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Abstract

We consider the following quasilinear elliptic system in a Sobolev space with variable exponent:
—div(a(|Dul) Du) = f,
where a is a C'-function and f € W= @)(Q; R™). We use the theory of Young measures and weak

monotonicity conditions to obtain the existence of solutions.
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1. Introduction and main results

Let @ C R™ (n > 2) be a bounded domain with Lipschitz boundary 0. Consider the following
quasilinear elliptic system:
{ —div(a(|Du|)Du) = f inQ, (1.1)
u =0 on 0, '

where a is a C'-function defined from [0, +o00) to [0,+0c) and f belongs to Sobolev space with
variable exponent W=7 (®)(Q;R™). When a(£) = |£[P~2, problem (T.1)) is the well known p-Laplace
system. In recent years, there have been a large number of papers on the existence and regularity
of solutions of the p-Laplace system (see [13] (19, 2I] and the references therein). In the case of
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degenerate p-Laplacian system where a(¢) = |€ — O(u)|P™2, © : R™ — M™ " we have proved in
[2] existence result by using the theory of Young measures and without assuming any conditions
of Leray-Lions type. Here, M"*" is the space of m X n matrices equipped with the inner product
§:1n =722 51 &;ni The extension of [2] to the case of exponent variable p(z) can be found
in [3]. For the p(x)-Laplace equations, Cianchi and Maz’ya [I1] established the Lipschitz continuity
of solutions to Dirichlet and Neumann cases. In [I], Acerbi and Mingione proved Caldéron and
Zygmund type estimates for a class of p(x)-Laplacian system whose right-hand side is under the
divergence form.

Problems of the form (1.1)) were studied in [11], 12] under some conditions on the function a.
Moreover, they treated the corresponding Neumann case. Dirichlet problems of the form are
the main objective of the present paper. When the right-hand side of belongs to W12 (Q; R™),
we have proved in [7] the existence of weak solutions based on the Galerkin approximation and the
theory of Young measures.

Here and after, Du denotes the gradient of a function v : 2 — R™, and is a matrix-valued function,
i.e., Du € M™ ™. The function a : [0,+00) — [0, +00) is assumed to be of class C'(]0, +00)), and
to fulfill

— 1<, <5y <00 (1.2)

where Lt pl
i, = inf @ (t) and s, = sup a ) (1.3)

>0 a(t) >0 a(t)

The function a satisfies the following growth and coercivity conditions: For all & € M™*", some
constants ¢, ¢ > 0 and I(z) € L*(Q),

|a([€])¢] < erfgP T, (1.4)
a(|€])é : € > eoléP™) — (). (1.5)

Moreover, we assume that a satisfies one of the following conditions:

(HO) There exists a convex and C'-function b : M™*™ — R such that

ollg)e = L i= Deb).

(H1) For A = (v,,id) where v = {v,},cq is any family of Young measures generated by a sequence
in LP(®)(Q; M™ ") and not a Dirac measure for almost every = € Q, we have

/men (a(]ADA = a([ADX) = (A = N)dv(A) > 0.

Our objective in this paper is to study the existence of solutions for in the framework of
Sobolev spaces with variable exponent under the above conditions and to extend the result of [7] to the
variable exponent spaces. Moreover, we will use a Galerkin method to construct the approximating
solutions and the theory of Young measures to identify weak limits and in the passage to the limit.
We refer the reader to see [4], [5 [0, 8] where the theory of Young measures finds its applications in
different nonlinear elliptic systems.

Note that, and will serve us to prove that the function a is monotone. The condition
(HO) allows to take a potential b, which is only convex but not strictly convex to avoid the use
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of the well known classical monotone operator theory, and to consider (1.1)) with a(|£|)§ = 9b/0E.
Assumption (H1) may be called strictly p(z)-quasimonotone as in the framework Wh?(Q; R™) (see

[18]).
A weak solution for (1) is a function u € W,* (I)(Q; R™) such that

/ a(|Du|)Du : Dedx = (f, ) for all o € Wy ™™ (Q; R™).
Q

Here (.,.) denotes the duality pairing of W=2'@)(Q; R™) and W, "™ (Q;R™).
The principal result of this paper reads as follows:

Theorem 1.1. Under assumptions (1.3)-(1.5), (HO) and (H1), problem (l.1)) has a weak solution
u € Wol’p(z)(Q;Rm).

2. Preliminaries

We recall some necessary notations, definitions and properties for our function spaces (see [14}, 20])
and an overview about Young measures (see [9] [15] [17]).

For each open bounded subset Q of R” (n > 2), we denote C(Q) = {p € C(Q), p(z) >
1 for any = € Q}. We define for every p € C+(0Q),

p~ =inf p(z) and p* =sup p(x).
Sy xeQ)

The Sobolev space WP@ (Q; R™) consists of all functions u in the Lebesgue space
LP@(Q;R™) = {u : 0 — R™ measurable : / lu(x)[P@dz < oo},

Q
such that Du € LP®) (€; M™*™). The space LP*)(Q; R™) is endowed with the norm

fulhioy = int {5 > 0, [ M2 <1},

It is a Banach space. Moreover it is reflexive if and only if 1 <p~ <pt < oco. Its dual is defined by
LP @) (Q; R™) where [ﬁ + (x) = 1. For any u € LP®(Q;R™) and v € LY@ (Q;R™), the generalized

Holder inequality
’/uvdm’ < )HU”p(x)HUHp

holds true. The space WP (Q: R™) is endowed with the norm

[ll1p@) = [[ellp@) + [1Du]lpe)

Proposition 2.1 ([16]). We denote p(u) = [, [u[*dz, Yu € LP@(Q;R™). If uy, u € LPO(Q;R™)
and pt < oo, then:

() lulpy <1 (=1 > 1) & p(u) <1 (= 1; > 1).

g - + -
(ii) llullote) > 1= lullhy < plu) < Tullyiys lullow) < 1= lully,y < plu) < Jlully,
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(tii) ||url|p@) = 0 € plur) = 0; ||ug||p) = +00 € plug) — +o00.

We denote by Wyt (Q; R™) the closure of Cg¢(; R™) in W@ (Q; R™) and W1 @) (Q; R™) is its

dual space. We denote p*(z) = = p(x for p(z) < n; = oo for p(z) > n.

Proposition 2.2 ([16]). (i) Under the assumption 1 < p~, the spaces WP (Q; R™) and Wol’p(x)(Q;Rm)
are separable and reflexive Banach spaces.

(i1) If ¢ € C(Q) and q(z) < p*(z) for any x € Q, then WP (Q: R™) s LI@(Q;R™) is compact
and continuous. In particular, we have Wol’p(m)(Q; R™) <se LP@)(Q; R™) is compact and continuous.

(11i) There exists a constant cz > 0, such that
1, T m
[ullpz) < esll Dullpea) Vu € Wy 3 )<Q§R ),

hence || Dul|pm) and ||ull1p@) are two equivalent norms on Wol’p(x)(Q;Rm).

Weak convergence is a basic tool of modern nonlinear analysis because it has the same compactness
properties as the convergence in finite-dimensional spaces (see [I5]). But, this convergence sometimes
does not behave as one desire with respect to nonlinear functionals and operators. To overcome this
difficulty, one can use the technics of Young measures.

By Co(R™) we denote the set of functions g € C(R™) satisfying lim|yo g(A) = 0. Its dual can
be identified with the space of signed Radon measures with finite mass denoted by M(R™). The
related duality pairing is given by

(v,g9) = /m g N)dv(N)  forv:Q — M(R™).

Lemma 2.3 ([15]). Let (zx)x be a bounded sequence in L= (€2;R™). Then there exists a subsequence

(still denoted zy,) and a Borel probability measure v, on R™ for a.e. x € ), such that for almost each
g € C(R™) we have
o(zx) =" @ weakly in L>(Q2;R™),

where P(x) = (Vg, ©) = [om (N dvg(X) for a.e. x € Q.

Definition 2.4. The family v = {v, }req is called Young measure associated with the subsequence
(Zk)k~

The fundamental theorem of Young measures can be stated in the following lemma:

Lemma 2.5 ([9]). Let Q be Lebesgue measurable, let K C R™ be closed, and let z, : Q@ — R™,
k € N, be a sequence of Lebesque measurable functions satisfying z, — K in measure as k — 00,
i.e., given any open neighborhood U of K in R™

]}Lrgo\{x € Q:up(x) UL =0.

Then there exist a subsequence denoted also (zx)y and a family {v,}.cq of positive measures on R™,
such that

(a) |Vallm@my == [gm dva(X) <1 for a.e. z € Q.
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(b) suppv, C K for a.e. x € Q, and

(c) ©(zk) =" (WVar @) = [om P(N)dvz(X) in L®(Q) for each ¢ € Co(R™).

Suppose further that (zy) satisfies the boundedness condition

VR>0: lim sup|{z € QN Bg(0): |z(z)| > L} = 0. (2.1)

L—0o peN

Then ||vz||m@my = 1 for a.e. x € Q, and for any measurable ¥ C 2 there holds ¢(2;) = @ = (Va, )
weakly in L*(SY) for any continuous function ¢ : R™ — R provided the sequence p(z,) is weakly
precompact in L'().

Lemma has usefull applications, in particular in non-linear PDE theory. The following prop-
erties build the basic tools used in the sequel, and can be seen as the applications of Lemma (see
[9, 17]):

If |©2] < oo (finite measure), then there holds

2z, — Z in measure < v, = d,(, for a.e. v € €, (2.2)

where 9d,(,) is the Young measure associated to z;. Let ¢ : M™*" — R be a continuous function and
2+ 0 — R™ a sequence of measurable functions such that Dz, generates the Young measure v,,
with ||, || pamxny = 1 for a.e. z € €, then

liminf/ (Dzy) dx>// A)dv,(N)dz, (2.3)
k—o0 men

provided that the negative part ¢~ (Dz;) is equiintegrable.

3. Approximating solutions

Now, as mentioned in the introduction, we will use the Galerkin method to construct the approx-
imating solutions. To thls purpose, we consider the mapping 7" : W, x)(Q R™) — WP @(Q; R™)

defined for ¢ € Wy ™™ (Q; R™) as
(T(u), ¢) = / a(|Dul)Du : Dydz — (£, ). (3.1)

As a first remark, the problem (|1.1)) is equivalent to find such u € VVO1 P (x)(Q;]Rm) which satisfy
(T'(u),p) =0 for all p € Wol’p(x)(Q; R™). In the sequel, we will use a positive constant ¢ which may
change values from line to line.

Lemma 3.1. The mapping T satisfies the following properties:
(i) T is linear, well defined and bounded.
(ii) The restriction of T to a finite linear subspace of Wol’p(gc)(Q; R™) is continuous.

(1ii) T is coercive.
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Proof . (i) For arbitrary u € W,* (x)(Q; R™), T'(u) is trivially linear. We have by ([1.4])
/ |a(\Du!)Du|p/(w)dx < c/ | DuP®dx < oo
Q Q

where ¢ is a positive constant. It follows by Holder’s inequality that

+_
[(T(u), 0)| < el Dully " 1 Dollp) + cll -1 121l p0)
< [ D llp(a)

thus 7' is well defined and bounded.

(i) Let W be a finite linear subspace of Wy ™™ (Q;R™) such that dim W = r. For simplicity, we
denote T' as the restriction T'|y of T' to W. Let (ux = ag;w;) a sequence in W which converges to
u = a;w; in W (with conventional summation). Here {wy,..,w,} is a basis of W. We have in one
hand, Du;, — Du almost everywhere and the continuity of the function a gives

a(|Dug|)Duy — a(|Du|)Du  almost everywhere.

On the other hand, since u; — u strongly in W,
/ |Duy, — DufP®dz — 0 as k — oo.
Q

According to [10, Chap IV, Sec 3, Theorem 3] there exists a subsequence still denoted (Duy) and
g € L*(Q) such that |Duy — Dul[P™® < g. We know that for 1 < p, |A+ B|P < 2P~1(|A[? 4 | B|P), thus

| Dug|P® = |Duy — Du + DulP® < 20" (g + | DulP®).

This implies that || Dug||p() is bounded by a constant ¢. Now, in order to apply the Vitali Convergence
Theorem, we choose 2’ C §2 to be a measurable subset and by Hélder’s inequality

_1_
/ |a(| Duy|) Duy, : Doplda < c”Duk]|§(+w)l(/ |D(p,p(z)dx)p(m>.
194 o
<c

If we choose the measure of 2 to be small enough, then fQ, \D(,p]p(x)d:c is arbitrary small, hence
(a(|Dug|)Duy : D) is equiintegrable. By vertue of the Vitali Convergence Theorem, we get

limy, o0 (T'(ur), ) = (T'(u), @).
(iii) From Eq. (1.5, it follows that

(T'(u),u) = / a(|Dul)Du : Dudz — (f,u)
Q
> CQ/Q | DulP®) da — /Ql(fl?)dx =l p@ el pe-
Hence

(T'(u),u)

u]1.p)

> ¢ pufpi) - Ml
- [[]|1,p(2)

() —c—>00 a5 [[ul|1p@) — 0.
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Now, in order to find u € W™ (Q: R™) such that (T'(u), @) = 0, we consider Wy C Wy C ... C
WP (x)(Q; R™) a sequence of finite dimensional subspaces such that kL>Jka is dense in W, (x)(Q; R™).

The sequence (W) exists since W, (m)(Q; R™) is separable. Fix k and assume that dim W}, = r and
wy, .., wy is a basis of Wi. We define the map

S:R" =R, Qs ((T(aiwi), wj))

7j=1,..,r

for « = (a1, .., ;) € R". The properties of S allow us to construct the desired approximate solutions.
Remark that for u = ayw; (with conventional summation), we have

S(a).a = (T(u),u). (3.2)

Hence S is continuous and S(a).cc — oo as |la|lgr = oo by Lemma [3.1] because ||afr- — oo is
equivalent to ||u|1p@) — 00. Therefore, there exists B > 0 such that S(a).a > 0 for all a €
0Br(0) C R". By vertue of the topological arguments (see e.g. [23, Proposition 2.8]), it follows that

S(z) =0 has a solution x € Bg(0).
Hence, for all k € N, there exists uy € W such that

(T(ug), ) =0 forall p € W. (3.3)

Corollary 3.2. The sequence constructed in (3.3)) is uniformly bounded in W&’p(m)(ﬂ; R™), i.e., there
1s R > 0 such that
lull1p@) < R for allk € N.

Proof . We have (T'(u),u) — 00 as ||ul/1 p) — 0o by Lemma Hence, there exists R > 0 with
the property that (7'(u),u) > 1 whenever ||ul/1 ) > R. This gives a contradiction with the Galerkin
approximations w; which satisfies (3.3). Therefore, (uy) is uniformly bounded. O

Now, as (uz) is uniformly bounded in W, (x)(Q; R™), it follows by Lemma [2.3| the existence of a
Young measure v, generated by Duy, in LP(®)(Q; M™*"). Before we proceed in the proof of the main
result, we still need some properties on the Young measure v,. The proof of the following lemma
can be found in [3], but for completeness of this work, we will present its proof.

Lemma 3.3. The Young measure v, generated by Duy in Lp(’*’)(Q; M™*™) has the following proper-
ties:

(i) vy is a probability measure, i.e. V|| pmaamxny =1 for a.e. x € Q.
(i) The weak L'-limit of Duy, is given by (Vy,id) = [\mn Addrg(X).
(i1i) v, satisfies (vy,id) = Du(z) for a.e. x € Q.
Proof . (i) It is sufficient to show that Duy satisfies Eq. in Lemma By vertue of Corollary
3.2] there is a positive constant ¢ such that for any R > 0

c> / | Duy [P dac > | Dug [P dc
0

\/{\ZGQHBR(O)I |Duk|2L}
> L7 {o € QN B(0) : |Dux| > L},
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which gives

sup |[{z € QN Bg(0) : |[Duy| > L}| < 50 asL— o
keN L

Hence, v, is a probability measure by Lemma [2.5

(ii) We have 1 < p~ < p(x) and M™*™ can be regarded as R™", then LP(®) (Q; M™*") is reflexive. Then
by Corollary there is a subsequence (still denoted by Duy;) weakly convergent in LP(*) (Q; M™*™),
hence weakly convergent in L*(€2; M™*") since LP@) (Q; M™*") C L'(Q; M™*™). By vertue of Lemma
and take ¢ = id, we deduce that

Duy — (v, id) = / My, (\)  weakly in L'(Q; M™*™).

men

(iii) Corollary [3.2] allows to deduce that a subsequence of (uy) is converging weakly in W, * (=) (Q;R™)

to an element denoted by u € Wol’p(x)(Q;Rm). Therefore, Duy — Du in LP@(Q;M™*") (for a
subsequence). The uniqueness of limit implies that

(Vy,id) = Du(x) for a.e. x € Q.

OJ
To pass to the limit in the approximating equations, we will use the following usefull lemmas,
which can be seen as the key ingredient in the proof of the main result.

Lemma 3.4. The Young measure v, generated by Duy satisfies the following inequality

/ / (alIADA — a(|Dul)Du) = (A — Du)dv,(N)dz < 0.
Q JMmxn
Proof . Consider the sequence

A := (a(|Dug|) Duy, — a(|Dul|)Du) : (Duy, — Du)
= a(|Dug|)Duy, : (Duy — Du) — a(|Du|)Du : (Duy — Du)
= Ag1 + Ag 2.

Since

/ |a(|Du|)Du|pl(I)dx < c/ | DulP®dz < oo
Q Q

for arbitrary u € Wol’p(m)(Q; R™), a(|Du|)Du € LV @ (Q; M™*™). Therefore

liminf/ Agodx = / a(|Dul)Du : (/ Adv,(N) — Du)daz‘ =0 (3.4)
k—oo  [q Q Mmxn
by Lemma ﬁ We have (a(|Dug|)Duy : Du)  is equiintegrable (see the proof of Lemma if
necessary). The sequence (a(|Dug|)Duy : Duy,) is easily seen to be equiintegrable. Indeed, by Eq.
(1.5)), we have

a(|Dug|) Duy, : Duy, > ¢o| Dug [P — (),

which implies

/ | min (a(| Dux|)Duy : Duy,0)|da < 02/ | Duy, [P da + (x)]dx < o0
U Q/

|l
Q/
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by the boundedness of (uy). Now, by applying the equation (2.3 to the sequence (a(|Duk|)Duk :
(Duy, — Du)), we get

A :=lim inf/ Apdr = liminf/ Agdz
Q k—o0

°° > /Q/MmQ a(\DA : (A — Du)dva(N)dz.

If we arrive at A < 0, then the needed result follows immediately. Using the Mazur’s theorem (see
[22] Theorem 2, page 120]), it follows the existence of p; € Wol’p(gc)(Q;Rm) such that ¢ — u in

Wol’p(m)(Q;]Rm), where each ¢y, is a convex linear combination of {uy,..,ux}, that means o, € W,
By taking u, — ¢ as a test function in (3.3)), we obtain

/ o(|Durl)Dug : (Dug — Do)z = (f,up — or). (3.5)
Q
From the Holder inequality, it follows that

|(fruk = oi)| < el f -1 luk — kll1pe)-

The right hand side of the above inequality vanishes as k — oo, since by the construction of ¢, we
have
Nk — rll1pe) < Nk — ullipe) + ok — ullipe — 0 as k — oo.
Hence, the left hand side in tends to zero as k — oo. Using this result and the fact that o, — u
in W, (x)(Q; R™), we deduce the following
A =lim inf/ Apdx
Q

k—o00

= lim inf/ a(|Dug|)Duy, : (Duy, — Du)dx
0

k—o0

= lim inf(/ a(|Dug|)Duy : (Dux — Dey,)dx +/
Q

k—o00 Q

a(|Dug|)Duy : (Doy — Du)dm)
n’?ginf(g, u — i) + / a(|Duy|) Dy : (Dipy — Du)dx)
% Q

= lim inf/ a(|Dug|)Duy : (Doy — Du)dx
Q

k—o0

< liminf c||a(|Duk|) Dug|
k—o0

p/(m)HD(Pk - Du”p(ﬂf) = 0.

Consequently, A < 0 together with ({3.4]) implies the needed result. [
Lemma 3.5. If a satisfies (1.2)) and (1.3)), then it is monotone, i.e.,

(a(l€)é = allnn) = (€ —n) =0 for all§,n € M™".
Proof . For {,n € M"™*" and t € [0, 1] we set 6; = t£ + (1 — t)n, then

(ol = allaln) : (€ =n) = ( [ Z(at0d)0)dz) : (€ =)
= ([ @obiol+aon)ic) : oy

— (/0 a(l@ﬁ)(% + 1)dx> (E=n)?>0
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by the equations ([1.2]) and (1.3). O

Lemma 3.6. The Young measure v, generated by Duy, satisfies
(a(]ADA = a(|Du|)Du) : (A= Du) =0 on suppv,.

Proof . According to Lemma [3.4], we have

/Q/M (a(IADA = a(| Dul) Du) : (A = Du)dv,(X)dz < 0,

and by vertue of the monotonicity of the function a in Lemma |3.5] it follows that the above integral
is nonnegative, thus must vanish with respect to the product measure dv,(\) ® dz. Hence

(a(]AD)X — a(|Du|)Du) : (A = Du) =0 on supp v,.
UJ

4. Proof of Theorem [1.1]

Now, we have all ingredients to pass to the limit in the approximating equations by considering
both conditions (HO) and (H1). Start with the condition (H0). We show first that for almost every
x € (), suppv, C K,, where

K, ={X e M™": b(\) = b(Du) + a(|Du|)Du : (A — Du)}.
If A € supp v, then by Lemma [3.6
(1 = 7)(a(]ADX = a(|Du|)Du) : (A= Du) =0 for all 7 € [0, 1]. (4.1)

It follows by Lemma [3.5] that

0<(1=7)(a(|A)X = a(|Du+ 7(A = Du)|)(Du + 7(A — Du))) : (A — Du) 42)
=D (1 - 7 (a(| Du)) Du — a(|Du + (X — Du)|)(Du + (A — Du))) : (A — Du). '
Remark that, by the monotonicity of the function a, we have
(a(|Dul)Du — a(|Du + 7(A = Du)|)(Du + 7(A — Du))) : 7(A — Du) <0,
and since T € [0, 1]
(a(|Dul)Du — a(|Du + 7(A — Du)|)(Du + 7(A — Du))) : (1 = 7)(A = Du) < 0. (4.3)

From (4.2)) and (4.3)), we get for 7 € [0, 1] that
(a(|Du|)Du — a(|Du+ 7(XA = Du)|)(Du + 7(A — Du))) : (A — Du) =0,

ie.,

a(|Dul)Du : (A — Du) = a(|Du + 7(A — Du)|)(Du+ 7(A — Du)) : (A — Du).
By integrating the above equality over [0, 1] and using the fact that

a(|Du+ 17(A — Du)|)(Du+ 7(A — Du)) : (A — Du) = %(Du—{—T()\ — Du)) : (A — Du),
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we obtain
1
b(A) = b(Du) +/ a(|Dul)Du : (A — Du)dr
0
= b(Du) + a(|Du|)Du : (A — Du)
as desired, thus A € K, i.e., suppv, C K,. Now, the convexity of the potential b implies that

b(A) > b(Du) + a(|Du|)Du : (A — Du) for all A\ € M™*™,

=:B(\)

Since the mapping A — b()) is of class C1, for every £ € M™" 7 € R
b(A+T7E) —b(\) _ B(A+71E&) — B(\)

> if 7>0
T T
b(A+T7E) — b(N) < BA+1&) — B(\) £ r<o
T T
Hence Db = DB, i.e.,
a(|A\)A = a(|Dul)Du  for all A € K, D supp v,. (4.4)

The equiintegrability of a(|Dug|) Duy, implies that its weak L!-limit is given by

a(z) = /ana(mm%(x)

a(|Dul) Dudu,(3)

supp Vg

(4.5)
= a(|Du|)Du/ dv,(A) = a(|Dul|)Du.

Supp Vg

=:1

Now, consider the continuous function
g(A) = |a(|]ADX —a(x)

Since a(|Duyg|)Duy, is equiintegrable, then gy (z) := g(Duy) is equiintegrable and its weak L!-limit is
given by

A e M™

)

g —g in LY Q) (4.6)

where

@) = [ JaADA = ata) |

/ la(|Dul) Du — a(x)|dus(N) = 0.

IE]

As a matter of fact, the convergence in (4.6|) is strong since g > 0. Therefore

lim [ a(|Dug|)Duy : Dpdr = / a(|Du|)Du : Depdx Vo € kL>Jka.
Q Q =

k—oo
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Now, for the case (H1), we argue by contradiction and suppose that v, is not a Dirac measure
on a set x € () of positive Lebesgue measure || > 0. We have A = (v,,id) = Du(x) for a.e. x € Q,
thus

~—

/men (A3 2 (A= Ndva(2) = /men (alADF : A= a( [R5 : X)d(
=a(|\)X: / Ay, (N) — a(|A)A X/ dv, ()
Mmxn M

—_—
=\ =1

=0.

By vertue of the strict p(z)-quasimonotone in (H1), we obtain then

/MWna(])\|)>\:)\dux()\)>/ a(|]) - Adws(N).

men

Integrating the above inequality over 2 and using Lemma [3.4], we get

/Q/MWGWW Adv,(A)dz > /Q/mxna(!)\l))\:Xdux(A)dx
Z/Q/Mmma(|)\|)>\:)\dum()\)dx,

which is a contradiction. Therefore v, is a Dirac measure and we can write v, = 0p(,). Then

h(z) = / AdOp(z)(N) = / Adv,(N) = Du(z).
men men
Hence v, = 6pu). By vertue of the Eq. ((2.2)), it follows that Du, — Du in measure and al-
most everywhere. The continuity of the function a implies that a(|Dug|)Duy — a(|Dul)Du almost
everywhere in Q. Since a(|Duy|)Duy is equiintegrable, the Vitali Theorem gives

/ (a(|Dug|) Duy, — a(|Du])Du) :Dodr -0 as k — oo.
Q

The density of Y Wi in Wy (€; R™) implies that u is a weak solution of (T.1)) and the proof of
Theorem [[1]is finished.
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