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A-distances; an application to fixed point theory
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Abstract

In this paper, we introduce a new space which is a generalization of function weighted metric space
introduced by Jleli and Samet [On a new generalization of metric spaces, J. Fixed Point Theory
Appl. 2018, 20:128] where namely function weighted G-metric space. Also, a Hausdorff A-distance
is introduced in these spaces. Then several fixed point results for both single-valued and multi-
valued mappings in such spaces are proved. We also construct some examples for the validity of the
given results and present an application to the existence of a solution of the Volterra-type integral
equation.
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1. Introduction and preliminaries

In the last century, nonlinear functional analysis has experienced many advances. One of these
improvements is the introduction of various metric spaces and is the proof of fixed point results in
these spaces along with its applications in engineering science. One of these spaces is G-metric space
introduced by Mustafa [I3]. This is a generalization of metric spaces in which every triple of elements
is assigned to a non-negative real number. Another of these spaces is function weighted metric spaces
defined by Jleli and Samet [9].
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Definition 1.1. [2, [9] Let g : (0,4+00) — R be a function such that for every sequence {b,} C
(0, +00) we have lim b, = 0 if and only if lim g(b,) = —oc. This function is called logarithmic-like
n—00 n—00

and is called a non-decreasing function if for all u,v € (0,+00) where u < v we have g(u) < g(v).

It the sequel, the set of all functions that are non-decreasing and logarithmic-like is denoted by F.
In 2019, some of researchers such as: Alqahtani et al. [2], Aydi et al. [3] and Bera et al. [4] discussed
on the structure of this space and on the fixed points of mappings satisfying in various contractive
conditions.

Definition 1.2. [§] Let:n: X x X — [0,400) be a mapping and there exist a g € F and a constant
B € [0,400) such that

nl) n(z,y) =0 =y forall z,y € X;

n2) n(z,y) =nly,z) for all z,y € X;
n3) for all (x,y) € X x X and for each N € N with N > 2, we have

N-1

n(@,y) > 0= g(n < 9> n(vi,viq1)) + B
=1

for all (v))N¥, € X with (vi,vy) = (z,y).

Then, the function n is named as a function weighted metric or an F-metric on X, and the pair
(X,n) is called a function weighted metric space or a F-metric space.

On the other hands, Bhaskar and Lakshmikantham [5] defined the concept of coupled fixed point
and presented some coupled fixed point results for a mixed monotone mapping in partially ordered
matric spaces. Also, they studied the existence and uniqueness of a solution to a periodic boundary
value problem. For more details on coupled, tripled and n-tupled fixed point theorems, we refer to
[6], 7, 8, 10} 12] 14].

Definition 1.3. [1,[11] An element (z,y) € X? is called a coupled coincidence point of two mappings
h:X? = Xandr: X — X if h(z,y) = rx and h(y,z) = ry. Also, an element (z,y) € X? is
called a common fized point of a mapping h : X*> — X andr : X — X if h(z,y) = rx = x and

h(y,x) =ry =y.
Note that if r is the identity mapping, then (z,y) is called a coupled fixed point of h [5].

Definition 1.4. [I1] Let X be a nonempty set. For two given mappings h: X? — X andr : X —
X, h and 7 is said to be commutative if h(rxz,ry) = r(h(x,y)) for all z,y € X.

In this paper, we introduced the generalization of both G-metric spaces and function weighted
metric spaces, namely, function weighted G-metric space. Also, we define a Hausdorff A-distance in
these spaces. Then, we introduce some common fixed point results in such spaces and prove them.
For this goal, this paper is organized as follows. In the next section, we define a function weighted
G-metric space and introduce the definition of convergent in this space. Then we prove a common
fixed point theorem and a common coupled fixed point result in this space. In Section 3, we introduce
a Hausdorff A-distance and obtain a coincidence point results for multi-valued mappings concerning
this distance. In the final section, an application of these results considered for the existence of
solution of a Volterra-type integral equation.
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2. Function weighted G-metric space and fixed point theory
Let’s start by introducing the following space.

Definition 2.1. Let A : X X X x X — [0,400) be a given mapping. Suppose that there exist a
f € F and a constant C' € [0, +00) such that

A1) A(z,y,2)=0iff e =y =2z for all z,y,z € X;

A2) Alz,y,z) = Aly,z,2) =--- forall x,y,z € X;

A3) 0 < Az, z,y) for all x,y € X with x # y;

AJ) Alz,z,y) < Az, y, 2) for all z,y,z € X with z # y;

A5) For all (z,y,2z) € X x X x X and for each N € N with N > 2, we have

=z

—1
A(xa Y, Z) > 0= f(A(.CC, Y, Z)) < f( A(ui*% Ui—1, U’Z'*l) + A(ui*b Ui,y ui+1)) +C

1

Il
w

for each (w;)X, C X with (uy,uy_1,un) = (z,9,2).
Then, the function A is said to be a function weighted generalized metric or an FG-metric on X,

and the pair (X, A) is said to be a function weighted generalized metric space or an FG-metric space.

Example 2.2. Let X be a set of all real number and f(t) = In(t) be a non-decreasing function. Then,
for all distinct z,y,z € X, for every N € N with N > 3, for each (u;)X, C X with (uy,un_1,un) =
(x,y, 2), and every G-metric on X, we have

N-1

G(ZL‘, Y, 2) > 0= 1H(G(‘T7 Y, 2)) < IH(Z G(ui—Qa Uj—1, U’i—l) + G(ui—la Ui, ui+1))'

=3

since G(x,y,z) < Zf\;l G(wi—g, wi—1,ui—1) + G(ui—1,u;, uir1). Here, we take C' = 0. Thus, (X, Q)
s an FG-metric space.

Definition 2.3. Let (X, A) be an FG-metric space. A subset O of X is said to be open if for every
x € O, there is some r > 0 such that B(xz,r) C O, where

B(z,r)={y € X : A(z,y,y) <r}.
We say that a subset C' of X s closed if X — C' is open.
Now, we consider the definition of convergence, Cauchy and completeness of an FG-metric space.

Definition 2.4. Let (X, A) be an FG-metric space and {z,} be a sequence of points of X.

1. {x,} is called convergent sequence if there exist x € X such that

lim A(z, zp,z,) = 0.
n—o0o

2. {z,} is called A-Cauchy if for every € > 0, there is a N € N such that A(xy,, Ty, x;) < € for
all n,m,l > N; that is, if A(xy,, T, x;) — 0, as n,m,l — 0.
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3. (X,A) is said to be A-complete (or complete A-metric space) if every A-Cauchy sequence in
(X, A) is convergent in X .

Theorem 2.5. Let (X,A) be a complete function weighted G-metric space. Also, r,H : X — X be
two arbitrary mappings such that H,r are commutative, H(X) C r(X), and r(X) is closed. Suppose
that there exists k € (0,1) such that

A(Hz,Hy,Hz) < kA(rz,ry,rz) (2.1)
forall z,y,z € X. Then H and r have a unique common fized point in X .

Proof . Since H(X) C r(X), we can choose a point x; € X such that Hzy = rz; for a given 2y € X.
We construct a sequence z,, in X such that y, = Hx,, = rz, 1 for n =0,1,---. First, observe that
H and r possess a unique coincidence point. Indeed, suppose on the contrary that u,v € X is two
distinct coincidence points of H and r. Thus, A(u,u,v) > 0, r(u) = H(u) and r(v) = H(v). Then,
from [2.1], we have

A(u,u,v) = A(Hu, Hu, Hv) < kA(ru, ru, ) = kA(u, u,v) < A(u,u,v),

which is a contradiction.
Suppose (f,C) € F x [0,400) so that (Ab) is fulfilled. For a given € > 0 and on account of (A5),
there exists v > 0 such that

O<t<~y= f(t) < fle)=C. (2.2)

Consider the sequence {y,} C X. Now, without loss of generality, we assume that A(Hxo, Hxo, Hx1) >
0. Otherwise, z; will be a coincidence point of H and r. By [2.1} we obtain

A(Hxy, Hrp, Hrph) < EA(ran, 1@, 7on41)
= kA(Hz,_1,Hzx, 1, Hzy)

S kQA(T’SEnfl, TTp—1, T:Cn)a
which implies by induction that
A(H.fn, Hxn, H$n+1) S knA(HlTo, Hl‘o, H.fCl)

for all n € N. Hence, for all m,n € N with m > n, we have

m—1
fn
Z A(H%Z, HQ?Z‘, H.’L’prl) S 1_ kA(H.TQ, H.CL’(), Hl‘l)
Since
: k"
lim

n—oo —

kA(H.To, HSL’(], HIL’l) = 0,

there exists some N € N such that 0 < %A(Ha:o, Hzxg, Hxy) < 7 for all n > N. Hence, by and
(A1), we have

m—1 kn
f(z A(Hzi, Hri, Hriy)) < f(l _

i=n

A(Hzo, Hro, Hx1)) < f(e) — C (2.3)
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for m >n > N. Employing (A5) together with [2.3| we find if A(Hz,, Hz,,, Hx,,) > 0, then

m—1

f(A(Hay, Hay, Hay)) < fO A(Hay, Hag, Hegp)) + C < f(e)

which implies by (A1) that A(Hx,,, Hz,,, Hz,,) < €. This proves that {y,} = {Hz,} is Cauchy. Since
{Hz,} = {rx,.1} C r(X) and r(X) is closed, there exists z € X such that lim A(rz,,rz,,rz) =

n,m—00
0. As a next step, we shall indicate that z is a coincidence point of H and r. On the contrary, assume

that A(Hz, Hz,rz) > 0. Then we have

f(A(Hz,Hz,rz)) < f(A(Hz,Hz,Hzx,)+ A(Hzy, Hx,yr2)) + C
< fkA(rz,rz,re,) + A(rep, ren,rz)) + C.

As n — oo in the inequality above, we obtain

lim f(kA(rz,rz,rz,) + A(re, 1, rxa41,72)) + C = —00,

n—oo

which is a contradiction. Hence, A(Hz, Hz,rz) = 0; that is, z is a unique coincidence point of
H and r. Therefore, r and H have a unique point of coincidence w = rz = Hz. By commutativity
of H and r, we have rw = r(rz) = rH(z) = Hr(z) = Hw. This implies that rw is another point of
coincidence of » and H. By uniqueness of point of coincidence of r and H, we have w = rw = Hw;
that is » and H have a unique common fixed point. This completes the proof. [J

In the sequel, denote for simplicity X x --- x X by X", where X’ is a non-empty set and n € N.

Lemma 2.6. Let (X, A) be an FG-metric space. Then the following assertions hold:

1. (X™,D) is an FG-metric space with

D(('Ilv e 7xn)a (yh e 7?/71)7 (Zlv Ty Zn)) = maX[A(x17ylvzl)a
A(x%y% Z2)7 Tty A<xn7 Yn, Zn)]

2. The mapping h : X" — X and r : X — X have a n-tuple common fized point if and only if the
mapping H : X" — X" and R : X" — X" defined by

H(x17x27”'7xn) = <h<xlax27'”7xn)7h<x27"'7xn7x1)7"'7h(xn7x17'”7xn71))
and
R(xhx% e 7xn) = (7’1’1,7’1’2, e ,T’.’En)

have a common fixed point in X".

3. (X,A) is complete if and only if (X", D) is complete.
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Proof . 1. Clearly, D satisfies in (Al)-(A4). We show that D satisfies in (A5). For every (u; ;) C X
for 1 <i< N and 1 <j <n, consider (u;1,uin_1,uin) = (Z1,Yn_1,2N_1). Suppose that

A(IE], Yj, zj) = maX[A(xh Y1, Zl)a A<m2a Yo, 22)7 Ty A(x’ru Yn, Zn)]
Then, we have

N—

Fi(A @5, 952)) < 50 Alwimag, i wirg) + Aluiogg, wg, winyy)) + C,

=3

—_

where f; € F and C; € [0, +00). Therefore, we obtain

).
fj<D((x17 Ly ’x'ﬂ>’ (yh Yo, 7y'n)7 (Zh 225000, Zn)))
= fJ'(maX[A('rla Y, Zl)a A(xZ: Y2, 22)7 T 7A(xm Yn, Zn)])
= [i(A(zj, 95, %))

N-1

< SO0 Aisag i1 gy uiorg) + A, uig, vi ) + Cy)

i=3
N-1

< fj(z D((wi2,1,Ui—2,2," s Ui—gmn)s (Wim1,1, Uio12, 7 Uim1 )y (Win1,1, U125+ 5 Uim1n))
i=3

+D((ui71,1, Uj—1,2, """ >ui71,n)> (Ui,h Ui2y " 7ui,n)7 (Ui+1,17 Uit1,25 " 7ui+1,n))) + Cj-

The proof of 2. and 3. are straightforward and left to the reader. [

Note that the Lemma [2.6]is a two-way relationship. Thus, we can obtain n-tuple fixed point results
from fixed point theorems and conversely. Now, set n = 2 in Lemma 2.6, Then we have the following
theorem.

Theorem 2.7. Let (X,A) be a complete function weighted G-metric spaces. Also, let r : X — X
and H : X? — X be two mappings such that H,r are commutative, H(X?) C r(X) and r(X) is
closed. Suppose that there exists k € (0,1) such that

A(H(x,y), H(u,v), H(w, z)) < g(A(Tx,ru,rw) + A(ry,rv,rz)) (2.4)

for all (z,y), (uv), (w, z) € X%. Then H and r have a unique common coupled fized point in X x X.
Proof . Let us define D : X2 x X2 x X? -+ X by

D((z1,22), (Y1, Y2), (21, 22)) = max[A(z1, Y1, 21), A(22, Y2, 22)],

H X% = X% by H(z,y) = (H(x,y),H(y,z)) and R : X? — X? by R(z,y) = (rz,ry). Using
Lemma , (X2,D) is a complete FG-metric space. Also, (z,y) € X? is a common coupled fixed
point of H and r if and only if it is a common fixed point of H and R. On the other hands, from
2.4] we have either

D(H(z,y), H(u,v), H(w, z))
max[A(H (z,y), H(u,v), H(w, 2)), A(H(y, z), H(v, u), H(z, w))]
= A(H(az, y)? H(U, U)? H(w> Z))

g(A(m', ru, rw) + A(ry, rv,rz))

IN

IN

kmax[A(rz, ru, rw), Alry, rv, rz)]
= kD(R(z,y),R(u,v), R(w, 2))
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or

D(H(x,y), H(u,v), H(w, 2))
= D((H(z,y), H(y,x)), (H(u,v), H(v,u)), (H(w,z), H(z,w)))
max[A(H(x,y), H(u,v), H(w, 2)), A(H(y, x), H(v,u), H(z,w))]
A(H(y,x), H(v,u), H(z,w))

g(A(ry, rv,rz) + A(rz, ru, rw))

kmax[A(ry, rv,rz), A(rz, ru, rw)]

kED(R(y,x), R(v,u), R(z,w)).

Now, by Theorem 2.5, H and R have a common fixed point and by Lemma H and r have a
common coupled fixed point. [J

IN

IN

Example 2.8. Let X =[0,1]. Define A: X x X x X — [0,00) by
Az, y,2) =z —y|+ [z — 2|+ |y — 2|

for all x,y,z € X. Then A is a complete FG-metric with f(t) = Ln(t) and C = 0. Consider
H:X> s Xandr: X — X by

H(z,y) = 1Y and r(z) = 2.

2 2
Clearly, H and r are commutative. Also, we have
x oy u v x oy woz
A(H H H = =+ —(=+-= —+Z—(=+4+=
Hz+5-(G+3)
2 2 2 2
1
= §(|x+y—(u+fu)\+\az+y—(w+z)\

+Hu+v—(w+2)|)

1 1
< §A(m;,ru,rw) + §A(7"y,frv, rz).

Therefore, by letting k = %, all the hypothesis of Theorem are satisfied. Thus, H and r have a

unique common coupled fized point in X X X.

3. Hausdorff A-distance and fixed point results
First, we introduce the following definition.

Definition 3.1. Let (X, A) be an FG-metric space and C B(X') be the family of all nonempty closed
bounded subsets of X. We say H(-,-,-) is a Hausdorff A-distance on CB(X), if

Ha(A, B,C) = max{sup A(z, B,C),sup A(z,C, A),sup A(x, A, B)},

€A r€B zeC
where
A(Iv B7C) = dA(xv B) + dA(Bvc) + dA(x7C)a
da(z, B) = inf{da(x,y),y € B},
dA(A, B) = inf{dA(a,b),a € A,b € B}
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Definition 3.2. [1]] Let X be a nonempty set. Assume that g: X — X and T : X — CB(X). If
w = gr € Tx for some x € X, then z is called a coincidence point of g and T" and w is a point of
coincidence of g and T

Theorem 3.3. Let (X,A) be a complete FG-metric space. Also, let g : X — X and T : X —
CB(&X) be two function T(X) C g(X), g(X) is closed and g is continuous. Assume that there exists
k € (0,1) such that

HA(Tz, Ty, Tz) < kA(gz, gy, 92) (3.1)
forall z,y,z € X. Then T and g have coincidence point in X.

Proof . Since T'(X) C g(&X'), we can choose a point 1 € X such that gz, € Txy. We shall construct
a sequence z, in X such that gz, € Tz, forn =0,1,---. Suppose (f,C) € F x [0, +00) so that
(A5) is fulfilled. For a given € > 0 and on account of (Ab), there exists v > 0 such that

O<t<y= f(t) < fle)=C. (3.2)

Consider the sequence {gx,} C X. Now, without loss of generality, assume that Ha(T'zo, Txo, Tx1) >
0. Otherwise, x; will be a coincidence point of T" and ¢g. Now, from we have

HA(Txp, Txy, Txp)

kA(gxna gTn, gxn+1>
kHA(Txn_l, T.’L’n_1, Ta:n)

k2A(g$n_17 gTp—1, gl’n),

A(9$n+17 9T+, ga:n+2)

(VAN VAN VAR VAN

which implies that A(gx,, 9zn, gz,) < k"A(Txg, Tz, Tx1) for all n € N. Now, let m,n € N with
m > n. Then we have

m—1

Z A(gzi, gzi, gTivr) <

=n

n

1—k

A(Ql'o; 9o, 9331)-

On the other hand, since lim,,_,, llf_—nkA(gxo, gTo, gr1) = 0, there exists N € N such that
1—k
for n > N. Hence, by [3.2] and (A1), we have

m—1

i=n

for all m > n > N. Employing (A5) together with , we obtain

0< A(gzo, gro, gr1) <

n

1—k

A(gzo, gro, g1)) < f(€) = C (3:3)

m—1

A(g$n>gxnagxm) >0= f(A(g$n7gxnagxm)) < f(z A(gxi>gxivg$i+1)) +C< f(e)a

=n

which implies by (A1) that A(gx,, g2, gTm) < €. This proves that {gz,} is Cauchy. Since X is a
complete FG-metric space and g(X) is closed, there exists z € X’ such that lim gz, = gz. Now, we

n—oo
claim that g € Tz. For this, from .1 we have

A(9xpi1, Tz, Tx) < HA(T(x,), Tz, Tz) < kA(gr,, g7, g7).
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Thus,

lim A(gzpi1, Tx, Tx) = A(gz, Tx, Tx) = 0.

n—o0
Hence, gz € Tx; that is, T and ¢ have a point of coincidence. [

Example 3.4. Let X = [0,1], T : X — CB(X) and g : X — X be defined by Tx = [0, 1zx] and
gr =+/z. Define A: X x X x X — [0,00) by

A, y, 2) = max{|z —y|, [z — 2|, [y — 2[}.

Then A is an complete FG-metric with f(t) = Ln(t) and C = 0. Clearly, T(X) C g(X) and g(X)
1s closed. If v =y =2=0, then

HA(Tz, Ty, Tz) = 0 < kA(gz, gy, g2).-

Thus, we may assume that x,y and z are not all zero. Without loss of the generality, assume that
x<y<z Then

HA(Te, Ty, T2) = Ha((0, 721,10, 501,10, 552)

1 1 1
= max[ sup A( [0 _y] [07_2])7 sup A(ba [0,—2],[0,—.T]),
0<a< ka 16 1 0<b< Ly 16 16
1
Alc, [0, —x], [0, —y])].
Ogsgiz (e, [0, 7521, 10, 76D

Since r <y < z, so [0 C [0, 75y] C [0, £2]. This implies that

116

(0, 552} [0, 55 = da(0, 501, 0, 12)) = da((0, 55, [0, 562 = 0.

For each 0 < q <3 m we have

Aa, o, %m, 0, 5571) = da@ [0, 55 + ds((0, 550, 552]) + dale, [0, 52]) = 0.

1
Also, for each 0 < b < {5y, we have

157 ©

1 1 1 1 1 1
A [0, 3521, 0,552 = da(b,10, 550]) + da (0. 150l da(a, 0, 502]) + da (b [0, 73]
_ {o, b< 3
2035, b>1%
This yields that
1 1 Yy T
A(b, [0, —z],]0, —=z]) = = — —.
o<ii%y (0,10, 7521 [0: g2 = 5 — 3
Moreover, for each0<c< 164, we have
A, 0,750l 10, 200]) = da(e,[0. 5ca]) + da (0, 7o), da(a, [0, Su])) + dae, 0, )
B T Tk L T2 Al 1 Al 15 167 A& a6Y
0, c< X

- —16
= 2¢ — ’ SCS 16

8
_z_y
de— 5 — %, 02
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This yields that

1 z Yy
sup A(Ca[()? x]a[oa_y])_ _____
0<e< s 16 16 4 8 8
We deduce that
Ha(Tw, Ty, T2) = -2Vl Ldi g
ARE I LR = T Ty = T T g
1l z—=x 1
< S _

On the other hand, it is obvious that all other hypotheses of Theorem [3.5 are satisfied and so g and
T have a unique common fixed point.

4. An application to a Volterra integral equations

As an application of our results, we consider the following Volterra integral equation:

:/0 K(t,s,x(s))ds + v(t), (4.1)

where t € I =[0,1], K € C(I x I x R,R) and v € C(I,R).
Let C(I,R) be the Banach space of all real continuous functions defined on I with norm ||z||s =
max |z(t)| for all x € C(I,R) and C(I x I x C(I,R),R) be the space of all continuous functions
S

defined on I x I x C(I,R). Alternatively, the Banach space C'(I,R) can be endowed with Bielecki
norm ||z||p = sup,e{|z(t)|e”} for all z € C(I,R) and 7 > 0, and the induced metric Ag(z,y, z) =
|z —ylls + ||z — zlls + |ly — z||s for all z,y,z € C(I,R). Also, define T : C(I,R) — C(I,R) by

Tx(t) = /OtK(t,s7x(s))ds +o(t), veC((,R).

Theorem 4.1. Let (C(I,R), AB) be a complete .Fg metric space by f(t) = Ln ( ), T: C(I,R) —
C(I,R) be a operator with Tx(t fo (t,s,2(s))ds + v(t) and rx = I(x). Assume that K €
C(I x I x R,R) is an operator such that

(i) K is continuous;
(i1) fo -) for allt,s € I is increasing;
(i1i) there exists T > 0 such that
K (t,s,2(s)) = K(t,5,y(5))| < e 7|z(s) —y(s)l
for all x,y € C(I,R) and t,s € I.

Then, the Volterra-type integral equation has a solution in C(I,R).
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Proof . By definition of T', we have
t t
Ba(Ta Ty T2 = | [ K(t.salo)ds — [ K(t.s(s)ds]
0 0
t t
+|y/ K(t, s, (s))ds —/ K(t,s, 2(s))ds] s
Dt Ot
Hwim@mmw—/kw@dmwm
0 0

= stg)ﬂ i K(t,s,x(s))ds—/o K(t,s,y(s))ds| e ™}
+Stl£{| i K(t,s,x(s))ds—/o K(t,s,2(s))ds| e ™}
+Stl§){| i K(t,s,y(s))ds—/o K(t,s, z(s))ds| e ™}

< sup{ [ |K(t,s,x(s)) — K(t,s,y(s))|e”™ ds}
tel 0
t
+sup{ [ |K(t,s,2(s)) — K(t,s,2(s))]e”™ ds}
tel 0
t
+sup{ [ [K(t,s,y(s)) — K(t,5,2(s))]e”™ ds}
tel 0
t t
< sup{ [ e |z(s) —y(s)|le” ™" ds} +sup{ [ e T|x(s) — 2(s)|le” ™" ds}
tel 0 tel 0
t
+sup{ [ e [y(s) — z(s)|e”™" ds}
tel 0
t
< mx—mm+wx—4m+wy—4m@gg/ef%}
0

< e TAg(z,y, 2).

Now, we consider that the function f(¢) = In(¢) for each t € I, C' = 0 and k = e~ 7. Therefore,
all conditions of Theorem [2.5] are satisfied. Consequently, Theorem [2.5] ensures the existence of fixed
point of T that this fixed point is the solution of the integral equation. [J
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