Imnax {dp (xn—h In) ) dp (xn—h Txn—l) ) dp (l’n, TJ:n)}
= max{d, (Tp-1,%n),dp (Tp, Tpy1)} -

Assume that M (x,—1,2,) = d, (Ty, Tpt1). Then, we write

1
dy (T, Tpy1) < ;dp (Tn, Tps1)
which is not possible. Thus, we have M (z,,_1,2,) = d(x,_1,z,) for all n > 1. Then from the
inequality (2.3]) we get

1
dy (Tn, Tpt1) < gdp (Tp—1,Tp)

dp (Tp—1,Ty) - (2.4)
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In other words, the sequence {e,,} = {d, (z,—1,,)} is positive and decreasing. Thus, it converges
to some e > 0. If we take limit as n — oo in ([2.3), we obtain
1 ) ) 1
—e<e= lim e, 1 = lim B(e,)e, =€ hm B(en) < -
S n—o0 n—o0 3

This implies that lim, ., 5 (e,) = % and therefore

lim e, = lim d, (z,—1,2,) = 0.
n—oo n—oo

On the other hand, we observe that repeated application of (2.4]) leads to

1 1 1
ent1 < =€ < —€p1 < .o < —e1. (2.5)
S S s™
for all n € N. Now, we will prove that {z,} is a Cauchy sequence in the partially ordered partial
b, (s)-metric space. In other words, we need to show that lim,, ;00 d, (T, T) exists and is finite.
Particularly we will show that lim,, ;00 dp (T, ) = 0. For m,n € N with m > n and ny € N, by
using inequality ({2.5) we obtain

dp (:L‘nv xm) S S [dp (ZL‘n, xn—&—l) + dp (:L‘n—l—l,xn—‘r?) + ...+ dp (xn+v—3,$n+v—2)

+d, (xn+vf2,$n+no> +d, (anrno; $m+no> +d, (mernoa xm)]
v—2

dp xn+i7 xn—i—i) - dp (xn—l—no; In—i—no) - dp (Im—l—noa $m+n0)

=1
S [ D (Q? xn+1) + d (anrl $n+2> + ..+ dp (xn+v73,$n+v72)
(

+dp (Tpqv—2 xn-&-no) + d ("En-i-nov xm-i-no) + dp (mm-l—nov xm)]

IN

IN

P
1 1
|:( Ig,[El n+1dp <$0,I1)+ .+ gntu— Sd (Ig,xl))

1 1
oy (002,000) oy () oy (0,0

1 1 1 1
= s (— + Gt + ...+ W) dp ($0, CB1) + de ($U_2,$n0)

1
dp (X, ) + =g dp (X0, Tno)

Sno—l

So, we get

1 1 [(1--5%
(1—Sn0_1>dp(a:n,xm) < Sn—l( 1_l2>dp(:vo,x1)

+

1
de (To—2, Tny) + de (0, ) -

By taking limit from both side, we have

lim d, (z,,2,) =0.
m'l’L—}OO

Therefore {z,} is a Cauchy sequence in (X, <, d,). Since X is complete, the sequence {z,} converges
to some u € X such that

lim d, (z,,u) = lim d,(z,,2,) =d, (u,u) =0. (2.6)

n—oo m,n—o0
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Since T' is a continuous mapping, then from (2.6) we may write
lim d, (Tx,, Tu) = lim d, (zp41, Tu) = d, (Tu, Tu).
n—oo n— oo

Now we show that w is a fixed point of T, ie., d,(Tu,u) = 0. We assume on the contrary that
d, (Tu,u) # 0. So, we get

dy (Tu,u) < sld, (Tu,Tnt1) + dp (Tpg1, Tg2) + oo + dp (Tngo—1, Tnto) + dp (T, w)]
- Z dp (xn—&-ia xn—i—z’)
i=1
S S [dp (Tu, anrl) + dp (anrla xn+2) + .+ dp (xn+v717 $n+v) + dp (anrv; U)]
Letting n — oo in the above inequality we obtain

1
—d, (Tu,u) < lim d, (Tu,xp1) + Um d, (Tpi1, Tpyo) + .
S n—00 n—o0
+ lim dy (Tpt0—1, Tnto) + Im dp, (Tpto, w)
n—oo n—oo

= d,(Tu,Tu).
So, we get 1d, (Tu,u) < d, (T'u, Tw). It follows from « (u,u) > 1 that

1
—d, (Tu,u) < d,(Tu,Tu) < o (u,u)d, (Tu, Tu)
s

< B(My (u,u) My (u,u), (2.7)
where
M, (u,u) = max{d, (u,u),d, (u,Tu),d,(u,Tu)}
= d,(u,Tu).

Hence, from inequality (2.7)) we have
1
;dp (Tu,u) < B(d, (u,Tu))d, (u,Tu).

As a result, + < limsup,,_,., £ (d, (u,Tu)) < 1. We concluded limsup,,_, . d, (u,Tu) = 0 and so
d, (u, Tu) = 0 which is a contradiction. Therefore, we obtain T'u = u, that is, u is a fixed point of T'.
Since the existence of a fixed point is proved, we need to prove only the uniqueness under the given
conditions. Assume that 7" has two distinct comparable fixed points v and v.We put these points in
the contractive condition and use the fact that a (u,v) > 1, we obtain,

1
dy (u,v) < a(u,v)d, (Tu, Tv) < (M (u,v)) My (u,v) < =M, (u,v),
s
where
M, (u,v) = max{d, (u,v),d, (u,Tu) ,d, (v, Tv)} = d, (u,v) .
This implies
1
d, (u,v) < =d, (u,v),
s
which is a contradiction and hence we get d, (u,v) = 0, that is u =v. O
In the next theorem we replace the continuity of the mapping T" by a property of the space. Thus,

the following theorem is an enlargement of [[6], Theorem 2.4] from Branciari b metric spaces to the
case of partially ordered partial b, (s) metric space.
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Theorem 2.2. Let (X, <,d,) be a complete partially ordered partial b, (s)-metric space with a con-
stant s > 1 and o : X x X — [0,00) be a function. Let T : X — X be an a-admissible nondecreasing
mapping with respect to "<”. Suppose that

a(z,y)dy (T, Ty) < B (M (v,y)) My (z,y) 2,y € X (2.8)
for some B € Fy and for all x,y € X with x <y where

My (2, ) = masx {dy (2, ) dy (2, Tx) ,d (4, T9)}
Suppose also that

1. There exists xo € X such that o (xg, Txg) > 1 and o = Txg .

2. For any nondecreasing sequence {x,} € X which converges to x, we have x,, < x and for {z,}
which satisfies o (2, Tpt1) > 1 for all n € N, we have o (x,,x) > 1 for all n € N.

3. For every pair z and w of fized points of T', we have a(z,w) > 1.

Then T has at least one fized point z. Also, if v is another fized point of T such that z and v are
comparable, then z = v.

Proof . Taking xg € X as the element satisfying the condition (1), we construct sequence {z,} as

usual, that is x, = Tz, _1, for n € N. The convergence of this sequence can be shown exactly as in
the proof of Theorem [2.1] Let z be the limit of {x,}, that is,

nhi& dy (T, 2) = mlylgloo dy (Tn, Tm) = d, (2, 2) = 0.

We will show that z is a fixed point of T. For any nondecreasing sequence {z,} € X which
converges to z we know from the assumption that z,, < z. Also, we can show in the same way as in
the proof of Theorem that a (2, zy41) > 1 for all n € N and d, (z,, zy41) — 0 for n — oco. So,
the condition (2) in the statement of the theorem implies that

a(x,,z) > 1, for all n € N.
Then, for Tz # z we have

dp(Tz,2) < sldy (T2, 0p11) + dp (Tpy1, Tngz) + oo+ dp (Trgo—1, Trgo) + dp (Tngo, 2)]
- Z dp (anria xn+i)
=1

< s[dy (Tz,xn41) + dp (Tng1, Tngz) + -+ dp (Tngo—1, Too) + dp (T, 2)]
Letting n — oo in the above inequality we obtain
d,(Tz,z) < .STLILIIC)lo dy (T2, xns1) + (97111H1r101O dp (Tpt1, Tpaa) + ..
+s 7}1_)1{)10 dp (Tpiv—1, Tnyy) + 8 7}1_)1210 dp (T, 2)
= snh_{go dy (T2, Tpt1) -
Also, we have
sdy (tpi1,T2) = sd,(Tz,,Tz) < sa(v,,z)d, (Tx,, Tz)
98 (My (¥n, 2)) My (2, 2)
M (zy,, z), (2.9)

ARRVAN
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where
My (xn, 2) = max{d, (x, 2) ,dp (xn, Txy) ,d, (2, T2)}. (2.10)

So, we get
d, (Tz,z) < max{d, (v, 2),dp (xn, Txy),d, (2, T2)} .

By taking limit we conclude that

dy(Tz,z) < lim [max{d, (z,,2),d, (zn,Txs),d,(2,T2)}]

n—oo

= dy(2,T%)

which is a contradiction. Then d,, (z,72) = 0, thus z is a fixed point of 7. The rest of the proof can
be shown similarly to the proof of Theorem 2.1 O
From Theorem [2.1) we can easily conclude that the following result.

Theorem 2.3. Let (X, <,d,) be a complete partially ordered partial b, (s)-metric spaces with a pa-
rameter s > 1 and T : X — X be an a-admissible nondecreasing mapping with respect to <. Suppose
that

a(z,y)d, (Tz, Ty) < B(dy (z,y)) dp (2,y) (2.11)

for some B € Fg and for all z,y € X with x < y. Then T has at least one fixed point z. If v is
another fixed point of T' such that z and v are comparable, then z = v. Moreover, if we suppose that
the following conditions are satisfied, then the Picard sequence {x,} converges strongly to the fized
point of T'.

1. There exists xg € X such that a(xg,Txo) > 1 and xo < Txg .

2. For any nondecreasing sequence {x,} € X which converges to x, we have x, =< x and for
{z,} which satisfies a (xy, 1) > 1 for alln € N, we have o (x,,x) > 1 for alln € N.

3. For every pair z and w of fized points of T', we have a(z,w) > 1.

Now, we will give an example which satisfies the conditions of Theorem [2.3]
Example 2.4. Let X = {1,2,3,4,5} and the function d, : X xX — [0,00) be defined by

0, if x=yandzx,y € {3,4},

dp(x7y): %7 Zfl’OT’gG{l,Q},I%y,
1—10, otherwise,

for all z,y € X. It is easy to see that (X, d,) is a complete partially ordered partial b, (s)-metric

space where v =3 and s = %. Also, if we define a mapping o : X xX — R by

_ [ 2 z,ye{3,45},
o(z,y) = { 1 otherwise, ’

a mapping T : X x X — [0,00) by T2=T3=T4=T5=4,T1 =3, and a mapping 5 : [0,00) —
[0, %) by B (t) = %e_t, then it is clear that T is a nondecreasing a-admissible mapping which satisfies
the inequality . Then T has a unique fized point z = 4 and the Picard sequence converges to

unique fized point.

The following theorem is an enlargement of [[5], Theorem 2.1] from the framework of b, (s)-metric
spaces to the case of partially ordered partial b, (s)-metric spaces.
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Theorem 2.5. Let (X, =<,d,) be a complete partially ordered partial b, (s)-metric spaces with pa-
rameter s > 1 and T : X — X be a nondecreasing mapping with respect to = such that there exists
xo € X with xo < Txy. Suppose that

for some B € Fy and all comparable elements x,y € X ,where

dy (x,Tx)dy, (y,Ty) d,(z,Tx)d,(y, Ty) d, (x,Tx)d, (z,Ty) }
1+dP(Tx7Ty) 7 1+dp (x,y) 7 1+dp ('T7Ty)+dp (y,Tx) ’

M; (z,y) = max {dp (z,y),

If (X,=,dy,) has a sequential limit comparison property, i.e., for any nondecreasing sequence
{z,} € X which converges to x, we have x,, < x, then T has a fized point. Furthermore, the set of
fized points of T is well ordered if and only if T has a unique fized point.

Proof . Starting with a given xo such that zo < Txq, let {x,} be a sequence defined by x, = T"xy.
If x,, = xpy1 for alln € N, then x, is a fized point of T. Therefore, we will assume that x,, # T, 1
for allm € N. Since xo =< Txy and T is an nondecreasing mapping, we obtain by induction

l’ojl’lszjjl’nj

First, we will show that lim,,_, d, (T, 1) = 0. Since x, and x,41 are comparable for each

n € N, then by we have
dp (xna xn—i—l) = dp (Txn—b Txn) S B (M2 (xn—h an)) M2 (xn—la xn) ’ (213)

where

dy (xp_1,Txn1)dy (2, Txy)
M. n— n = d n—1,4n), . : L : )
2('1' 17:C ) ma’X{ p(w 1 z ) 1+dp (Txnfl,Txn)

dp (xnfh Txnfl) dp (.Tn, Txn) dp (xnfla T'Tnfl) dp ('Tnflv Txn) }
1+d, (xn_1,2n) "14+d, (xn-1,Txy) + dp (20, Txpq)

dp (Tp—1, Tn) dp (T, Ty
= max {dp (xn—laxn)’ p( 1‘:d ().fp; +1> +1)
D nyn

dp (xnflv xn) dp (mna xn+1> dp (xnfla ajn) dp (:Cnfla anrl) }
I+ dp (:Unfla xn) , 1+ dp (xnfb $n+l) + dp (xna xn)

< max{d, (Tn-1,%n), dp (Tn; Tny1)} -
If max{d, (rn—1,%n),dp (Tn,Tns1)} = dp (Tp, Tni1), then from we have
dp (xam xn+1) S B (MQ (xnfla xn)) M2 (xnfla xn)

1
< Ll (o).

Y

This is a contradiction. Therefore, we get max {d, (zy—1,%n) , dp (T, Tni1)} = dp (Tp_1,2,) . So, from
we have

1
dp (xna xn+1) S gdp (xnflu xn) .

If we repeat this process, we obtain

1
dy (Tp, Tpg1) < S—ndp (o, 1) (2.14)
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for all n € N. Then we have lim, o dy (Tp, Tnt1) = 0. Now we will prove that {z,} is a
Cauchy sequence in partially ordered partial b, (s)-metric space. In this case,we need to show that
My, noo dp (Tn, Tm) ezists and is finite. Particularly, we will show that im, ;oo dp (T, T) = 0.
For m,n € N with m >n and ng € N, by using and the triangular inequality we obtain

dp (xnv me) S S [dp (-Tn, xn-&-l) + dp (xn+1,xn+2) + ...+ dp (xn+v—3,xn+v—2)

+dp (xn—&-v—lxn—&-no) +d, (Tntno> Tming) + dy (Tmtnos xm)]

v—

[\

dp(q:n—&-ia xn-‘ri) - dp (xn—i—noa xn—l—no) - dp ($m+n07 CBm—f—no)

=1
< s [dp (‘rTL? 'rn—&-l) + d (xn+1,xn+2> + ...+ dp (xn+v—3,xn+v—2)
+dp ($n+v 2 xn+n0) + dp (anrno? merno) + dp (mernoa xm)]
S |: $0,[E1)+mdp (ZL’Q,JIl)—F .+ gnu— 3d ($0,$1)
1 1 1
+8_ndp (Ty—2,Tn,) + STodP (Tn, Tm) + S_mdp (205 Tny)

1 1 1 1
= (Sn—l + —+ ...+ W) dp (1’0,1'1) + o dp (xvi% xm))

dp (Zlfn, xm) + de (ZL'(), xno) )

Snofl

and so, we have

1 1 (1--5
(1 — 5"0—1> dp (Tn, Tm) < o ( 1 > dy, (zo, 1)

S

1 1
o (T2, Tn) + 5 dp (20, Ty -

By taking limit from both side for m,n — oo, we get

lim d, (zp,z,) =0.

mn—>oo
Therefore {x,} is a Cauchy sequence in X. Since X is complete, there exists u € X such that
hm dy (T, u) = lim d, (2, Tm) =d, (u,u) =0.
m,n—00
Now, we will show that u is a fixed point of T. We know from the sequential limit comparision

property of the space that x,, and u are comparable for all n € N. Further, there exists n € N such
that u, Tu & {xni1, Tnao,...}. Then we have

dp (U, TU) S S [dp (TU, xn-i—l) + dp (l'n-i-la xn-i—?) + ..+ dp ($n+v—17 xn—&-v) + dp (:Bn-i-va U)]

v

- Z dp <$n+ia xn-i—i)

S S [dp (TU, xn-{—l) + dp (J7n+17 CCn—i—Q) + ..+ dp (xn—&—v—l» xn-‘rv) + dp (xn—i-m u)] .

By taking limitsup in the above inequality for n — oo, we obtain

1
—d, (u,Tu) < limsupd, (Tu,z,41)
s

n—00

S lim sup 5 (MQ (U, xn)) M2 (U, xn)
n—00

< 0.
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Indeed, the inequality limsup,,_, .. B (Ms (u, z, ) =0 can be showed by the following:
o (T, Ty dyy (w, Tw)
(@) = g T Tw)
dy (Tn, Txy) dy (u, Tu)  dy (2, Txyn)d, (x,, Tu)
w) 1 —i— dy (2, Tu) + dp (u, T'xy,) }
o (T, Tpy1) dy (u, Tu)
1+ dy (xps1, Tu)
dy (s ns1) dy (0, T0) (@0 T0i1) dy (20, T0) }
’ 1+d, (xn,u) "1+ d, (xn, Tu) + dp (u, Ty,
= 0.
Therefore,we have Tu = u . Hence u is a fized point of T. Finally, assume that the set of fixed

point of T is well ordered. We need to show that T" has a unique fixed point. Assume on the contrary,
u and v are two fived points of the T such that u # v. Then, by we have

dy, (u,v) = dp(Tu,Tv) < (M (u,v)) My (u,v)

n—o0 n—oo

limsup My(x,,u) = limsupmax {
)
(

’ 1+ d, (zy,

= limsupmax < d, (,,u),
n—oo

1
< EMQ (U,U)
where
d, (u,Tu)d, (v, Tv) d,(u,Tu)d, (v,Tv) d, (u, Tu) d, (u, Tv)
M _ d p (U, p Y, p (U, p \U, p \Us p (U,
2(u,) max{ p (0, 0), 14+d,(Tu,Tv) = 1+d,(u,v) '1+d,(u,Tv)+d,(v,Tv)
max {d, (u,v),0,0,0}

d, (u,v) .
Hence, we get dy, (u,v) < id, (u,v) which is a contradiction. Hence u = v and T has a unique

fixed point. Conversely, if T has a unique fixed point, it is clear that the set of fized points of T s
well ordered. Morever, for any fized point u, let assume that d, (u,u) > 0. Then, we get

dy (u,u) = d,(Tu,Tu) < B (M (u,u)) My (u,u)
< éMQ (u,u)

where
dy (u, Tw) d, (u, Tw) d, (u,Tu)d, (u, Tu) dy (u, Tw) d, (u, Tu)

M(u,u) = max{dp(u,u),

= max{d, (u,u),0,0,0}
= d,(u,u).

So, we obtain d, (u,u) < %dp (u,u) which is a contradiction. So, assumption is wrong, that is
d, (u,u) = 0. This completes the proof. O

3. A Modified Partial b, (s)-Metric Space

It is known from the Proposition that the sum of a b, (s)-metric and a partial metric is a
partial b, (s)-metric. This means that defining a partial b, (s)-metric by using a b, (s)-metric is
possible. But, on the contrary that, defining a b, (s)-metric by using a partial b, (s)-metric is not
possible in this concept. In this part, we introduce a modified partial b, (s)-metric space such that
each partial b, (s)-metric generates a b, (s)-metric. While defining this space, we inspired by the
following partial b-metric space introduced by Mustafa et al.[19].

1+d,(Tu, Tu) ~~  14d,(u,u) 14d,(u,Tu)+d,(u,Tu)

|

|
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Definition 3.1. [19/Let X be a nonempty set and s > 1 be a given real numbers. A mapping
Po: X X X —[0,00) is said to be a modified partial b-metric spaces if for all z,y,z € X the following
condition hold:

v=y iff py(x,2) =po (x,y) = s (4, ),

o (z,2) < py(2,9),

P (7,y) = p (y,7),

Py (,y) < slpy (z,2) + 5 (2,9) — o (2,2)] + (352) [ (. 2) + o (,)] -

=W o=

We are now in a position to define our modified space.

Definition 3.2. Let X be a nonempty set and py, : X x X — [0,00) be a mapping and v € N.
Then, (X, pp,) is said to be a modified partial b, (s)-metric space if there exists a real number s > 1
such that following conditions hold for all x,vy,uy, Usg, ..., Uy_1, U, € X

Lz=y&p, (v,2) =, (2,9) =, (¥,7),
2 o, (z, $)<pbu( ),
bv( ) (y :B)7

4 po, (2,y) < s |, (2,u1) + po, (U1, u2) + o+ po, (o1, ) + Py, (o, y) — 2 po, (i, us)
+—(1;S) [y, (2, %) + po, (4, 9)]-

Remark 3.3. In definition , if we take v = 1, then we derive the modified partial b-metric
spaces.

From the triangular inequality of definition (3.2]), we have

o, (T,y) < s [Pbu (2, u1) 4 po, (U1, u) + ... + P, (Up—1, W) + Py, (Uy, Y) Zpbv Ui, U ]

(1—s)

A

v, (2, ) + P, (4,9)]
< sl (mw) +py, (ua, u2) + o 4 Py, (Vo1 ) + Py, (U, y)] Zpbv Ui, u;) -

Hence, a modified partial b, (s)-metric space is also a partial b, (s)-metric space. On the other
hand, since a modified partial b, (s)-metric is a partial metric with s = v = 1, it should be noted that
the class of a modified partial b, (s)-metric spaces is larger than the class of partial metric spaces.

Proposition 3.4. Let (X,d) be a b, (s)-metric space and p > 1 and k > 0 be real numbers. If
o, : X X X — [0,00) is a mapping defined by py, (z,y) = d(x,y)" + k, then (X, py,) is a modified
partial b, (s)-metric space with s = vP~!.

Proof . We will show that p, is a modified partial b, (s)-metric with s = vP~!.  Obviously,by
using the convexity of the function f(z) = «P for z > 0 and Jensen inequality, we may write
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(T + 29+ oo+ 2y +2) < 0PE (:1:’1’ +ab+ . a2l + xﬁ) for @1, 29, ..., xy_1, 7, > 0. Thus, for
each x,y,x1, T, ...,T,_1,2, € X, we obtain
po, (y) = d(z,y)" +k
[d (2, 21) +d (21, 22) + ... +d (€0_1, ) +d (20, )] + k
P Hd (2, 10)P + d (21, 22)7 4 o+ d (21, )7+ d (20, 9)F] + K
P d (2, 1)+ k4 d(z, )’ k4 b d (e, 2) kA d (2, y) + k— vk — K] =

IN A

v [pbv (x,21) + po, (T1,22) + o 4 Py, (To-1,T0) + po, (T, Y) — Zpbv (@, 1)
i=1

N (“T“p_l) b, (2, 2) + py, (v, 1)) -

Hence, p,, is a modified partial b, (s) metric on X. O
In the following proposition, we show that a modified partial b, (s)-metric space generates a
b, (s)-metric space.

Proposition 3.5. Let (X, p,) be a modified partial b, (s)-metric space. Then, modified partial b, (s)-
metric py, defines a b, (s)-metric d by the following way:

d(ﬂi‘,y) = 2pbv (3:7y> — Db, (quj) — Db, (yay>7

Proof . Let x,y, uy, ug, ..., y_1,u, € X

d(z,y) = 2py, (2,y) — Do, (x,7) — Py, (¥,y)
< 28 [pp, (z,u1) + pp, (w1, u2) + ... + Do, (Up—1, Uy) + Db, (Uu, y) — Db, (U1, u1) — Po, (U2, u2) — ..

(1-s)

5 [, (z,2) + po, (Y, y)] — po, (T, 2) — po, (¥, )

s [2py, (7, u1) — py, (w1, u1) — py, (2, 2) + 2pp, (w1, u2) — po, (W1, u1) — py, (U2, uz) + ..
+2pbv (uv—lu uv) — Db, (uv—la uv—l) — Du, (Uva uv) + 2pbv (uw y) — Dv, (uw uv) — Dv, (y7 y)]
= S [d <x7u1) + d(u17u2) + ...+ d(uvflvu’u) + d(umy)] .

—Dv, (uv—lauv—l) — Db, (uva uv)] + 2

O

Let (X, <) be an ordered set. The mappings 7,5 : X — X are said to be weakly increasing
mappings, if Tx < STx and Sz <X T'Sz for all x € X. The following theorem is a generalization of
[[1], Theorem 2.2.] from the concept of partially ordered partial b-metric spaces.

Theorem 3.6. Let (X, =,py,) be a complete partially ordered modified partial b, (s)-metric space
with constant s > 1. Suppose that T, S : X — X are two weakly increasing mappings which satisfy
the following condition for all x,y € X with x Xy and f € F; :

where L > 0,
po, (2, Tx) py, (y, SY)
M — v v
(x7 y) max {pbv <x7 y) bl 1 +pb1) (TJ,” Sy)
and

N (z,y) = min{d (z,y),d(z,Tz),d(y,5y),d(y, Tz),d(z, Sy)}

where d is a b, (s)-metric. Suppose that there exist a xo € X such that Txy = STxy and X has
a sequential limit comparison property. Then T and S have a common fized point. Moreover, if the
set of common fixed points of T and S is comparable, then they have a unique common fixed point.
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Proof . By using assumption there exists xy € X such that Tzq < STxy. Let {z,} be a sequence
in X defined by the following way:

TZL’Qn = T2n+1 and Sl’gn_H = Ton+2, for Vn Z 0

Note that
T = TZE() j STZEO = SZEl = X9 j TSl'l = I3.

So, we obtain
T X% 223 204 2. XLy DT -

Since x, and xy,,1 are comparable and T and S satisfy (3.1)), we have

Db, (Ton+1, Tont2) = 8Py, (T2, STons1)
< B (M (xan, Tont1)) M (2an, Tant1) + LN (Ton, Tont1)

where
Do (ﬁzmezn)pb (I2n+175$2n+1)
M fry v v
(CCQm 952n+1) max {pbu (x2n7 952n+1) ) ~ (szm Sx%ﬂ)
— max {pbv ($2n, x2n+1) 7 Do, ($2n, $2n+1)pbu ($2n+1, I2n+2) }
Do, ($2n+1, 1‘2n+2)
< max {pbu ($2m $2n+1) » Db, ($2m 5E2n+1)} = Pu, ($2n7 J72n+1)
and
N ($2na x2n+1) = min {d (37271,, x2n+1) ) d ($2na T$2n) ) d <x2n> Sx2n+1) ) d ($2n+1, T$2n) ) d <x2n+17 Sx2n+1)}

= min {d (9527“ $2n+1) ,d (1‘2m 372n+1) ,d (fzn, I2n+2) ,d (902n+1, $2n+1) ,d ($2n+1, 1‘2n+2)}

= min {d (xzn, 372n+1) ,d (132n, $2n+1) ,d (517271, 132n+2) ,0,d (132n+1, $2n+2)} = 0.

Thus, we can write

IN

B (pbv ($2n, I2n+1))pbv (IQm $2n+1)

1
< ;pbv (T2n, Tant1) < Db, (Ton, Tont1) -

SPb, ($2n+1, 12n+2)

Similarly we can show that

SPb, (Ton+2, Tants) < Do, (Tant1, Tanto) -

Hence, we conclude that
1
Do, (Tny Tni1) < =po, (Tn_1,x,) for each n € N. (3.2)
s
So, by repeating this process, we obtain

Dby (T Tpgr) < s_"pb“ (o, 1)

for all n € N. Then we obtain lim,, , pp, (Zn, Tni1) = 0. Now we prove that the sequence {z,} is a
Cauchy sequence in partially ordered modified partial b, (s)-metric spaces. Namely, we need to show
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that lim, o p (T, T.,) exists and finite. Particularly,we will show that lim,, ;,—e0 Db, (T, Tm) = 0.
For m,n € N with m > n and ny € N, by using (3.2)) and the triangular inequality we obtain

pbv (xru xm) S S [pbv (xﬂn xn+1) +pbv (xn+1,xn+2> + ... +pbv (xn+v73,xn+v72) + pbv (xn+v72,xn+no>
v—2
+pbq, («Tn+n07 xm—&-ng) + Pu, ($m+noa mm) - Zpbv (xn—i-ia xn+z’)
i=1

_pbv (xn+n07 $n+n0) - pb'u (xm+n0 Y xm+n0 )]

(1—>s)

+ 92 [pbv (xn: mn) + Do, (xma xm)]
S S [pbv (xny xn+1) +pbv (xn+1,xn+2> + ... +pbv (xn+v73,xn+v72) +
Py, (xn—&-v—?,xn-&-no) + Dby, (Tntno> Tmtng) + Doy, (Tmtngs Tm)]
_ 1 1 1
= S|\ P (w0, 21) + ey (zo,21) + .o + peom—y (2o, 1)
1 1 1
+8_npbu (To—2y Tny) + STOpbv (Tn, Tm) + S_mdp (0, )
1 1 1 1
= e + S_" + ...+ W Dy, (:L‘(), 1’1) + prv (231,_2,23”0)
1 1
+s"0*1dp (Tp, T) + . -d, (20, Tny)
So, we get
1 1 1 51;1—2
( o snol) Dy, (,In,l‘m) = gn—1 ( 1-1 )pbv ("L‘O’Il)
1 1

+prv (xv—Qa xn()) + prv (ZB(), l"no) .
Taking limit as n, m — oo in the above inequality, we have

lim p, (Zn,2m) = 0.
m,n—00

Since the space is complete, there exists u € X such that

lim p, (zn,u) = lim p, (Tn,2m) =p,, (u,u) =0.
n—oo m,n—o0

Now, we show that u is a fixed point of T Since X has a sequential limit comparison property,
we know that x,, < v . Then, we have

p,, (Tu,u) < s [va (T'w, Tont2) + Po, (Tont2, Tonss) + - + Do, (T2nto, Tongor1) + Do, (Tonpo, u)

v 1—s
- Zpbv (u2n+i7 u2n+i) + ( 5 ) [pbv (TUa TU) =+ Db, (% u)]

i=1

< s [py, (Tu, Tan12) + Po, (T2nt2, Tants) + o + Doy (Tontv, Tontor1) + Doy (T2nto, )]

By taking limit as n — oo from both side, we have
o, (Tu,u) < s lm py, (Tu, Topi2) = s im py, (Tu, STo,41)
n—oo n—oo

< nh—>n;105 (M (u,xon41)) M (u, xopt1) + th_>m N (u, xont1), (3.3)

- o0
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where
. L Do, (u, Tw) po, (T2n41, STans1)
nh—>n;olo M (u7 x2n+1) - 77,h—>rgo max {pbv (ua x2n+1) ) 1+ D (TU, S$2n+1)
. Do (U, TU) Do <x2n+17 x2n+2)
— 1 n ) v v
nl—>nolo fHax {pbv (U, T2 +1) ]. + pbv (TU, I2n+2)
=0
and
nh~>I£lo N (U, x2n+1) = nhﬁ\rgo min {d (U, :L‘Zn—f—l) ) d (u7 Tu) ; d (x2n+17 San—i—l) ) d ($2n+17 TU) ; d (U, Sx?n—&—l)}
= nlglgo min {d (u, van11) , d (v, Tu) , d (Tani1, Tant2) , d (T2nt1, Tw) , d (U, Tony2) }
= 0.

So, we get py, (T'w, u) < 0 which shows that Tu = u. From (3.1)), we obtain

spy, (u, Su) = spy, (T, Su) < B (M (u,u)) M (u,u) + LN (u,u),

where

Po, (1, Tw) p, (u, Su) }

M (u,u) = max{pbv (u,u), T+ o, (T, S0)

=0
and

N (u,u) = min{d(u,u),d(u,Tu),d(u,Su),d(u, Tu),d(u,Su)}
= min{0,0,d (u, Su),0,d (u, Su)}
0.
Hence, we have
spe, (u, Su) < 0.

Therefore, we obtain Su = u. Consequently, u is a common fixed point of 7" and S . Finally,
we will prove the uniqueness of the common fixed point. Let v = T'v = Sv be another comparable

common fixed point for 7" and S. Then, it follows from ({3.1]) that

sp, (U, v) = spy, (Tu, Su) < B (M (u,v)) M (u,v) + LN (u,v)

where

Do, (w, Tw) py, (v, SV)
M — v v
= pp, (u,v)
and
N (u,v) = min{d(u,v),d(u,Tu),d(v,Sv),d(u,Tu),d(u,Su)}
= min{d(u,v),0,0,0,0}
= 0.
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O

So, we get
spe, (u,v) < B (P, (4, v)) p, (u,v)

1
< - )
<D, (u,v)

which is a contradiction. Therefore, u = v, that is T" and S have a unique common fixed point.

Open Problem: In the main results section, we proved some theorems in partial b, (s)-metric

spaces equipped with partial order relations. On the other hand, nowadays, some papers have been
published about orthogonal metric spaces and R-metric spaces, for detail please see [8] 9] [10], 111 [14]

15].

So, it is an open problem whether it is possible to prove our main results in orthogonal and

R-metric spaces.

References

[1] M. Abbas, I.Z. Chema and A. Razani, Fxistence of common fized point for b-metric rational type contraction,
Filomat 30(6) (2016) 1413-1429.

[2] A. Amini-Harandi and H. Emami, A fized point theorem for contraction type maps in partially ordered metric
spaces and applications to ordinary differantial equations, Nonlinear Anal. 72 (2010) 2238-2242.

[3] M. Arshad, A. Hussan, Fized point results for generalized rational a-Geragty contraction, Miskole Mat. Notes,
18 (2017) 611-621.

[4] S.E. Cho, J. S. Bae and E. Karapmar, Fized Point theorems for a-Geraghty contraction type maps in metric
spaces, Fixed Point Theory Appl. 2013 Article ID 329 (2013).

[5] T. Dosenovic, Z. Kadelburg, Z. D. Mitrovic and S. Radenovic, New fized point results in b, (s)-metric Spaces,
Math. Slovaca, 70 (2020) 441-452.

[6] I. M. Erhan, Geraghty type contraction mappings on Branciari b-metric spaces, Adv. Theor. Nonlinear Anal.
Appl. 1 (2017) 147-160.

[7] M. A. Geraghty, On contractive mappings, Proc. Amer. Math. Soc. 40 (1973) 604-608.

[8] M. Eshaghi Gordji and H. Habibi, Fized point theory in e-connected orthogonal metric space, Sahand Comm.
Math. Anal. 16 (2019), 35-46.

[9] M. Eshaghi Gordji and H. Habibi, Fized point theory in generalized orthogonal metric space, J. Linear Top. Alg.
6 (2017) 251-260.

[10] M. Eshaghi Gordji, H. Habibi and M. B. Sahabi, Orthogonal sets; orthogonal contractions, Asian-Eur. J. Math.
12 (2019) 1950034.

[11] M. Eshaghi Gordji, M. Ramezani, M. De La Sen and Y. J. Cho, On orthogonal sets and Banach fized point
theorem, Fixed Point Theory, 18(2) (2017) 569-578.

[12] M. Eshaghi Gordji, M. Ramezani, Y. J. Cho and S. Pirbavafa, A generalization of Geraghty’s theorem in partially
ordered metricspaces and applications to ordinary differential equations, Fixed Point Theory Appl. 2012(74)
(2012).

[13] I. Karahan and I. Isik, Partial b, (s), v-Generalized and b, () metric spaces and related fized point theorems,
Facta Univ. Ser. Math. Inform. (In press).

[14] S. Khalehoghli, H. Rahimi and M. Eshaghi Gordji, Fized point theorems in R-metric spaces with applications,
AIMS Mathematics, 2020, 5(4): 3125-3137. doi: 10.3934/math.2020201.

[15] S. Khalehoghli, H. Rahimi and M. Eshaghi Gordji, R-topological spaces and SR-topological spaces with their
applications, Math. Sci. 14 (2020) 249-255.

[16] A. Latif , J. R. Roshan, V. Parvaneh and N. Hussain, Fized Point Results Via a-admissible mappings and cyclic
contractive mappings in partial b-metric spaces, J. Inequal. Appl. 2014(345) (2014).

[17] S. G. Matthews, Partial metric topology, Ann. New York Acad. Sci. 728 (1994) 183-197.

[18] Z. D. Mitrovic and S. Radenovic, The Banach and Reich contractions in b, (s)-metric spaces, J. Fixed Point
Theory Appl. 19 (2017) 3087-3095.

[19] Z. Mustafa, J. R. Roshan, V. Parvaneh and Z. Kadelburg, Some common fized point results in ordered partial
b-metric spaces, J. Inequal. Appl. 2013 (562) (2013).

[20] K. V. V. V. Prasad and A. K. Singh, Fized point results for rational a-Geraghty contractive mappings, Adv.

Inequal Appl. 1 (2019) (2019).



52 Altiparmak, Karahan

[21] J.R. Roshan , V. Parvaneh, Z. Kadelburg and N. Hussain, New Fized Point Results in b-rectangular metric spaces,
Nonlinear Anal. Model. Control 21 (5) (2016) 614-634.

[22] B. Samet, C. Vetro and P. Vetro, Fized point theorems for o —1-contractive mappings, Nonlinear Anal. 75 (2012)
2154-2165.

[23] S. Shukla, Partial b-metric spaces and fized point theorems, Mediterr. J. Math., 11 (2014) 703-711.

[24] S. Shukla, Partial rectangular metric spaces and fixved point theorems, Sci. World J. Hindawi (2014) Article ID
756298 7 pages.



	Introduction and Preliminaries
	Main Results
	A Modified Partial bv( s) -Metric Space

