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In the present study, natural convection heat transfer of non-Newtonian power-law fluid 

inside a two-dimensional enclosure with variable aspect ratio with heat 

absorption/generation is investigated by using the lattice Boltzmann method (LBM). The 

magnetic field is applied to the enclosure in uniform and periodic forms. The vertical wall and 

curved walls of the enclosure are at constant hot and cold temperature, respectively. The 

present work is validated with previous studies and the accuracy of the results is ensured. 

The effect of the Hartmann number, non-Newtonian power-law index, heat 

absorption/generation coefficient, aspect ratio and the type of magnetic field applied on the 

nature of flow and heat transfer are studied. The results show that increasing the non-

Newtonian power-law index, Hartmann number and the heat absorption/generation 

coefficient reduce the Nusselt number. By increasing the heat generation/absorption 

coefficient, aspect ratio and decreasing the non-Newtonian power index, the effect of the 

magnetic field increases. Applying a magnetic field periodically compared to a uniform form 

leads to an increase of in Nusselt number and flow strength that this effect is greatest for 

shear thinning fluid and negligible for shear thickening fluid. Increase of Hartmann number 

and heat absorption/generation coefficient simultaneous leads to further decrease of average 

Nusselt number. This study could pave the way for the optimal design of industrial thermal 

equipment. 
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1. Introduction 

In recent decades, extensive efforts have been made to 

build high-efficiency heat exchange equipment in order to 

save on the consumption of raw materials and energy, as 

well as for environmental and economic issues [1]. The 

main goal is to reduce the size of the equipment for a given 

thermal load and increase the heat exchange capacity. If 
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the principles of heat transfer methods and the design of 

high-level heat transfer devices are well known, it will be 

possible to increase energy savings and reduce 

environmental pollution [2, 3]. Natural convection is one 

of the mechanisms of heat transfer and occurs when a 

volumetric force is applied to it by creating a density 

difference due to the temperature gradient in the fluid [4]. 
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The increasing growth of heat transfer study under the 

influence of the magnetic field inside closed enclosures 

has received much attention due to its high application. 

The characteristic of all these researched is that the fluid 

experiences the Lorentz force. This force affects the 

buoyancy flow field and heat transfer [5-7]. Among the 

Applications of this type of  issue that magnetic field is 

applied, can be mention casting, metallurgy and cooling 

industries of electronic equipment that are installed 

horizontally and vertically on the walls of the enclosure 

containing electronic circuits, and the cavity may be 

located at different angles to the earth's surface [8]. The 

passage of electric current through a circuit and the 

corresponding parts produces a magnetic field. The 

generated magnetic field affects the current field and heat 

transfer. Numerous studies in this field have been done 

numerically, laboratory and analytical [9-11]. Ma et al. 

[12] examined the MHD natural convection of nanofluid 

in a U-shaped enclosure and showed that decreasing the 

velocity due to increasing the Hartmann number leads to 

decrease average Nusselt number, especially near the 

walls. 

Heat generation/absorption plays a very important role 

in various phenomena such as nuclear energy and 

combustion modeling. One of the methods used by 

researchers to enhance the thermal performance of energy 

systems is the influence of a magnetic field by heat 

generation/absorption [13]. These studies include the 

study of Jami et al. [14], Maleki et al. [15] and 

Selimefendigil and Oztop [16]. Mliki et al. [17] 

investigated the natural convection heat transfer under the 

influence of a magnetic field inside a square cavity with a 

wall with a linear temperature distribution and heat 

generation/absorption. The results showed that increasing 

the strength of the magnetic field reduces the heat transfer 

and velocity rate and the changes in heat 

generation/absorption coefficient has a noticeable effect 

on flow characteristics and heat transfers Increasing the 

heat absorption /generation coefficient increases the 

maximum value of the stream function. 

Advances in technology and the need to install 

electronic components in confined spaces have made the 

issue of natural convection heat transfer in formable (non-

square) enclosures important and necessary [18]. In most 

recent studies, square and rectangular cavities have 

become more common for a variety of reasons, including 

the simplicity of the computational field. Shaped 

enclosures are used in microchannels, the casting industry, 

and the placement of an electronic component in unwanted 

spaces [19]. Formed cavities are used in microchannels, 

the casting industry, and the placement of an electronic 

component in unwanted spaces [20-22]. 

Most studies on heat transfer within cavities with 

different geometries have been based on Newtonian fluid 

and the effect of different parameters on the behavior of 

non-Newtonian fluid has not been studied much. Most of 

the fluid behavior used in the mechanical and chemical 

industries is non-Newtonian. Non-Newtonian fluid flows 

have been used in many natural and industrial applications, 

including the transmission lines of industrial products, 

polymer processes, and many biological applications, such 

as blood flow in the body [23-25]. Unlike non-Newtonian 

fluids, Newtonian fluids do not have viscosity changes 

with pressure changes. Viscosity in a Newtonian fluid 

depends only on temperature and pressure and does not 

depend on the force applied to it. But in non-Newtonian 

fluids, the amount of fluid viscosity depends on the force 

applied to that fluid. For Newtonian fluids, the relationship 

between shear stress and strain rate is linear, but in non-

Newtonian fluids, this relationship is nonlinear, and in this 

type of fluid, the time of applied of stress is effective on 

the amount of stress obtained. [26, 27]. Raisi [28] 

investigated the effect of a pair of barriers on natural 

convection of non-Newtonian fluid in a square cavity and 

concluded that as the non-Newtonian fluid power index 

decreases, the apparent viscosity increases and 

consequently the convection effects increase within the 

cavity. Aghakhani et al. [29] researched the MHD natural 

convection non-Newtonian fluid with the power-law 

model inside the C-shaped cavity with a ratio of different 

dimensions. The results of their study showed that 

increasing the strength of the magnetic field, aspect ratio 

of the cavity and the power index lead to a reduction in the 

effects of natural convection and heat transfer. 

In the last decade, lattice Boltzmann method has grown 

significantly in fluid flow analysis and computational fluid 

dynamics. The advantage of this method compared to 

other conventional methods is the ease of application of 

boundary conditions, simpler calculations and parallelism, 

which is widely used to solve problems with complex 

geometry [30-32]. Zhang et al. [33] studied the MHD 

natural convection heat transfer and entropy generation of 

non-Newtonian fluid by LBM in the L-shaped cavity. The 

results stated that increasing the Hartmann number and the 

non-Newtonian power index lead to a decrease in heat 

transfer rate. 

By reading previous articles, it can be seen that most 

researched have been about the effect of uniform magnetic 

field on convection flows and few studies have been done 

on the effect of periodic magnetic field on fluid flows. 

Mehryan et al. [34] analyzed heat transfer and entropy 

generation in a square cavity in the presence of a periodic 

magnetic field. The results showed that whenever a 

periodic magnetic field is applied, the heat transfer and 

flow strength are higher compared to uniform applied. 

Izadi et al. [35] numerically investigated the natural 

convection of nanofluid inside a porous square cavity 

under the influence of a periodic magnetic field. The 

results showed that the angle of applied of the periodic 

magnetic field has a significant effect on the rate of heat 

transfer and flow field. 

Based on previous studies, it has been observed that so 

far, no studies have been conducted on the present subject, 

the simultaneous use of non-Newtonian fluid with power 

law model, heat absorption/generation and periodic 

magnetic field especially in this geometry with lattice 
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Boltzmann method. In the present work, two distribution 

functions are used to solve the flow field and temperature. 

The results are compared with previous studies. The 

results are presented in the form of contours, tables and 

graphs. In the present work, the effect of parameters 

affecting the nature of flow and heat transfer is 

investigated. 

 

2. Definition of considered model 

The geometry of problem, which is a two-dimensional 

enclosure containing non-Newtonian fluid, is shown in 

Figure 1. The magnetic field is applied both uniform and 

non-uniform forms from left to right and perpendicular to 

gravity. The curved wall of the enclosure has a cold 

temperature and is considered according to Equation (1). 

𝑥 =
𝐷

2
(1 − 𝑐𝑜𝑠

2𝜋𝑦

𝐻
) (1) 

The vertical wall of the enclosure is at a hot 

temperature. The aspect ratio of the enclosure is defined 

as: AR=D⁄H. 

In this enclosure there is uniform heat 

absorption/generation to the power of  Q. The term used to 

describe the magnetic field is given in equation (2), in 

which Bo is the amplitude and κ is the number of 

oscillating waves. 

𝐵 =
𝐵𝑜

2
(1 − 𝑐𝑜𝑠

2𝜅𝜋𝑦

𝐻
) (2) 

The effect of parameters such as non-Newtonian fluid 

power index (0.8, 1 and 1.2), Hartmann number (0, 30, 60), 

heat absorption/generation coefficient (-10, 0 and +10), 

aspect ratio of the enclosure (0.5, 1, and 1.5) and the type 

of applied magnetic field (uniform and periodic) on the 

flow and heat transfer within this especially geometry is 

the main cause of the present study. In the present work, 

the Rayleigh number is 105. All borders are impenetrable 

and there is no slip on the surfaces. The studied flow is 

laminar, non-Newtonian, two-dimensional, steady and 

incompressible, using the Boussinesq approximation. The 

heat transfer of radiation, loss of viscosity and heat transfer 

due to the presence of a magnetic field are neglected [14]. 

Due to the fact that in real and industrial applications, 

fluids with high Prandtl number are used, in the present 

work, Prandtl number 100 is considered [29]. 

 

 

 

 

 

 

 

 

 

 

 
Figure 1. Schematic figure of the present study 

3. Equations and numerical model 

In order to present the results and analyze the problem, 

the dimensionless parameters used are presented in 

equation (3). 

𝑋 =
𝑥

𝐻
, 𝑌 =

𝑦

𝐻
,            𝑈 =

𝑢𝐻

(
𝛼

𝐿
) 𝑅𝑎0.5

, 

𝑉 =
𝑣𝐻

(
𝛼

𝐿
) 𝑅𝑎0.5

,            𝜃 =
𝑇 − 𝑇𝑐

𝑇ℎ − 𝑇𝑐

, 

𝐻𝑎 = 𝐵𝐻√
𝜎

𝜇𝑎

,          𝑅𝑎 =
𝜌𝛽𝑔(𝑇ℎ − 𝑇𝑐)𝐻3

𝜇𝑎𝛼
, 

𝑃𝑟 =
𝜇𝑎

𝜌𝛼
,                    𝛼 =

𝑘

𝜌𝐶𝑝

, 

𝑃 =
𝑝

𝜌 (
𝛼

𝐻
)

2

𝑅𝑎
,        𝑞 =

𝑄𝐻2

𝜌𝐶𝑝𝛼
 

(3) 

The governing equations used are in the form of 

Equations (4) – (7) [29]. 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0 (4) 

U
∂U

∂X
+ V

∂U

∂Y
= −

∂P

∂X
+

Pr

√Ra
(

∂𝜏Xx

∂X
+

∂𝜏XY

∂Y
)

−
PrHa2

√Ra
U

 (5) 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

1

𝜌

𝜕𝑃

𝜕𝑌
+

𝑃𝑟

√𝑅𝑎
(

𝜕𝜏𝑋𝑋

𝜕𝑋
+

𝜕𝜏𝑋𝑌

𝜕𝑌
) 

                              + 𝑃𝑟𝜃 

(6) 

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

1

√𝑅𝑎
(

𝜕2𝜃

𝜕𝑋2
+

𝜕2𝜃

𝜕𝑌2
) + 𝑞 (7) 

 

The stress tensor for a power law non-Newtonian fluid 

is in the form of relation (8) [36]. 

𝜏𝑖𝑗 = 𝜇𝑎 (
𝜕𝑈𝑖

𝜕𝑋𝑗

+
𝜕𝑉𝑗

𝜕𝑌𝑖

) (8) 

 

where µa is the apparent viscosity of the non-

Newtonian fluid which is given as [37]: 

𝜇𝑎 = 

𝐾 {2 [(
𝜕𝑈

𝜕𝑋
)

2

+ (
𝜕𝑉

𝜕𝑌
)

2

] + (
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
)

2

}

(𝑛−1)

2

 
(9) 

 

where n and K are the index of power-law model and 

consistency, respectively. n=1, n<1 and n>1 represent 

Newtonian fluid, shear thinning fluids and shear 

thickening fluids respectively. 
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Figure 2. Lattice arrangement for D2Q9 

In this study, the lattice Boltzmann method is used for 

simulation. For both flow and temperature field the D2Q9 

lattice arrangment is used and figure 2 shows a view of this 

type of lattice. Two distribution functions fi and hi are used 

to calculate the flow field density and the temperature field 

respectively.  

The details and form of this grid arrangement and its 

advantages are mentioned in various references [38-40]. 

The algorithm of solving problem in lattice Boltzmann 

method is shown in figure 3. The macroscopic quantities 

are obtained as follows [36-38]: 

𝑇(𝑥, 𝑡) = ∑ ℎ𝑖(𝑥, 𝑡)

8

𝑖=0

 (10) 

𝜌(𝑥, 𝑡) = ∑ 𝑓𝑖(𝑥, 𝑡)

8

𝑖=0

 (11) 

 𝜌𝑢(𝑥, 𝑡) = ∑ 𝑓𝑖(𝑥, 𝑡)𝑒𝑖

8

𝑖=0

 (12) 

The evolution equations are [38-40]: 

𝑓𝑖(𝑥 + 𝑒𝑖 , 𝑡 + 1) = 

𝑓𝑖(𝑥, 𝑡) −
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞
(𝒙, 𝑡)]

𝜏1

+ 𝐹𝑖 

(13) 

𝐹𝑖 = 3𝜌𝜔𝑖 [𝛽𝒈(𝑇 − 0.5) −
𝐻𝑎2𝜇𝑎

𝐻2
𝑣] (14) 

ℎ𝑖(𝒙 + 𝑒𝑖 , 𝑡 + 1) = 

ℎ𝑖(𝒙, 𝑡) −
[ℎ𝑖(𝒙, 𝑡) − ℎ𝑖

𝑒𝑞(𝒙, 𝑡)]

𝜏2

+ 

𝑄

𝜌𝐶𝑝

(𝑇 − 𝑇𝑐) 

(15) 

where Fi is the effect of buoyancy and magnetic force in 

the form of a source term in Eqs. (13). 

The equilibrium distribution functions are given as 

below: 

𝑓𝑖
𝑒𝑞

= 

𝜔𝑖 (1 + 3𝑒𝑖 ⋅ 𝑢 +
9

2
(𝑒𝑖 ⋅ 𝑢)2 −

3

2
𝑢 ⋅ 𝑢) 

(16) 

ℎ𝑖
𝑒𝑞

= 𝜔𝑖𝑇(1 + 3𝑒𝑖 ⋅ 𝑢) (17) 

The local relaxation time τ can be calculated as below: 

𝜂 =
𝜌

3
(𝜏1 − 0.5), 𝛼 =

𝜌

3
(𝜏2 − 0.5) (18) 

where τ1 and τ2 are independent relaxation parameters for 

flow and temperature field respectively. The power-law 

rheological model defined by the equations (19) is a 

generalization of the Newtonian model, and describe with 

more accuracy the variation of viscosity  with shear rate 

γ than the other rheological model and used to shear 

thinning and shear thickening fluids. 

𝜂 = 𝜂0𝛾(𝑛−1) = 𝜂0(𝑆𝑎𝛽𝑆𝑎𝛽)
(𝑛−1)/2

 (19) 

Sαβ can be calculated locally at each node in the LBM as 

below: 

𝑆𝛼𝛽 = −
3

2𝜌𝜏1

∑  

8

𝑖=0

𝑓𝑖
(1)

𝑒𝑖𝛼𝑒𝑖𝛽 (20) 

where fi
(1) terms are calculated from the non-equilibrium 

part of the distribution function which is usually measured 

during collision and τ can be calculated from the local 

viscosity. 

In the presented relations, e represents the microscopic 

velocity distribution of particles in the lattice directions 

and is presented in Equation (21) [38-40]. 

𝑒0 = 0 

(21) 

𝒆𝑖 = [𝑐𝑜𝑠 (
(𝑖 − 1)𝜋

2
) . 𝑠𝑖𝑛 (

(𝑖 − 1)𝜋

2
)] 

for 𝑖 = 1 − 4 

𝑒𝑖 = √2 . 

[(𝑐𝑜𝑠 (
(𝑖 − 5)𝜋

2
+

𝜋

4
) . 𝑠𝑖𝑛 (

(𝑖 − 5)𝜋

2
+

𝜋

4
)] 

for 𝑖 = 5 − 8 

The weighting factors is presented in Equation (22). 

𝜔0 =
4

9
 

(22) 𝜔𝑖 =
1

9
         for  𝑖 = 1 − 4 

 𝜔𝑖 =
1

36
     for  𝑖 = 5 − 8 
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The bounce back model has been used to model the 

smooth walls [40] .For example, for the left vertical wall 

of the cavity, for the boundary conditions of velocity and 

temperature are defined as equations (23) and (24). 

𝑓1 = 𝑓3. 𝑓5 = 𝑓8. 𝑓8 = 𝑓6 (23) 

ℎ1 = 𝑇ℎ(𝜔1 + 𝜔3) − ℎ3 

ℎ5 = 𝑇ℎ(𝜔5 + 𝜔7) − ℎ7 

ℎ8 = 𝑇ℎ(𝜔8 + 𝜔6) − ℎ6 

(24) 

To calculate the velocity and temperature on curved 

boundaries, methods applied by Nemati et al. [39] have 

been used. Figure 4 shows the curved boundary and their 

grid arrangement. In this method, out of the nodes in the 

solid boundary area, only nodes enter the computational 

domain adjacent to the curved boundary. These nodes are 

marked with the subtitle b. The intersection of the 

network's eighty directions with the curved boundary with 

the subtitle w is shown. The first and second nodes in each 

of the mentioned directions within the computational area 

are also denoted by the subtitles f and ff, respectively. In 

this method, after the collision step, the density and energy 

distribution functions for the nodes adjacent to the 

boundary within the domain are calculated using the 

extrapolation and with the temperature conditions and 

curve boundary velocity. For the streaming step, the 

calculated distribution functions in the solid boundary 

nodes are transferred to the nodes within the solution 

domain. The extrapolation will be from the first or second 

order, depending on the intersection of the curved 

boundary and the grid network directions. For this 

purpose, the parameter Δ is defined in the form Δ =

|xf − xw|/|xf − xb| to be used to calculate density and 

energy distribution functions.  

To have a measure of the amount of heat transfer, the 

average Nusselt number is given locally and average on 

the hot wall of the enclosure in Equations (25) and (26). 

It should also be noted that the convergence criterion in 

the present work is considered as equation (27) that b and 

b+1 represent the old and new time phases and N and M 

represent the number of nodes in the x and y directions, 

respectively. The parameter Γ stands for U, V or θ. 

𝑁𝑢𝑌 =
𝑄convection 

𝑄codection 

= − (
𝜕𝜃

𝜕𝑋
)

𝑋=0
 (25) 

𝑁𝑢 =
1

𝐻
∫  

1

0

− (
𝜕𝜃

𝜕𝑋
)

𝑋=0
𝑑𝑌 (26) 

𝜒 =
∑  𝑁

𝑖=1 ∑  𝑀
𝑗=1 |𝛤𝑏+1 − 𝛤𝑏|

∑  𝑁
𝑖=1 ∑  𝑀

𝑗=1 |𝛤𝑏|
≤ 10−6 (27) 

 

Figure 3. Algorithm of the LBM 

 

 

Figure 4. The boundary of the curved wall and the nodes 

 

4. Grid independence study and validations 

In order to find a suitable mesh grid that leads to the 

independence of the results from the enclosure mesh size, 

the Nusselt number on average on the vertical and hot wall 

of the enclosure and maximum value of streamlines 

(shown in table with MVS) in two non-Newtonian power 

index (n=0.8, 1.2) for different grid sizes has been 

obtained and provided in table 1. Also figure 5 shows the 

horizontal velocity for different values of mesh size. 

According to table 1 and figure 5, it was observed that by 

selecting mesh size 100×100, it is possible to ensure that 

the results are not as dependent as the computational 

network.  
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In order to validate the written code, the present work 

is compared with the reference [29] for Ra=105 and Ha=20 

in figure 6. The natural convection of a power law non 

newtonian fluid in a C-shaped cavity which were 

numerically investigated. In order to check the numerical 

method and ensure the performance of natural convection 

heat transfer simulation by the present code under the 

influence of a magnetic field, the present numerical code 

has been validated with the published study of reference 

[41] for the same cavity which is given in table 2 for 

Ra=105. Also, to verify the code written in the face of the 

curved boundary, the present work is compared with the 

reference [42] and presented in figure 7. As can be seen, 

the results of the present work show an acceptable 

consistency and the correctness of the written code can be 

ensured. 

 

5. Results and discussion 

Due to the validation of the computer program and 

ensuring the accuracy of the results, the results of the 

simulations are presented and expressed in this section. 

According to figure 8 that shows the effect of 

increasing the power index and magnetic field strength on 

isotherms. It is observed that in all values of Hartmann 

number, with increasing power index, due to increasing 

the apparent viscosity of the fluid, the scattering of 

isothermal lines inside the enclosure decreases 

significantly. Increasing the power index reduces the 

curvature of the lines, which indicates a decrease in 

convection within the enclosure. The parallelism of 

isothermal lines at n=1.2 indicates the predominance of 

thermal conductivity. 

At all values of the power index, with increasing 

Hartmann number, the curvature of the lines decreases and 

the convection effects decrease. Because in this case the 

Lorentz force, the resistive force of the fluid flow, 

increases and leads to a decrease in flow velocity. This 

effect decreases with increasing power index. Because in 

this case, the effects of thermal conductivity are dominant. 

The decrease in fluid velocity with increasing power index 

and Hartmann number is clearly shown in figure 9. It can 

be seen that the effect of the magnetic field decreases 

significantly with increasing power index. It is observed 

that increasing the power index from 0.8 to 1.2 caused 

reduces the maximum velocity about 85%. According to 

figure 10, it can be seen that increasing the Hartmann 

number reduces the curvature of the temperature profile, 

which indicates that the thermal conductivity dominant 

over the convection, and this effect is very small at n =1.2. 

Because in the case of a shear thickening fluids, the 

conduction is the dominant heat transfer phenomenon and 

the effect of the magnetic field is negligible. Figure 11 

shows that As the Hartmann number and fluid power index 

increase, the average Nusselt number decreases. The effect 

of increasing the Hartmann number on reducing the 

average Nusselt number in the shear thinning fluid state is 

greatest. Because in this case, convection has the highest 

effect on heat transfer. Increasing the Hartmann number 

from zero to 60, decreases the average Nusselt number by 

21, 15, and 3 percent for shear thinning fluid, Newtonian 

fluid, and shear thickening fluid respectively. Figure 12 

shows the effect of the type of magnetic field applied on 

streamlines and isotherms. In all cases, the fluid heats up 

near the vertical wall and moves upwards, and after 

colliding with the cold wall, moves downwards, causing 

clockwise vortices inside the enclosure. 

It can be seen that the non-uniform applied of the 

magnetic field in addition to changes the shape of the 

streamlines, the strength of the vorticities also changes. 

When a non-uniform magnetic field is applied, the Lorentz 

force gradient decreases along the vertical axis, which 

increases the protection strength inside the enclosure. The 

strength of the vortex formed at κ=2 is about twice that of 

a  uniform applied magnetic field .Applying periodic 

magnetic field  also causes the isothermal lines to become 

wavy, which causes the lines to be compressed in some 

areas, which increases the average Nusselt number. 

 

Figure 5. Effect of number of mesh size on the horizontal 
velocity at Ha=30, κ=1, q=0, n=0.8 

 

 

 

 

 

 

 

 

 

 

Figure 6. Comparison of the average Nusselt numbers of 
present code against Aghakhani et al. [29] 
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Table 1. Average Nusselt number and maximum value of streamlines (MVS) at AR=1, Ha=30, κ=1 and q =0. 

n Mesh size 60×60 80×80 100×100 120×120 140×140 

n=0.8 

Nu 13.825 14.345 14.683 14.852 14.865 

Error (%) - 3.764 2.325 1.151 0.085 

|MVS| 0.144 0.153 0.161 0.163 0.163 

n=1.2 

Nu 13.601 13.883 14.059 14.061 14.061 

Error (%) - 2.073 1.267 0.015 0 

|MVS| 0.012 0.013 0.014 0.014 0.014 

 

Table 2. Comparison of the average Nusselt numbers between the present work and Sathiyamoorthy and 
 Chamkha [41] at Ra=105 

Ha Present work Sathiyamoorthy and Chamkha [41] Percentage of difference 

0 13.051 13.182 0.98 

50 12.489 12.75 2.04 

100 11.919 12.23 2.55 

 

 

 
Figure 7. Comparison of isothermal lines for Ra=105 between numerical study by Shahriari and 

 ashorynejad [42] (Left) and the present work (Right) 

 
 n=0.8 n=1 n=1.2 

Ha=0 

   

Ha=30 

   

Ha=60 

   
Figure 8. Isotherms for various power law indexes and Hartmann numbers at AR=1, κ=1 and q=0 
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n=0.8 

 

n=1 

 

n=1.2 

Figure 9. Horizontal velocity in X=0.25 for various power law indexes and Hartmann numbers at AR=1, κ=1 and q=0 
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n=0.8 n=1.2 

  

Figure 10. Dimensionless temperature in Y=0.5 for various power law indexes and Hartmann numbers at AR=1, κ=1 and q=0 

 

 

Figure 11. Average Nusselt numbers for various power law indexes and Hartmann number at AR=1, κ=1 and q=0 

 

 

Uniform 

  

κ=2 

 

  

Figure 12. Streamlines and isotherms for uniform magnetic and periodic (κ=2) magnetic field at AR=1, n=1 and q=0 
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Figure 13. Horizontal velocity in X=0.25 for various types 

of magnetic field applied at AR=1, Ha=30 and q=0 

 

According to figure 13, the velocity of the fluid inside 

the enclosure is a function of the type of magnetic field 

applied and the maximum velocity is related to the two 

oscillating waves of the magnetic field. Applying a 

magnetic field with two oscillating waves caused increases 

38% of the maximum velocity.  

According to table 3, the periodic magnetic field will 

have a higher Nusselt number compared to the uniform 

which this effect is negligible for the shear thickening 

fluid.  

Figure 14 shows streamlines and isotherms for different 

values of power index and heat absorption/generation 

coefficient. According to the figure 14, in all values of the 

power index, with increasing q, the flow strength inside 

the enclosure increases and for n =1.2 a single vortex is 

broken into two vortices.  

A stronger vortex forms vicinity the hot wall while a 

weaker vortex forms near the cold wall. In the case of heat 

absorption (q =-10), because the temperature of the fluid 

is much lower than the wall, the isothermal lines are not 

wide in the enclosure and are dense in the vicinity of the 

hot wall. However, in the case of heat generation (q =+10), 

the scattering of isotherms in the enclosure increases and 

as the temperature of the fluid inside the enclosure 

increases, the density of isotherms near the hot wall 

decreases, which reduces the Nusselt number. 

This effect is more obvious in the case of shear thinning  

 

 

fluid and insignificant for shear thickening fluid. The 

highest temperature of the fluid inside the enclosure is seen 

in the heat generation mode and for the shear thinning 

fluid. 

According to figure 15, with increasing the heat 

absorption/generation coefficient, the temperature of the 

fluid in the enclosure increases and this effect decreases 

with increasing the power index, and this effect is 

negligible in the shear thickening fluid. Because in this 

case, conduction heat transfer is dominant. 

Figure 16 shows that in all values of the power index, 

increasing the heat absorption/generation coefficient 

reduces the average Nusselt number, which for shear 

thinning fluid, Newtonian fluid and shear thickening fluid 

is about 74, 45 and 28 percent, respectively. Because 

increasing the power index increases the apparent 

viscosity and leads to the dominant of thermal 

conductivity. 

Figure 17 shows that with increasing the power index, 

strength of the fluid flow inside the enclosure decrease 

because of the apparent viscosity increases which this 

effect increases with increasing the aspect ratio of the 

enclosure. Because with increasing the aspect ratio, the 

moving space of the fluid increases and the convection 

power increases.  

Increasing the flow flow strength by reducing the 

apparent viscosity causes the flow lines to stretch along the 

enclosure and cover a larger area of the enclosure. At AR 

=0.5, due to the small moving space of the fluid flow, in 

the shear thicking fluid state, a low-strength secondary 

vortex does not form inside the enclosure. For AR=1.5, a 

counterclockwise secondary vortex is formed near the cold 

wall. It is also observed that the effect of increasing the 

power index on isothermal lines is more obvious for the 

aspect ratio of 1.5.  

According to table 4, increasing the Hartmann number 

leads to a decrease in maximum flow lines, which 

increases with increasing the aspect ratio of the enclosure. 

According to the table 4, it can be seen that increasing the 

power index from 0.8 to 1.2 causes a decrease of 93, 84 

and 61 percent of the maximum flow lines for Hartmann 

numbers 0, 30 and 60, respectively. Because with 

increasing the power index increases the apparent 

viscosity and reduces the velocity of the fluid. The 

negative values in the table indicate that the vortices 

formed are clockwise. 
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Table 3. Average nusselt numbers for various types of magnetic field applied, Hartmann numbers and  
power law indexes at AR=1and q=0 

n=1.2 n=1 n=0.8  

κ=2 κ=1 Uniform κ=2 κ=1 Uniform κ=2 κ=1 Uniform  

14.101 14.059 14.001 14.874 14.061 13.709 15.457 14.638 14.052 Ha=30 

13.887 13.887 13.885 13.438 12.981 12.721 13.304 12.709 12.262 Ha=60 

 

Figure 14. Streamlines and isotherms for various power law indexes and heat absorption/generation coefficient 

 at Ha=0 and AR=1 

n=1.2 n=1 n=0.8  

   

q=-10 

   

   
q=10 
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n=0.8 

 

n=1 

 

n=1.2 

 

Figure 15. Dimensionless temperature in Y=0.5 for various 
heat absorption/generation coefficient and power law 

indexes at Ha=0 and AR=1 

 

 

Figure 16. Average Nusselt numbers for various power law 
indexes and heat absorption/generation  

coefficient at Ha=0 and AR=1 

 

According to table 4, increasing the Hartmann number 

leads to a decrease in maximum flow lines, which 

increases with increasing the aspect ratio of the enclosure.  

According to the table 4, it can be seen that increasing 

the power index from 0.8 to 1.2 causes a decrease of 93, 

84 and 61 percent of the maximum flow lines for 

Hartmann numbers 0, 30 and 60, respectively. Because 

with increasing the power index increases the apparent 

viscosity and reduces the velocity of the fluid. The 

negative values in the table indicate that the vortices 

formed are clockwise. 

According to figure 18, increasing the Hartmann 

number in all three aspect ratios reduces the average 

Nusselt number, and this effect increases with increasing 

aspect ratio. Because with increasing the aspect ratio, the 

motion space of the fluid and the convection effects 

increase, which can be obtained by comparing the slope of 

the diagrams. 

 According to table 18 in all values of the Hartmann 

number, decreasing the aspect ratio increases the average 

Nusselt number. Because by reducing the aspect ratio, the 

cold walls of the enclosure become closer to the hot wall 

and the rate of heat transfer increases. 
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n=1.2 n=1 n=0.8 
 

   

AR=0.5 

   

   

AR=1.5 

   

Figure 17. Streamlines and isotherms for various power law indexes and aspect ratio at Ha=0 and q=0 

 

Table 4. Maximum value of streamlines (MVS) for various Hartmann numbers, power law indexes and 
 aspect ratio at κ=0 and q=0 

n=1.2 n=1 n=0.8  

AR=1.5 AR=1 AR=0.5 AR=1.5 AR=1 AR=0.5 AR=1.5 AR=1 AR=0.5  

-0.017 -0.015 -0.011 -0.092 -0.084 -0.046 -0.262 -0.211 -0.055 Ha=0 

-0.015 -0.014 -0.009 -0.068 -0.063 -0.037 -0.163 -0.148 -0.044 Ha=30 

-0.014 -0.013 -0.009 -0.034 -0.041 -0.029 -0.076 -0.085 -0.031 Ha=60 
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Figure 18. Average Nusselt numbers for various Hartmann 

numbers and aspect ratio at n=1 and q=0  

in uniform magnetic field 

 

Figure 19. Average nusselt numbers for various 

Hartmann numbers and aspect ratio  

at Ha=0 and q=0  

 

Figure 20. Average nusselt numbers for various heat 

absorption/generation coefficient and Hartmann numbers at 

n=0.8 and AR=1 in uniform magnetic field 

 

Figure 19 shows that the effect of increasing the power 

index on reducing the average Nusselt number increases 

with increasing the aspect ratio of the enclosure. By 

increasing the power index from 8 to 12, the average 

Nusselt number decreases by about 23, 33 and 44% for the 

aspect ratio of 5, 1 and 15, respectively. According to 

figure 20, with increasing Hartmann number, the effect of 

decreasing the average Nusselt number increases with 

increasing heat absorption /generation coefficient. 

Because in this case, both factors reduce amount of heat 

transfer (magnetic field and heat generation). Because 

these two parameters strengthen each other in further 

reducing the rate of heat transfer. 

Conclusions 

In the present study, the effect of magnetic field and 

heat absorption/generation coefficient on the natural 

convection of non-Newtonian fluid in a two dimensional 

enclosure with variable aspect ratio is investigated by the 

lattice Boltzmann method. The simulation was performed 

by writing computer code in Fortran language. The results 

were compared and validated with previous studies and the 

accuracy of the results was ensured. The effect of 

Hartmann number, heat absorption/ generation coefficient, 

non-Newtonian power index, aspect ratio of the enclosure 

and type of magnetic field applied is investigated. The 

most important results can be summarized as follows: 

1- Increasing the Hartmann number reduces the power of 

fluid flow in the enclosure and the heat transfer due 

to reduce velocity. This effect decreases with 

increasing power index and decreasing the aspect 

ratio of the enclosure. On average, increasing the 

Hartmann number from zero to 60 reduces the 

average Nusselt number by about 20%. 

2- Increasing the power index due to increasing the 

apparent viscosity of the fluid reduces the average 

Nusselt number and flow strength, which increases 

with increasing the aspect ratio of the enclosure and 

heat absorption/generation coefficient. 

3- Increasing the aspect ratio of the enclosure increases the 

flow strength by about 45% and decreases the 

average Nusselt number by about 25%. 

4- Periodically applying a magnetic field increse the flow 

strength by 40% and the average Nusselt number by 

about 10%. The effect of applying the periodic 

magnetic field, decreases with increasing power 

index. 

5- Increasing heat absorption/generation coefficient 

reduces the average Nusselt number and increases 

the flow power. Simultaneous increase in the 

Hartmann number and heat absorption/generation 

coefficient results in a lower average Nusselt 

number. 
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Nomenclature 

AR Aspect ratio 

B Magnetic field strength 

Cp Heat capacity 

D Length of the enclosure 

ei Discrete particle speeds 

f Density distribution functions 

feq 
Equilibrium density distribution 
functions 

F External forces 

g Acceleration due to gravity 

h 
Internal energy distribution 
functions 

heq Equilibrium internal energy 
distribution functions 

H Height of the enclosure 

Ha Hartmann number 

n Non-Newtonian power index 

Nu Nusselt number 

P Pressure 

Pr Prandtl number 

q 
Heat generation/absorption 
coefficient 

Ra Rayleigh number 

T Temperature 

u(u,v) Velocities 

x(x,y) Cartesian coordinates 

Greek symbols 

α Thermal diffusivity 

κ Number of oscillating waves 

τ Shear stress 

τ 1 Relaxtion time for flow 

τ 2 Relaxtion time for temperature 

ρ Density 

μa Apparent viscosity 

θ Dimensionless temperature 

ω Weighting factor 

Subscripts 

c Cold 

h Hot 

i Discrete lattice direction 
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