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Abstract

In this article, we discuss the piecewise polynomial based Galerkin method to approximate the
solutions of second kind Volterra-Hammerstein integral equations. We discuss the convergence of
the approximate solutions to the exact solutions and obtain the orders of convergence O(h") and
O(h*"), respectively, for Galerkin and its iterated Galerkin methods in uniform norm, where h, r
denotes the norm of the partition and smoothness of the kernel, respectively. We also obtain the
superconvergence results for multi-Galerkin and iterated multi-Galerkin methods. We show that
iterated multi-Galerkin method has the order of convergence O(h3") in the uniform norm. Numerical
results are provided to demonstrate the theoretical results.
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1. Introduction

Nonlinear Volterra integral equation of the second kind often occur in Hammerstein form,

u(z) — /Ox Lz, ) (D, u())dd = g(x), 0<x<1, (1.1)

where the functions ¢, g and 1 are known, u is the unknown function to be determined in the
Banach space X. Several problems in engineering, biology, and physics are modeled by these type of
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integral equations . For example, they are models of population dynamics, epidemic diffusion,
reaction-diffusion in small cells, and in general of evolutionary phenomena incorporating memory. In
general, finding the exact solution of the integral equations by analytical methods is very difficult,
and it is usually very useful to find a numerical approximation of the exact solution. There are
many projection methods for enhancing the accuracy of the numerical approximate solution. Several
authors have investigated on the approximate solution of these type of equations (see [2], [3],
[4], [8], [15]). G. N. Elnagar et. al. [7] proposed the Chebyshev spectral method for obtaining the
approximate solution of integral equations of type (1.1)) and they present a numerical experiment,
which verify the convergence, applicability and the accuracy of the Chebyshev spectral method.
K. Maleknejad et. al. [I5] introduced a fixed point method to approximate the solution of integral
equations of type and obtained error bounds for the corresponding approximation. F. Ghoreishi
et. al. [8] proposed a variation of Tau method for the numerical solution of the integral equations
of type based on arbitrary polynomial basis functions and numerical results were provided
using proposed Tau algorithm based on the standard, Legendre and Chebyshev basis functions.
Authors proposed ([12], [13]) a new type of collocation method in certain piecewise-polynomial
spaces to establish superconvergence results for Fredholm-Hammerstein integral equations and in [2],
H. Brunner applied this method to integral equations of type and showed that the convergence
rate of linear collocation solution is of order O(h%*") at the knots, where h, r are the norm of the
partition and smoothness of the kernel, respectively. M. Mandal et. al. ([I7], [20]) proposed the
Galerkin and iterated Galerkin methods to find the approximate solution of the second kind linear
Volterra integral equations and obtained the superconvergence results in the infinity norm. In ([18],
[20]) these results were enhanced to second kind nonlinear Volterra integral equations for obtaining
the same superconvergence results.

In this article, the Galerkin method is applied to solve Volterra-Hammerstein integral equation
(1.1) with a smooth kernel in the piecewise polynomial space of degree at most (m — 1) and obtain
the superconvergence. We will prove that the Galerkin method and iterated Galerkin method has
order of convergence O(h™) and O(h?™), respectively in uniform norm, h is denoted as the norm of
the partition.

In ([6], [9], [11], [14], [16], [22]), multi-projection (multi-Galerkin and multi-collocation) methods
were discussed to solve linear and nonlinear Fredholm integral equations of second kind. In ([17], [18]),
multi-Galerkin and its iterated multi-Galerkin methods were proposed to solve second kind linear and
Volterra-Urysohn integral equations and found the superconvergence results. In this article, we also
discuss the multi-Galerkin method and its iterated multi-Galerkin for Volterra-Hammerstein integral
equations to enhance the order of convergence further. We will show that the presented multi-
Galerkin and its iterated version i.e., the iterated multi-Galerkin methods have order of convergence
O(h*™) and O(h*™) in uniform norm, respectively, under appropriate assumptions on the right hand
side function g, the kernel [(.,.) and the solution u,. We observe that the iterated Galerkin solutions
and multi-Galerkin solutions have the same order of convergence, but the iterated multi-Galerkin
solutions improve over the iterated Galerkin and multi-Galerkin solutions. Our theoretical results
are demonstrated by numerical results.

This paper is organized as follows. In Sec 2, the Galerkin method and iterated Galerkin method
are applied to the equation and study the convergence analysis. In Sec 3, multi-Galerkin method
and iterated multi-Galerkin methods are discussed to obtain the improved convergence results. In
Sec 4, numerical results are provided to demonstrate the theoretical results. We assume that c is a
generic constant, throughout this paper.
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2. Convergence analysis by Galerkin method for Volterra-Hammerstein integral equa-
tions

Let X = L*][0,1]. Let us consider the Volterra-Hammerstein integral equation stated by the
equation (|1.1)).
Consider a transformation 9(.,.) : ([0,1] x [0,1]) — [0, 1], by taking ¥ = z\, (z,\) € ([0,1] x [0, 1]),
the Volterra integral equation transforms

u(z) — /0 0z, 0(x, \)b(0(x, \), u(d(z,\)) dX = g(x), = € [0,1], (2.1)

where £(x,9(z, \)) = xl(x,9(z, \)).
Define

1 ~
(LY)(u)(x) :/0 Oz, Iz, \) (I (x, N),u(d(x,N)))d\, uveX.
Then we can write the above equation in operator form as
u— (Ly)(u) = g. (2:2)

The Fréchet derivative (L) (u) is stated by

1

(LY (w)o(z) = / U, 9 NN (D, A), (D, A)o(D(z, N) dA, v € X,

0

where @V (9(z, A), u(d(z, N))) = Z(I(z, A), u(d(z, \))), the partial derivative of ¢ w.r.t. u.
For any v € C™|[0, 1], denote

[0]lm0e = max{[[v@ |l : 0 < i < m},

where v is the i-th derivative of v. i
In the rest of article, we consider the following assumptions on g, £(.,.) and ¥(., u(.)):

Q) gecmo,1], m> 1.
(ii) g<x719(x> A)) € L*=([0,1] x [0,1]), M = HgHL2 = [f()l ’g(l‘,ﬁ(l’, A))P]% < 0.
(iti) £(z,9(z,\)) € C™([0,1] x [0,1]), m > 1.

(iv) The nonlinear function 1 (¥(x, ), u(¥(x, A))) and the partial derivative 1V (9(x, ), u(I(x, X))
of ¥ w.r.t the second variable exists and both are Lipschitz continuous w.r.t. second variable, i.e.,

(0, A), ua (9(z, X)) = P(0(2, A), ua(9(2, M) < erfur — g,

OV, A), (9, 1)) — OV (, N), s (9, M) < ealun — ]

Let 9@V (9 (x, \),u(d(x,\))) is Lipschitz continuous w.r.t the first and second variables i.e., V
V1,9, ur,us € R, 3 qq,q0 > 0, it follows

OO (0 (2, A), s (9, 1)) — 6D (D, ), ua (9, )] < {qa]r = D] + golur — wal}.
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(V) d= sup [pOV@(,.),uld(..))] < oo
3(.,.)€[0,1]

(vi) We assume that M and ¢, satisfy the condition that Me¢; < 1.
Now for any v € B C L*[0, 1], « € [0, 1], where B is the closed unit ball in L>°[0, 1], consider

(L) (o)1)
/ €<x,ﬂ<x,x>>w<m><ﬁ<x,A>,uo<ﬁ<x,A>>>v<ﬁ<x,A>>dn\

< sup WOD (2, A), w9, 1)) [ / U Ve, A>>|2dn]é [ / |v<z9<ac,A>>|2chJé

I(x,\)€[0,1]

2

<a[ [ i ot 0r] ol

< Md.
This implies [|(£4)' (uo)v]lee = sup [((£2) (uo))v(t)] < Md < oo.
Hence e
(L) (uo)lloo = Sup (L) (u0)v]|00 < Md < o0, (2.3)

The operator S on X be defined by

Sy =g+ (LY)(y), yeX,

then the equation (|1.1)) becomes
u = Su. (2.4)

From the analysis of Theorem 1 of [I0], and using assumptions (ii), (iv) and (vi), it implies that the
equation (2.4), has a unique solution, say ug € X, i.e., ug = Sup. Note that under the assumptions
(i) and (iii), the solution ug € C™0, 1].

Theorem 2.1. Let uy € X be the isolated solution and the kernel £(.,.) € L=([0,1] x [0,1]). Then
the linear integral operator (L) (ug) : X — X is a compact operator.

Proof . The proof follows similar way as in ([18], Theorem 1). O

Next, we discuss the Galerkin method to find the approximate solution of the equation (2.2)).
Let II,, : 0 = tg < t; < ... < t, = 1, be a partition of [0,1] and the norm of the partitions
h =max; h; = {t; —t;_1 : 1 <i <n} — 0, as n — co. Define X,, = Sy, (II,,), the space of all piece-
wise polynomials of degree < r — 1 with v (=1 < v < r — 2) continuous derivatives and breakpoints
at th, -+ o1

Orthogonal projection operator: Let the orthogonal projection P, : L*°[0, 1] — X, be given by

(Pry1,y2) = (Y1 v2) 5 42 € Xpoy1 €X, (2.5)

where (y1, yo) = fy y1(2)ys () da.
Here we state a lemma from Chatelin ([5], Corollary 7.6, p. 328).
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Lemma 2.2. Let P, : X — X, be the orthogonal projection given by . Then

i) 3 a constant P > 0 such that

[Py][oe < P < 0. (2.6)
ii)
IPv — vl = 0, as n — oo, v € X. (2.7)
iii) If v e C™|0,1], then
(I =Pn)vlloe < ch™[0]lm,c0, (2.8)

where ¢ denotes a constant.

The Galerkin method for solving is seeking an approximation u, € X,, such that
Up, — Pp(LY)(uy,) = Ppg. (2.9)
Let S,, be the operator defined by
Sp(v) =P, (LY)(v) + Ppg. (2.10)
Then the equation (2.9)) can be written as
Uy, = Sply,. (2.11)

The iterated approximate solution is defined as

Uy = g+ (LY)(uy). (2.12)
Using P, u,, = u,, the equation (2.12]) can be written as

Letting S, (v) := (L4)(P,v) + g, v € X, the equation (2.13) can be written as @, = S,y

Now the existence and uniqueness of approximation z,, be discussed. We quote a theorem from
[1] and the definition of v-convergence. We will use the well known Theorem 2 of Vainikko [21].

Definition 2.3. (v-convergence) Let S,{S,} € BL(X), then {S,} is said to be v convergent to
S if ||Sull < C (S —S)S|| = 0 and ||(S,, — S)Sull = 0, as n — oo.

Now we prove the following lemma which will help us to prove the existence and order of convergence
of approximate solution w, in Galerkin method.

Lemma 2.4. Let V vy,vy € X, the following estimates hold
1(£9)(01) = (L&) (03)[|oo < Men|[r = va|oc,

1(£9) (01) = (L) (v2) oo < Meaf|vr — v lcc-
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Proof . Using the assumption (iv) and for any vy, v, v3 € X, we obtain

(L) (01) = (Le)(v2))vs] oo
= sup [((L)(v1) — (L) (v2))vs ()]

z€[0,1]

= sup
z€[0,1]

/0 g(x, 19(‘%7 /\))[Qﬂ(ﬁ(l’, /\)7 01(19(115, A))) - 1/)(19(%’, A)) U2(19(ZE, )\)))]03(19(1’, /\)) dA

<e o osup [us((z, )10 2 fvr — va |2
d(z,m)€[0,1]

< Meiflor = v oo 03|
This implies 3
I(£9) (1) = (L) (v2)]loe < Mer|for = v2|co-
Similarly using assumption (iv) for (., .), we have

(L) (1) = (L) (v2) oo < Mea]or — va|oc. (2.14)

This completes the proof. [J

Theorem 2.5. Let ug € C™[0,1], m > 1, be the unique solution of the equation and 1 1s not
an eigenvalue of the operator (L) (ug), which is the the Fréchet derivative of (Li)(u) at ug. Then
for some 6 > 0, the equation has an isolated solution u, € B(ugp,0) = {u : ||lu — ugllec < 0}.

furthermore, 3 a constant 0 < q < 1, ind. of n so that
an a?’l

l+¢q
where o, = ||(T— 8/ (u)) ™ (Sn(uo) — S(uo))||lso- Further, we obtain

S Hun - uOHoo <

1—gq’

[tn — uoll = O(R™).
Proof . Since 8'(ug) = (L) (uo) is compact, using Lemma 2.2 we have
11 = B)S (1) o = (T = B)(£6) (0)]low = 0, as 1 — . (2.15)
Hence using estimate , we have

1S (1) — S' (o) [|oo = IPu(L) (ug) — (LYY (uo)|loo = |I(T = P)(L2) ()|
= [[(I-P,)S (ug)|lo =0 as n — .

Since 1 is not an eigenvalue of 8'(ug), then from [I], 3 A; > 0 so that |[(T— S/ (u)) e < A < 0.
From Lemma , for any u € B(ug, 9),

1S5, (u0) = Sp(w)lloe = IPn(Le) (u0) — Pn(Le)) (u)]loc

< IPollool | (£40) (u0) = (£40)"(w) oo
< J.

PMey|ug — tt]|oe < caPM (2.16)

Hence, we have

sup [T 8 (u0)) "M (Sp(uo) = Sy (w))lloo < A1Pes M3 < g(say).

n
lu—uol|<é
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Choose 0 in such a way that 0 < ¢ < 1. This proves the equation (4.4) of Theorem 2 of [21].
Taking use of estimate (2.7)), we have

1T = S, (o)) ™ (Suluo) — S(uo)) I

As|Sn(uo) — S(uo) [

Ar[[Pn(g + (LY) (o)) — (9 + (L) (u0))lloe

A[[(IT=Pn)(g + (L) (uo0)) 0

A ||(I—Py)uplle = 0 as n — oo. (2.17)

Qn

(VAN VANN VAN VAN

By taking n sufficiently large such that o, < §(1 — ¢), the equation (4.6) of Theorem 2 of [21] is

satisfied, i.e.,
ay, ay,

— Up||oo < :
1+q— ol 1 q
Now using the estimate (2.8)), it follows that

(L= Ba)uolloe < cA (T — By )uolloe = O(H™).

”un - UOHOO =71

Hence the proof follows. [J Next, we discuss the existence and convergence of approximation , in
iterated Galerkin method.

Theorem 2.6. S’ (ug) is v-convergent to S'(ug) in uniform norm.

Proof . Since

Sh(uo) = (L¥) (Pauo)Py = (LY) (Pruo)Py — (L) (uo)Py,

+ (LY) (uo)Pn, (2.18)
we have
IS, (uo)llso = 1(£2) (Prtio)Pullo < (L) (Putio) P — (L1 (1) P o
+ I(£Y) (o)l oo |IPr | o- (2.19)

From estimate (2.7) and Lemma , we have
I(£9) (Pauo) = (£4) (o) o < Mea||(T = Pr)uo]los

— 0, as n — oo. (2.20)
Hence using estimates (2.3)), (2.19) and ([2.20]), we have
134t oo < Weapl|(T — PoYuolloe + PNIA < o0, (2.21)

i.e., | (o)l is uniformly bounded.
Next consider
118 (w0) = S ()}, (10) o
LYY (Bro)Pr — (L) (1)), (t0) oo
E@D) (Potto) P — (L) ()P + (L) (o) B — (L£8) (u0)] S}, (1) | oo
L4) (Pyuio) — (L) ()P, (to) oo + | [(£) (0) (B = TS, (1) | oo N
< NPlloo 157 (10) oo | (£40) (Brio) = (L) (t0) oo + 1(£)' (110) oo | (T = B) S, (10) [ (2.22)
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For the second term of the estimate ([2.22)), using estimate (2.6)), we obtain

(I = Pn)S;, (o) [l

= [|(I = Pn) (LY) (Prtto) Py | oo

< P flooll (X = P ) (L)' (Prtg) oo

< P|(I=Pp)[(L) (Pruo) — (L4) (uo) + (L1) (wo0)][l oo

< P{I(T = Po)[(Le) (Pruo) — (£3) (wo)]lloo + [I(L = P ) (£1)) (uo) lloo }

< P{(1+ [Pullco) 1(L) (Pruo) — (L£10) (uo)lloo + (T = P) (Le)) (uo) o }

< P{(1+ P)[| (L)' (Pruo) — (L) (o) lloo + (T = Pr) (L) (uo) [l oo} (2.23)
Combining the estimates , and , we get
(1= P,)S" () ||oc = 0, 1 — 0. (2.24)
Hence using the uniform boundedness of |5’ (ug)||o, Lemma 2.2/ and estimates , , ,
we obtain

1(Sh (o) — S (wo))Sh(uo) e < MeaPlS)(uo)lcl (T = Pauo
1L (@o)llol (1 = P)S,(u)lloc = 0, a5 1 = oo,

Similarly, it can be proved that
H(gé(uo) - Sl(uo))sl(uo)Hoo — 0, as n — oo.

This proves the v-convergence of S’ (ug) to 8'(ug) in infinity norm.
Hence the proof follows. O Now by applying the Theorem [2.6] we prove the following theorem.

Theorem 2.7. Let uy € X be the unique solution of the equation and 1 1s not an eigenvalue
of the operator (L)) (ug). Then for n large enough, the operator (I — S (ug)) is invertible on X and
there exists a constant L > 0 independent of n such that ||(I — 8! (ug)) |l < L < 00.

Next we discuss the superconvergence result for the iterated Galerkin solution ,, to the exact solution
Ug-

Theorem 2.8. Let uy € X be the unique solution of the equation and 1 1s not an eigenvalue
of the operator (L)' (uo). Let the orthogonal projection P, : X — X, be given by (2.5). Then the
equation has an isolated solution @, € B(ug,d) = {u: ||u— uo|leo <} for n large enough and
some 6 > 0. Moreover, there 3 0 < q < 1, independent of n so that

B B
1+gq 1—q’

< ||ty — uolfoo <

where B, = ||(I = 8! (u0)) ™ (Sn (o) — S(t0))||ses and the following result holds
i, — ol = O(R*™). (2.25)
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Proof . From Theorem [2.7, we have ||(I — S/ (ug)) "} |oe < L < 00.
For any u € B(ug, d) and using estimate (2.6) and Lemma we obtain

187, () = 8, (uo) | oo (L) (Prnu) P, — (L)) (Prtig) Pl oo

< (£9) (Pow) = (£4) (Prtio)[|oo [Pl oo

< ]\?C2||Pn(u_u0)||ooupn”oo

< MP?clu — up|oo

< MP%¢,0. (2.26)

Thus we have

sup |[(I = 8, (uo)) ™ (S, (w) = S,(uo)) lloe < MLP?es6 < q(say).

l[u—uol|<6

Here we take ¢ in such a way that 0 < ¢ < 1. This proves the equation (4.4) of Theorem 2 of [21].
Now using the estimate (2.7)) and Lemma we have

180 (o) = S(uo) oo < (L) (Prttg) — (L) (uo)[low < Men||(T = Py )uooc
— 0, as n— oo. (2.27)
Hence
B = 1T = 83, (u0)) ™ (Su(u0) = S(wo))lloo < LlISn(u0) = S(uo)| oo
— 0, as n— oo. (2.28)

By choosing n large enough such that 5, < 6(1 — g), the equation (4.6) of Theorem 2 of [21] is
satisfied. Hence by applying Theorem 2 of [21], we obtain

Bn
14¢

where 3, = [|(I - 8,(x0)) ™" (Sa(u0) — S(x0))[oc:

Now we consider

Bn
1—¢q’

S Han - uOHoo S

8, 1 o
1 —g¢ 1—_q||<]l_8n(u0)) (Sn(uo) — S(uo))llos
el (T = 8, (10)) ™ oo 10 (t10) — S (u0) o

LI (L) (Pruo) — (£40) (uo) oo (2.29)

Denote f(z,9(z, A), ug(V(z, A)), u(d(z, A)),01) = 0z, Dz, \)POD (D2, N), uo (9, X)) +01 (u—uo) (D, N))),
01 <1 and f.(9(z,N) = (z, (2, \)P OV (I, \), uo(I(x, \))).

IN

Hﬂn - UOHOO <

IA A
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Using the mean-value theorem, we have
[[(£4)(Pruo) — (£4)) (uo)] ()]
1
= /0 Uz, 9, M) [(0(2, A), Pruo(0(z, A))) — ¢(0(, A)), uo(9(x, 1)))] dk‘

1
= /0 Oz, 0, \) YOV (92, A), uo(D(2, X)) + 01(Prug — uo) (9(z, A))) (Ppug — uo) (9, ) d)\’

1
= /0 fla, 9z, A), up(F(x, N)), Prug(F(x, X)), 01)(Prug — ug)(F(xz, X)) dA

1
= /0 [f (@, (2, A), uo (92, A)), Pruo(9(z, X)), 01) — fo(9(2; X)) + fo(0(2, A)](Prug —UO)(ﬁ(w,/\))d/\‘

IN

1
/0 [f (@, 9(2, A), uo(9(z, A)), Prnuo (9(x, X)), 01) — fa (02, M) (Pruo — uo)(9(x, X)) dX

(9, A)(Patg — o) (9, A)) dA| (2.30)

where 0 < 07 < 1.
For the first term of the above estimate (2.30)), we have

1
/ [f (2, 0, A), uo (D, A)), Pruo (9(, A)), 01) — fa(9(x, A))](Prug —UO)(ﬂ(ﬂ«“,/\))d/\’

\/Exﬂ MOV (0(z, A), uo (9, ) + 81 (Pt — 1) (9(z, 1)) — 6OV, A), o (0(, 1))
(Btto — o) (9, A)) AN

t/wxﬁxxn DD, A), w0 (D, A)) + 01 (Baio — 1) (9, ) — 0D (0, A), o (B, A)|

|(Batio — o) (0, A)) | A

<@/ﬁexﬁm [(Poug — o) (9(z, N))[? dA

s@wm%éum%—wwmxm%ﬂé

< Mes||Prug — ug|2s
< MCQHP,—LUO - UOHgO = O(hQT). (2.31)

For the second term of (2.30f), using the orthogonality of the projection P, and estimate (2.8]), we obtain

(9(2, A) (Pruo — uo)(9(x; 1)) dA‘ = [{(fo(0(,.)), (T = Pp)uo(d(z,.)))]

= |<(H_Pn)fm(ﬁ(xw))?(H_PH)UO(’&(%?'))H
< @T-P )foooH(H— ) U0 oo
< ch®™ | £ oo lug™ | (2.32)

Thus using estimates (2.30)), (2.31) and (2.32)), we get

1(£0) (Patio) — (£46) (u0) o0 = ORZ™). (2.33)
Hence from estimates (2.29) and ([2.33]), it follows that

[, — tolloc = O(h*™). (2.34)
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This completes the proof. [J
In this section, we discuss the multi-Galerkin and its iterated version to enhance the convergence
rates obtained in Galerkin method and iterated Galerkin method.

3. Superconvergence results by iterated multi Galerkin method

Here, for solving the equation (|1.1]), the multi-Galerkin (M-Galerkin) method and with its iterated
version (iterated M-Galerkin) are discussed (see [6], [9], [11], [14], [18]) and find the superconvergence
results. The multi-Galerkin operator (£M1)) be defined by

(Ln' ) (u) = Pu(Le) (u) + (L) (Prue) — P (L1)) (Pru). (3.1)

The approximate solution u € X for the equation (2.2)) in M-Galerkin method can be found such
that

uy = (L) (u') = g. (3.2)

Iterated M-Galerkin approximate solution is given by
i, = (LY)(uy') + 9. (3.3)

To solve the equation (3.2)), applying P, and (I — P,) to the equation, we have

Pul = P, (LY)(u) + P,g. (3.4)
(I—=Pn)uy’ = (I—Pn)(LY)(Ppu)) + (I—Py)g. (3.5)
=uM = PauM 4+ (1-P,)(LY)(Pu) + (1-P,)g. (3.6)

Substituting (3.6]) into (3.4),we get

(3.7)
Let
W' =Py,

then we can find WY € X,, from the equation

W, =P (L) (W, + (I = Po) (L) (W) + (I-Py)g) + Pug, (3.8)
and obtain

uy = Wy' + (I=B,) (L) (W) + (I Py)g. (3.9)
Define

F, (v) = v = Po(L8) (v + (I = Py) (L) (v) + (L~ P,)g) — Pog. (3.10)

The Fréchet derivative of F,, is given by
Fo()y =y = Pu(L) (v + (I = Pu) (L) (v) + (I = Pu)g) T+ (I = Pp) (L) (v))y.

Equation (3.10)) is equivalent to
F (er‘f ) =0,
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and it is iteratively solved by applying the Newton-Kantorovich method.
Let LM (v) = (LM4)(v) + g,v € X, then the equation (3.2)) becomes

= Ly (uy").
The Fréchet derivative of £M (u) at ug is a linear operator and is defined as

L (ug) = (L14) (wo) = Pu(Le) (uo) + (&/)) (Prtio)Pr — P (L)' (Prtio) Py
= Pu(Ly) (uo) + (I—Py)(LY) (IP’ uo) P,

Now existence and convergence of the multi-Galerkin approximate solution u}! be discussed.

(3.11)

Theorem 3.1. Let ug € C™[0,1], m > 1, be the unique solution of the equation and 0(.,.) €
C™([0,1] x [0,1]) and 1 is not an eigenvalue of the operator (L) (ug). Then for some 6 > 0, the
equation has an isolated solution u € B(up,d) = {u: ||u — uplleo < 8}. Moreover, there exists

a constant 0 < q < 1, independent of n such that

O

where oy, = ||(T — SM (1)) N (SM (ug) — S(tg))||oo. Further, we obtain
[’ = wolloo = O(R*™).
Proof . Consider

152" (o) = 8" (o)l = [IPal(£4) (o) + (I = Pr) (L) (Pruo) P — (L£8)'(1i0) |
(I = P ) (L)) (Prtio) Py + (P — 1) (£40)' (ui0) [l oo
< I = Po) (L) (Pruo)Py [l + II(]I — o) (£4)' (o) [|oo-

Note that & (ug) = (L)) (Pnug)Py, hence using estimates and -, we have
1T = ) (L)) (Prtto) P[0 = [I(T = Pn)Sqlv,(UO)||oo —0, as n— oo,

and

1L = Pn) (L)) (o) loo = |(T = Pp)S"(u0) loo — 0, as n — oc.
This implies that

||57]LW(U0) — 8 (up)||loe — 0, as n — oo.

(3.12)

(3.13)

Since 1 is not an eigenvalue of S'(ug), i.e., (I —S’(up)) is invertible on X. Then 3 a constant L; > 0

such that ||(I — SM (1)) |es < L1 < 00, for some sufficiently large n.
Using the Lemma and estimate (2.6), for any u € B(ug, d), we obtain
182" (o) = 8™ () o
= [1(La") (uo) = (£3) (w1
= [P (L) (o) + (I —Pn) (L) (P UO) P (L) (u) — (T = Pp) (L) (Ppu) Pl
= [P (L) (uo) — (L)' (w)] + (I — )[(ﬁw) (Pruo)Pr — (L)' (Prw) Pl

< Prllooll (£20) (u0) = (£40) (w)llo + (1 + [Prlloc) 1 [(£2)) (Pruio) — (£10) (Prw) [Pl

< pMea||u — uplloc + cMca||Pp(uo — u)oo || Pnloo
< M (pea + ceap®)|luo — ull
< M (pey + ceap?)s.
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Thus we obtain

sup (1= 8™ (1)) 7S M (uo) — Su™' (1)) l|oo < LiM (pea + ccap?)s < q(say).
lu—uo||<6

Here we choose § in such a way that 0 < ¢ < 1. This proves the estimate (4.4) of Theorem 2 of [21].
Hence using the Lemma and estimate (2.7)), we obtain

(I = 8™ (u0)) (8™ (w0) = S(w0)) oc

L1/ 8a™ (u0) — S(uo0)) o

La[|(T = P ) (L)) (Pruo) — (£4)(u0)) oo

Li(1 + |[Pploo)[[(£40) (Pruo) — (£4)(uo)||oo

cMei Ly ||(Py, — Duglloe = 0 as n — oo. (3.14)

Qn

(VAN VAN VAN VAN

By selecting n sufficiently large so that a,, < §(1 — ¢q), the estimate (4.6) of Theorem 2 of [2I] is satisfied,
ie.,

iqL1||8nM(uO)—8(uO))Hoo < cLa||(£9) (Pruo) — (Lah)(uo)llso
= O(h*™).

=1y

Hence the proof follows. [

Remark 3.2. We can see from Theorem and the iterated Galerkin method 4, and multi-
Galerkin method u converge with the same rate O(h*™). However, using the Theorem we will
find the superconvergence result for the iterated multi-Galerkin method.

Next we discuss the superconvergence results for the iterated multi-Galerkin solution @M.
Theorem 3.3. Let uy € X be the unique solution of the equation and let P, : X — X, be the
orthogonal projection stated by (-) Let the iterated multi-Galerkin approxzmatzon of ug be denoted
by i and defined by (-) Then the following holds

lah = uollow < Cullub —uollZ,

+ (1+ Mip)[[(£9) (o) (T = Bo) |0l [ (L£20) (Prtig) — (£1) (1) |oo (3.15)
where Cy = (co + My Ms). Further, we obtain
Hﬂff — Uplloo = O(h3m). (3.16)

Proof . The proof
a3 = wllao < Chllubl = woll%, + (1 4+ Mip)[[(£4) (1t0)(T = Pu)loo | (£00) (Prio) — (£20) (1) 63.17)

can be done easily following the same steps as in Lemma 5 of [I§].
Now using orthogonality of P, and the estimate (2.8, we have

(L) (uo)(I = Po)o(x)| = /0 Uz, 9, ) P (O (@, 1), uo(O(w, 1)) (T = Po)o(9(x, 7)) dn

(2,
< [ =Pn) fa (), (T=Py)o())|
< = Po) fallooI(T = Pa)vlloc < ch™ 1™ lloo [V,
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where f,(0(x,1)) = £(z, 9 (x, 7))V (I(z,n), uo(I(z,n))).
This implies

1(£9) (o) (T = P loo < ch™ (| £ - (3.18)
Again from estimate (2.33]), we have

1(£)(Pruo) — (L) (uo) [l = O(R*™). (3.19)
Combining the estimates (3.17), (3.18), (3.19) and Theorem [3.1} we obtain

|2 = uolloe = O(R™" ™3™y = O(RP™). (3.20)

This completes the proof. [1

Remark 3.4. From Theorems and the iterated multi-Galerkin method converges with
the order O(h*™) and the Galerkin and iterated-Galerkin methods converge with the order O(h™)
and O(h*™), respectively. Hence we can show that iterated multi-Galerkin solutions improve over the
Galerkin and its iterated version.

4. Numerical results

In this sec., numerical results are presented. For that let X,, be the subspace of the piecewise
polynomials functions. We present the errors of the approximate and iterated approximate solutions
of Galerkin and M-Galerkin methods in uniform norm. In Tables [I] and 3 the errors and conver-
gence rates in Galerkin and iterated Galerkin methods are presented. The errors and convergence
rate in M-Galerkin and iterated M-Galerkin methods are given in Tables [ and [} We denote the
Galerkin, iterated Galerkin, multi-Galerkin and iterated multi-Galerkin solutions by t,, ,, v and
aM | respectively. Also we denote ||u — tp|eo = O(hY), ||u — Unllee = O(RY), |u — uM | = O(h°),
= @ oo = O(h).

The uniform partition of [0, 1] be:

O=xp <1 <12 <..<x,=1

where x; = 7%, 1=0,1,2,...,n.

We select the approximating subspaces of dimension n, i.e., the space of piecewise constant functions
(m = 1), . Then for m = 1, the expected orders of convergence are a = 1, b =2, ¢ = 2 and d = 3,
which are deliberated in the Tables [1-4] of Example 1 and Example 2, given below.

Example 4.1. Consider the following Volterra integral equation of second kind
ule) = [ w000, u(0) 49 = g(a), @ € [0.1),
0

with the kernel function ((x,9) = 1, nonlinear function (9, u(9)) = [u(9)]?® and the function g(x) =

e” — 26 4 3 and the analytical solution is given by u(x) = €”.

The transformed equation is
u(z) — /0 0z, 9, ) (9, N), u(d(x, N)) dr = g(x), = € [0,1],

where 0(z,0(x, \)) = x and Y(I(z,\), u(d(z,\)) = [ulzn)]®, =, X e0,1].
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Table 1: Galerkin and iterated Galerkin methods

Hu_unHoo a Hu_anHoo b
1.76931256598 <10~ | - [ 4.125966812 x10~3
1.002369854125x10~" | 0.83 | 1.158036954x1073 | 2.14
5.254899664572x 1072 | 0.87 | 2.002548966x10~* | 1.86
3.005693884114x 1072 | 0.98 | 6.256365481x10° | 1.98
1.158964785540x 1072 | 0.99 | 2.012584566x107° | 1.81
7.014586544012x1072 | 1.01 | 5.482369401x1076 | 1.84
128 | 1.125896654701x1072 | 1.06 | 1.124582142x1076 | 1.88

TE R 00

Table 2: multi-Galerkin and iterated multi-Galerkin methods

[T c lu = @ oo d
2.102250124512x10° | - | 3.122003665401x 10 * | -

4.947896522301x10~* | 2.00 | 2.992589645541x107° | 3.26
1.112596874012x10~* | 2.16 | 3.812025563341x 1075 | 2.85
3.001452635848x 107> | 1.99 | 5.123365489564x 107 | 3.04
7.035642187012x 1075 | 2.03 | 5.825698844544x 1078 | 3.00
64 | 2.023689544778x107¢ | 2.02 | 7.145589665044x 1072 | 3.05

wW =
B o @ N3

Example 4.2. Consider the following Volterra integral equation of second kind
ulw) = [ U 0)6(0,u(9))d0 = g(z), = € 0,1,
0

with the kernel function ((x,9) = —1, the nonlinear fuction ¥ (9, u(9)) = [u(9)]?, g(z) =z + %; and
its analytical solution is given by u(x) = .
The transformed equation is

u(zx) — /0 g(m,ﬁ(z, MY (x, N), u(d(x, N)))d\ = g(x), = € [0,1],

where 0(z,9(x, \)) = —22X and Y(I(z, \), u(D(z,\))) = [u(@\)]?, =, € [0,1].

From the tables, it is clear that the approximate solutions in iterated Galerkin method gives better
convergence rates than the approximate solutions in Galerkin method and also the iterated multi-
Galerkin method gives better convergence rates than Galerkin and iterated Galerkin methods. Note
that the size of the system of nonlinear equations need to be solved, remains the same as in Galerkin
method.
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