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Abstract

In this paper, we develop the notion of (¢, F')-contraction mappings introduced in [49] in b-metric
spaces. To achieve this, we introduce the notion of generalized multi-valued (v, S, F')-contraction
type I mapping with respect to generalized dynamic process D(S, T, xg), generalized multi-valued
(1, S, F')-contraction type II mapping with respect to generalized dynamic process D(S, T, x¢), and
establish common fixed point results for these classes of mappings in complete b-metric spaces. As
an application, we obtain the existence of solutions of dynamic programming and integral equations.
The results presented in this paper extends and complements some related results in the literature.
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1. Introduction and Preliminaries

The theory of fixed point plays an important role in nonlinear functional analysis and is known to
be very useful in establishing the existence and uniqueness theorems for nonlinear differential and
integral equations. Banach [12] in 1922 proved the well celebrated Banach contraction principle in
the frame work of metric spaces. The importance of the Banach contraction principle cannot be over
emphasized in the study of fixed point theory and its applications. Due to its importance and fruitful
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applications, many authors have generalized this result by considering classes of nonlinear mappings
which are more general than contraction mappings and in other classical and important spaces (see
[7, 26], 27, 28] 29, 37, B8, 41, 51] and the references therein). Also, over the years, several authors
have developed several iterative schemes for solving fixed point problem for different operators in
Hilbert, Banach, Hadamard and p-uniformly convex metric spaces, (see [II, 2, 3, [4, 5], 211, 23], 30}, B32]
33, 34, 135, 146, [47] and the references therein). For example, Berinde [15], [16] introduced and studied
a class of contractive mappings, which is defined as follows:

Definition 1.1. Let (X,d) be a metric space. A mapping T : X — X is said to be a generalized
almost contraction if there exist § € [0,1) and L > 0 such that

d(Tz,Ty) < éd(z,y) + Lmin{d(z, Tx),d(y, Ty),d(z, Ty),d(y, Tx)},
for all z,y € X.

Furthermore, in 2008, Suzuki [44] introduced a class of mappings satisfying condition (C'), known
as Suzuki-type generalized nonexpansive mapping and he proved some fixed point theorems for this
class of mappings.

Definition 1.2. Let (X, d) be a metric space. A mapping T : X — X is said to satisfy condition
(C) if for all x,y € X,

%d(x, Tx) < d(z,y) = d(Tz, Ty) < d(z,y).

Theorem 1.3. Let (X, d) be a compact metric space and T : X — X be a mapping satisfying
%d(m,Tw) <d(z,y) = d(Tz,Ty) < d(x,y),

for all z,y € X. Then T has a unique fized point.

In 2012, Wardowski [50] introduced the notion of F-contractions, which is defined as follows:

Definition 1.4. Let (X, d) be a metric space. A mappingT : X — X is said to be an F-contraction
if there exists T > 0 such that for all x,y € X;

d(Tz,Ty) > 0= 7+ F(d(Tx,Ty)) < F(d(z,y)), (1.1)

where F: Rt — R is a mapping satisfying the following conditions:

(Fy) F is strictly increasing,
(Fy) for all sequences {a,} C RY limy, oo ay = 0 if and only if lim,, o F(ay,) = —00;
(F3) there exists k € (0,1) such that lim,_,o+ o*F(a) = 0.

He established the following result:

Theorem 1.5. Let (X,d) be a complete metric space and T : X — X be an F-contraction. Then T
has a unique fized point ©* € X and for each xy € X, the sequence {T™xzq} converges to x*.

Remark 1.6. [50] If we suppose that F(t) = Int, an F-contraction mapping becomes the Banach
contraction mapping.



Generalized dynamic process 12 (2021) No. 2, 1947-1964 1949

In [38], Piri et al. used the continuity condition instead of condition (F3) and proved the following
result:

Theorem 1.7. Let X be a complete metric space and T : X — X be a selfmap of X. Assume that
there exists T > 0 such that for all x,y € X with Tx # Ty,

%d(x,Tx) <d(z,y) =71+ F(d(Tx,Ty)) < F(d(z,y)),

where F : Rt — R is continuous strictly increasing and inf F = —oo. Then T has a unique fized
point z € X, and for every x € X, the sequence {T"x} converges to z.

In 2013, Secelean in [43] replaced the condition (F,) in the definition of F-contraction with the
following condition.

(F,) inf FF = —o0

or, also by

(F..) there exists a sequence {a,} of positive real numbers such that lim,,, F'(a,) = —oo. He also
established the following result:

Lemma 1.8. [/3] Let F : R™ — R be an increasing mapping and {c,} be a sequence of positive
integers. Then the following assertion hold:

1. if lim, o F(a,) = —o0 then lim, o o, = 0;
2. ifinf F = —o0 and lim,,_,o ay, = 0 then lim,, o F(a,) = —o0.

In the same year, Turinici in [48] observed that the condition (F3) in the definition of F-contraction
can be replaced with

(F,) limy, 00 F(cv,) = —00. Then, the implication is as follows

(Fy) lim,, 00 F(ay,) = —00 = a,, — 0, can be derived from (F}).

Motivated by the work of Turinici [48], Wardowski [49] introduced a modified F-contraction called
(1, F)-contraction in the setting of a metric space. He gave the following definition:

Definition 1.9. Let (X, d) be a metric space. A mapping T : X — X is called (¢, F)-contraction
if there are v : [0,00) — [0,00) and F : [0,00) — R such that

1. F satisfies (F}) and (F,);
2. liminf, ,+ ¢(s) > 0 for all t > 0;
3. Y(d(z,y)) + F(d(Tx,Ty)) < F(d(z,y)) for all x,y € X such that Tz # Ty.

One of the most interesting generalizations of metric spaces is the concept of b-metric spaces (to be
defined in Section 2) introduced by Czerwik in [I9]. He proved the Banach contraction principle in
this setting with the fact that d need not to be continuous. Thereafter, several results have been
extended from metric spaces to b-metric spaces. In addition, a lot of results have been published
on the fixed point theory of various classes of single-valued and multi-valued operators in the frame
work of b-metric spaces (see [10} 17, 19, 40, [51] and the references therein).

Definition 1.10. [19/ Let X be a nonempty set and s > 1 be a given real number. A function
d: X x X —[0,00) is called a b-metric if for all x,y,z € X, the following conditions are satisfied:

1. d(z,y) =0 if and only if v = y;
2. d(z,y) = d(y, v);
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3. d(z,y) < sl[d(z,2) + d(z,y)].

The pair (X,d) is called a b-metric space. The number s > 1 is called the coefficient of (X,d). It
18 clear that, the class of b-metric spaces is larger than that of metric spaces. If s = 1, a b-metric
become a metric.

Example 1.11. [10] Let X = R and d(z,y) = |z — y|* for all z,y € X. It is easy to see that (z,d)
is a b-metric space with coefficient s = 2, but (X,d) is not a metric space.

Definition 1.12. [17] Let (X,d) be a b-metric space. A sequence {z,} in X is said to be

1. b-convergent if there exists x € X such that d(z,,x) — 0 as n — oo. In this case, we write
lim,, o x, = .
2. b-Cauchy if d(zp, xym) — 0 as n,m — 0.

Definition 1.13. [77/ Let (X,d) be a b-metric space. Then X is said to be complete if every b-
Cauchy sequence in X 1is b-convergent.

Let (X,d) be a b-metric space with s > 1 and CB(X) (N(X)) denote family of all bounded and
closed (nonempty) subset of X. For any x € X and A, B € CB(X), we define

D(z,A) = inf d(z,a) and D(A, B) =sup D(a, B).

acA acA
Define a mapping H : CB(X) x CB(X) — [0,00) by

H(A, B) = max{sup D(a, B),sup D(A,b)}
acA beB

for any A, B € CB(X). Then the mapping H is a b-metric and it is called a Hausdorff b-metric
induced by a b-metric.

Lemma 1.14. [20] Let (X,d) be a b-metric space with s > 1. For any A, B,C € CB(X) and any
x,y € X, we have the following.

1. D(x,B) < d(x,b);
D(x, B) < H(A, B)
Dz, A) < sld(z, ) + D(y, B}
D(z,A) =0< z € A

H(A,B) <s[H(A,C)+ H(C,B)].

9‘?’;?’9!\3

Let S : X — X and T : X — N(X). The pair (5,7 is said to satisfy range inclusion condition
if S(X) C T(X). A point x € X is a fixed point of T if z € Tx. The set of all fixed point of T is
denoted by F(T'). Also, a point z € X is called a coincidence point of S and T" if Sz € T'x. We denote
the set of all coincidence point by C(S,T). In addition, if for some =z € X, we have z = Sz € Tx,
then the point z is called a common fixed point of the pair (S,7"). We denote the set of all common
fixed point of S and T' by F(S,T).

Let z¢ be an arbitrary but fixed element in X. The set

D(S,T,z0) = {(zp)nen U{0} : sy = Sz, € T,y 1 ¥V n €N}
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is called a generalized dynamic process of S and T starting at zq. It is worth mentioning that the set
D(S, T, xy) reduces to the well-known dynamic process of T if S = I (identity mapping), for details
abour dynamic process see [25]. The generalized dynamic process D(S, T, xy) will simply be written
as (Sz,). The sequence {z,} for which (Sz,) is a generalized dynamic process is called S iterative
sequence of T starting with xg. It is well-known that if the pair (S,7T) satisfy the range inclusion
condition, then for any xq € X, construction of S iterative sequence of T starting with zy follows
directly and consequently D(S, T, x) # (). More so, if D(S, T, xq) # 0, then such situation may arise
that even the range inclusion condition does not hold.

Example 1.15. Let X = [0,00). Define S : X — X and T : X — N(X) by S(z) = 5+ and
T(x) = [0,5]. The sequence {x,} defined by x, = x,_1 + 1 for all n € N. Suppose that vy = 1, we
have that

1 1
S(Qfl) = § € TZL’() = [0, g],

2 2
S(Z‘Q) = g € Tx [0, g],
S(.Ig) =1€ Tl’g - [0, ].],

4 4
S(l’4) = g € Txy = [0, g],

Thus D(S,T,1) = {%, %, 1, %, -+ } is a generalized dynamic process of S and T with an initial point
1.

Example 1.16. Let X = [0,00). Define S : X — X and T : X — N(X) by S(z) = 2* and
T(x) = [3+x,3]. The sequence {x,} defined by

Ty =/ Tpo1+3

s an S iterative sequence of T with a starting point 0.

We denote by F the family of all functions F' : Rt — R and ¢ : [0,00) — [0,00) which satisfy
conditions

(F7) F satisfies (F}) and (F});

(Fy) F' is continuous on (0, 00);

(Fy) iminf, 4+ 1(s) > 0 for all £ > 0.

Motivated by the works of Kim [25], Wardowski [49, 50], and ongoing research interest in this
direction, in this work we develop the notion of (¢, F)-contraction in the framework of b-metric
spaces. To do this, we introduce the notion of generalized multi-valued (1, S, F')-contraction type I
mapping with respect to generalized dynamic process D(S, T z), generalized multi-valued (¢, S, F')-
contraction type II mapping with respect to generalized dynamic process D(S, T, x¢), and establish
common fixed point results for these classes of mappings in complete b-metric spaces. Finally, we
apply our fixed point result in establishing the solutions of dynamic programming and integral
equations.
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2. Main Result

In this section, we introduce the notion of generalized multi-valued (1,5, F')-contraction type I
mapping with respect to generalized dynamic process D(S,T,zo) with zy € X, generalized multi-
valued (v, S, F')-contraction type II mapping with respect to generalized dynamic process D(S, T, xo)
with zo € X, and establish common fixed point for these classes of mappings in complete b-metric
spaces. In the sequel, we will consider only the dynamic process (Sx,) satisfying the following
condition:

(E) For any n € N, d(Sz,, Sx,i1) > 0= d(Sz,_1,Sz,) > 0.
If the dynamic process (Sz,) does not satisfy property (£), then there exists ny € N such that
d(Sxpy, STpo11) >0 and d(Sx,,_1,STn,) =0

which implies that Sz,,,—1 = S, € Tx,,—1, that is, the set of coincidence point of hybrid pair (S,T)
is nonempty. It follows that under some suitable conditions on the pair (S,T'), one can obtain the
existence of common fixed point.

Lemma 2.1. Suppose (X,d) is a b-metric space with s > 1. Let {Sx,} be a sequence in X such that
d(Szy, Stpi1) — 0 as n — oo. If {Sz,} is not a Cauchy sequence then there exist an € > 0 and
sequences of positive integers {Smy} and {Sny} with my > ny > k satisfying d(Sxy,, , Sxy,) > € and
d(Sxp,, Sy, ,) < € such that

1. e <liminfy_ o d(Sxp,, STy, ) < limsup,_, . d(STy,,, Stp,) < se;

< liminfy o0 d(STpmy, 1, STny,,) < lUmsupg_, o d(STm,,,, Stn,,,) < %€
< liminfy o d(Sp,, Stn,,,) < limsup_,o d(STm, , Stn,,,) < %€
< s%.

I anlm

s —

2.
3.
4. 5 <liminfy o d(STp,,, STp,,,) < limsup,_, o, d(STm,,,, STn,.,)

Proof . Suppose {Sz,} is not a Cauchy sequence, then there exist an € > 0 and sequences of positive
integers {my} and {ng} with my > n, > k satisfying
d(Szpm,,Sxy,) > € and  d(Szp,, ST, ;) < €. (2.1)

We choose my, the least positive integer satisfying (2.1).

We now prove (1). Using (2.1)

e < d(Sxpm,, Sy, ) < sd(Sty,, STy, ) + sd(Szp, |, Sxn,)
< s€+ sd(Sxp,_,, STy, ). (2.2)

Clearly, using our hypothesis, we have that

e < liminf d(Sx,,, St,, ) < limsup d(Sxpy,,, St,, ) < se. (2.3)

k—o0 k—oo

We now prove (2).
Now observe that

d(STm,, S, ) < 8d(STp,, STy, ) + 5d(STpy, ,,, STn,)

<s
< 5d(STimy, STimgy,) + STy s STiysy) + 5°d(STy,y, Sy ) (2.4)
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and
A(STmy, 1y STnyy) < 8A(STy s STy, ) + 5d(STyyy,, Sy, )
< A8,y s STimy) + (ST, STy ) + §°A(STy, STy, ). (2.5)
Using our hypothesis, and , we have that
5—2 < h]?ig.}f d(STmy, s STny,,) < hgf;}p STy s STny,,) < S°€. (2.6)
We now prove (3).
Note that,
d(Smy, Sy, ) < 8d(STp,,, STny,,) + 5d(STp, STy, (2.7)
and
d(Sm,,, Sy, ) < 8d(STm,,, Sy,) + 5d(Sxy,, STy, ). (2.8)

Using our hypothesis, (2.8]) and (2.7), we have that

™

S S < llgg}f A(STmy, Sy, ) < hinﬁ\sogp A(ST e, Sty ,,) < S°€. (2.9)
We now prove (4).
Now observe that
€ < d(Szp,, Stn,) < 5d(STpy, STimy,,) + ATy, STiyyy) + 8°d(STny,, Sy (2.10)
and
d(STmy, s STny,,) < 5d(STpy,,, Sy, ) + 5d(Sxp,, STy, ) (2.11)
Thus, using our hypothesis, (2.10), and (3), we have
5_2 < hlgglogf d(STmy, s STny,,) < hgl_iljp A(STy,ys STny,,) < S°€. (2.12)
U

We introduce the following class of functions: Let ¥ = {f : [0,00) X [0,00) — R| f(t,t) =
0 if and only if ¢ =0and f(t,s) <t—3 Vs, te [O,oo)}.

Example 2.2. 1. Let f; : [0,00) X [0,00) — R be defined as fi(t, s)

¢() U(s), where ¢,1) -

[0,00) — [0,00) are functions such that ¢(t) = t and Y(s) = 5, V € [0,00). Clearly,
frev.
2. Let fy :]0,00) x [0,00) = R be defined as fo(t,s) =t — 2¢(t s where ¢, : [0, 00) x [0,00) —

[0,00) are functions such that ¢(t,s) > ¥(t,s), ¥V s,t€[0,00). It is easy to see that fo € V.

3. Let f3:[0,00) x [0,00) = R be defined as f3(t,s) =t — ¢(t) —(s) — 5, where ¢,1) : [0,00) —
[0,00) are functions such that ¢(t) > 0,9(s) > 0, V s,t € [0,00) and ¢(t) = 0 = ¢(s) if and
only if t,s = 0. Clearly, f3 € W.
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Definition 2.3. Let (X,d) be a b-metric space with s > 1, 1 : [0,00) — [0,00) and S be a self map
on X. A multi-valued mapping T : X — CB(X) is said to be a generalized multi-valued (1, S, F)-
contraction type I mapping with respect to generalized dynamic process D(S,T,xq) with zo € X if

F e F and L > 0 such that

1
f (Q_SD(SIn—la Twn—l)a D(an—la T(an—l))) S d(an—la an)

= V(M (Tp_1, 7)) + F(5°d(Sxy, Spy1)) < F(M(2p_1,20)) + LN (2p_1, x,), (2.13)

with d(Sxy—1,S,) > 0, where M(x,_1,x,) = max{d(Sz,_1,Sx,), D(Styp_1,Txn_1), D(Sxp, Txy),
D(Szn—1,TTn_1)D(Szn,Txn) D(an,T:cn_l)[1+D(SJ;n_1,Txn_1)}} and

s+d(Szn—1,5xn) ) s+d(Sxn—1,5Tn)
N(zp_1,2,) = min{D(Sz,_1,Txn_1), D(Sty, Txy), D(STp_1,Txy), D(STp, TxH1)}.

Definition 2.4. Let (X,d) be a b-metric space with s > 1, 1 : [0, 00) — [0,00) and S be a self map
on X. A multi-valued mapping T : X — CB(X) is said to be a generalized multi-valued (¢, S, F)-
contraction type II mapping with respect to generalized dynamic process D(S,T, xy) with xo € X if

F e F such that
V(M (2y_1,7,)) + F(s*d(Szp, Spp1)) < F(M (201, 22)), (2.14)

with d(Sxy—1,S,) > 0, where M (x,_1,x,) = max{d(Sz,_1,Sx,), D(STp_1,Txn_1), D(Sxp, Txy),
D(Szn—1,Txyn_1)D(Stn,Txn) D(Szn,Txn_1)[1+D(Stpn_1,TTn_1)] }
s+d(Szn—1,5xn) ) s+d(Sxn—1,5Tn) :

Theorem 2.5. Let (X,d) be a complete b-metric space with s > 1, xy be an arbitrary point in X
and T : X — CB(X) a generalized multi-valued (¢, S, F')-contraction type I mapping with respect to
generalized dynamic process D(S, T, xo) such that S(X) is a complete subspace of X, then the pair
(S,T) has a point of coincidence in X. More so, if S is T-weakly commuting, Sz = S*z for some
x € C(S,T), then the pair (S,T) has a common fized point.

Proof . Let zy be any given point in X. In generalized multi-valued (1, S, F')-contraction type I
mappings with respect to a generalized dynamic process, a sequence can be formulated as follows:

D(S,T,z0) = {(@n)nenvio} : Tny1 = Stn € Txpq ¥V n € N},

Observe that if there exists ny € N such that Sz,, = Sx,,+1, then we have nothing to show. As
such, we suppose that d(Sx,, Sx,.1) > 0 for all n € N. Since

f(zisD(anlaTmnl)aD(anbT(Sl'nl))) S %D(sxnlaT{Enl) - D(SJ:TLl?;(S'TTLl))

1
S Q_Sd(sxn—la SIn)
< d(S!L‘n_l, S{L‘n),

so, we have

V(M (2 _1,7,)) + F(s°d(S2p, Sni1)) < F(M(2p_1,70)) + LN (2p_1,T0), (2.15)
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where

D(Sxy_1,Tx,—1)D(Sx,, Tx))
s+ d(Szp_1,ST,) ’

M(zy—1,x,) = max{d(Sz,_1,Sx,), D(STp_1,T2n_1), D(Sxp, Txy),

D(Szy,, Txp1)[1 + D(Swp—1,Tn_1)]
s+d(Sx,_1,Sx,)

}

d(Sx,_1,Sx,)d(Sxy, STpyit)
s+ d(Szp_1,Sxy,) ’

= max{d(Sx,_1,S%,),d(Sxy_1,Sx,),d(STp, STpi1),

d(Szy, Sx,)[1 4+ d(Sxp_1, Sy)]
S + d('sxn—la an)

}

Stp_1,Sx,)d(Sxy, STHi1)
s+d(Sz,_1,Sx,)

= max{d(Sz,_1,S,),d(Szp, STpi1), a }.

d(STy—1,5Cn)d(STn,STrn4+1) <d

d(Stn_1,S
Now observe that —A52n-1.5n) s+d(Szn_1,5n)
n—1, n

s+d(Szn—1,5Tn)
such, we have that

< 1, which implies that (Sxp, Stpiq) as

M(zp-1,x,) = max{d(Sx,_1, Sx,),d(STy, STpni1)}
and

N(zp_1,2,) = min{D(Sz,_1,Txm_1), D(Sxy, Txy), D(Sxp_1,Txp), D(ST)H, T2 1)}
= min{d(Sz,_1, Sx,), d(Szn, Stpi1), d(STp_1,STn11),d(Sxp, S,)} = 0.

If we suppose that M(z,_1,z,) = max{d(Sz,_1,Sz,),d(Sxp, STpi1)} = d(Sxy, STpyi1), then (2.15)
becomes

F(s°d(S2p, Sni1)) < F(d(Stp, STpi1)) — (d(STn, Stpi1)) < F(d(STh, STni1)),

which is a contradiction, as such we have that M (z,,_1,x,) = max{d(Sx,_1, Sx,),d(Sxy, STpi1)} =

d(Szp_1,Sx,), and so becomes
F(5°d(Szy, Sni1)) < F(d(STn_1,S2y)) — ¥(d(STn_1, Szy)).
Using a similar approach, we also have that
F(s°d(Szn_1,50)) < F(d(Sn_2,STn_1)) — W(d(STp_o, S1p_1)).

From the properties of 1, there exists ¢ > 0 and ny € N such that (d(Sz,, Sz,41)) > ¢ for all
n > ng. We obtain the following inequalities
F(s°d(Sxp, Sni1)) < F(d(Szo, S11)) — (W(d(Sx0, S21)) + - - + U(d(STpig—1, STniy)))
— (Y(d(Spy, Stpgs1)) + -+ - +Y(d(Sxp_1, Sxp))) (2.16)
< F(d(Sxg,Sx1)) — (n —ng)c.
Since F' € F, taking limit as n — oo in (2.16) and using Lemma [I.8] we have

lim F(sd(Sxp, Stny1)) = —00 < lim d(Sx,, S,y 1) = 0. (2.17)

n—oo n—o0

In what follows, we show that {Sz,} is a b-Cauchy sequence. Suppose that {Sz,} is not a b-Cauchy
sequence, then by Lemma , there exist an € > 0 and sequences of positive integers {Sz,, } and
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{8z, } with ng > my > k such that d(Sz,,, , Sz,,) > €. For each k > 0, corresponding to my, we
can choose ny to be the smallest positive integer such that d(Sx,,,, Sz, ) > €,d(STpm,, Stp, ) < €
and (1) — (4) of Lemma [2.1| hold. Since

§ s

1
< %d(Sxmk, STmi1)

< 2—68 <e< d(Sl’mk,ank),

we can choose ng € NU {0} such that

w(M(xmk—17xnk—1)) + F(d(sxmm S"Enk)) < @Z)(M(xmk_u Sw”k—l)) + F(S5d(sxmk> ank))
S F(M<xmk717 xnkfl)) + L min N(xmk71 ? xnkfl) (2.18)

Since F' € F, using Lemma 2.1 and (2.17)), we have that
lilgn inf (M (zp,_,, Tn,_,)) + F(s€) = li}gn inf (M (2, Tny_,)) + F(s€)
— 00 — 00
— im inf (M (20, ,, @y 1)) + F(5°)
k—o0 S
< (M (. Ty ) + F(d(S ., S,
— 00
< F(liminfd(Szy, _,,STn, )
k—o00
< F(se),
where 0 < liminfyg,, s2)—0+ V(d(STm,, Sv)) = p. That is
p+ F(se) < F(se)

which is a contradiction. We therefore have that {Sz,} is b-Cauchy in S(X). Since S(X) is complete,
there exists x € S(X) such that lim,,_,, Sz, = x. In addition, there exists z* € X such that Sz* = x.
We claim that z* is the coincidence point for pair the pair (S,77). To establish our claim, we first
show that

f(2—1$D(an1,Txn1), D(an,T(an))> < d(San 1, 2")

or

f(%D(an,Txn), D(an+1,T(an))) < d(Szp, x").

Suppose on the contrary that there exists m € NU {0} such that

f(Q—lsD(SZL’m—l,TCCm_l), D(Sxm,T(S;pm))> > d(Szm_1,7")

or f(2—1$d(5xm,T:17m),d(Sxm+1,T(Sxm))) > d(Sxm,x"). (2.19)
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Now observe that

d

S]fm_h

which implies that d(Sz,_1,x

d(Sxpm_1,7") < d(x*, Sy < f< ! d(Szp, Txy,), d(Sxm+1,T(S:cm))) < %d(Smm,Sme).
s

Since f(%sD(S:Bm_l,Txm_l), D(Sxm,T(S:Bm))) < d(Sxm—1,ST,), we have that

¢(M(93m—1), xm) + F(d(SIm, Sxm—i—l))

It follows that

Y(d(Stpm_1,Stm)) + F(d(Stpm, Stmi1)) < F(d(Sxpm_1,STm)).

x¥)

1
D(Sxy 1, Txpy 1) — QD(Sxm,

<
1
< —
— 2s
1
é 2—d(5$’m,1, Swm)
1 1 *
< 5d(Szp, %) + 5d(2”, Swp),

*) < d(x*,Sz,,). It follows from (2.19)) and ([2.20)), that

IN A IA

f (%D(Smm_l, T%pm-1), D(Sxp,, T(Smm)))

T(Swm))

Using the fact that F' is strictly increasing, we have that
(ST, STmy1) < d(STp_1, STp).
Using this fact and (2.21)), we have

d(Sxpm, STmyi1)

I/\/\

sd(STp—_1,x
1

IN

which is a contradiction. Thus we must have that

or

Thus, we have that
V(M (zn,

2s

f (;—sd(sxn, T,), d(Sans, T(an))> < d(Sznp, 7).

x*)) + F(D

< F(

)

(Sxps1, Tz")) < (M (zp,
< F(M(zp,x%)) + LN(x,,

M

(Sxm 1, S.Q?m)

+ sd(z*, Sxpp,)

1
Qd(SIL’m, S.Tm+1> + §d(Sl’m, xm—i—l)
d(Sxpm, STmi1),

f(id(sxnl,Txnl), d(an,T(Swn))) < d(Szp1, o)

(T, T)).

V(M (Zp—1,Tm)) + F($°d(T 2, Tmi1))
F(M(zp-1,2m)) + LN(2pm_1,Tm)
F(d(Sxm_1,5Tm))-

) + F(d(St01,52)
z")

1957

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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Using the fact that F' € F and taking limit, we have that

lim M(x,,x*) = D(Sz*,Tz*) and lim N(z,,z") =0,

n—oo n—0o0

so, we obtain
Y(D(Sx*, Tx")) + F(D(Sx*,Tx")) < F(D(Sz*,Tx")),
which is a contradiction, as such D(Sz*, Tx*) = 0 and so we obtain
Sz* e Tx".

Hence, z* is the coincidence point for the pair (S, 7).
Suppose that S is T-weakly commuting, for x* € C(S,T), we have that Sz* = S?z*. Using this fact
and the fact that Sx* € T'x*, we have that

Sa* = S*x* = S(Sa*) € TSx*,

we obtain that Sx* € T'Sz*. Thus Sz* is the common fixed point for the pair (S, 7). This complete
the proof. [J

Theorem 2.6. Let (X,d) be a complete b-metric space with s > 1, xq be an arbitrary point in X
and T : X — CB(X) a generalized multi-valued (¢, S, F)-contraction type Il mapping with respect
to generalized dynamic process D(S,T,xo) such that S(X) is a complete subspace of X, then the pair
(S,T) has a point of coincidence in X. More so, if S is T-weakly commuting, Sz = Sz for some
x € C(S,T), then the pair (S,T) has a common fized point.

Proof . The prove follow a similar approach as in Theorem [2.5], as such we omit it. [J

3. Applications

In this section, we establish the existence of a solution for a system of functional equations and a
class of volterra integral type equations.

3.1. System of functional equations in dynamic programming:

Dynamic programming problem is made up of two critical components, the decision space and the
state space. The state space is a set of parameter representing different states. This space include
initial states, action states and transitional states. A decision space is the set of possible actions
that can be taken to solve the problem. The problem of dynamic programming related to multistage
process reduces to the problem of solving functional equations of the form:

p(x) = zlelg{g(x, y) + Di(z,y, p(n(z,y)))}, (3.1)
q(x) = sup{ f(z,y) + Da(z,y,p(n(x,y)))} (3.2)

yeG
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for all x € W, where U,V are Banach spaces, W C U,G C V, and

n:WxG—=W,
frg:WxG—R,
Dl,DQ W x Gx = R.

For details about dynamic programming see ([13], [14] and the references therein). Suppose that W
and GG are the state and decision spaces respectively. Our purpose is to establish the existence of a
common and bounded solution of function equations ](3.2) and (3.1]). Suppose B(W) denote the set
of all bounded real valued function on W. For any h,k € B(W), define

d(h, k) = sup |h(z) — k(z)|*.

zeW

It is well-known that (B(W),d) is a complete b-metric space with s = 2.

Suppose the following conditions hold:

1. Dy, Ds, f and g are bounded.
2. For any x € W, h € B(W) and b > 0, define A,C : B(W) — B(W) by

A(h(z)) = sup{g(x,y) + Di(z,y, h(n(z,y)))}

yeG

C(h(z)) = sup{f(z,y) + Da(z,y, h(n(z,y)))}.

yeG

More so, suppose that ¢ : [0,00) — [0,00) such that for every (x,y) € W x G, h,k € B(W)
and t € W implies that

Dy, k(1)) — Dl b(2)] < 1) AR (33)

2, d(Ch(t), Ak(t)), d(Ch(t), Ak(t)),
)

where M (h(t),k(t)) = max{d(Ch(t), Ck(t)
() Ar@®)]

d(Ch(t),Ak(t))d(Ch(t),Ak(t)) } d(Ch(t),Ah(t))[1+d(Ch
s+d(Ch(t),Ck(t)) ) s+d(Ch(t),Ck(t

3. For any h € B(W), there exists k € B(W) such that x € W,

Theorem 3.1. Suppose that the conditions (1) — (4) are satisfied and C(B(W)) is a closed convex
subspace of B(W), then the functional equation (3.1) and (3.2)) have a bounded solution.

Proof . Let v be an arbitrary positive number and hy, he € B(W),z € W and y;,y» € G such that

Ahl <9(93,?/1)+D1(93,y17h1(77(x>y1)))+’Ya (34)

AhQ < 9(x7y2) + D2($a Y2, h2(77<x>y2))) T, (35)
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Ahy > g(z,y2) + Di(x, y2, ha(n(z, y2))),

Ahy > g(z, 1) + Da(x, y1, ha(n(z, y1))).
Using (3.4)), (3.7) and (3.3)), we have that
Ahy(x) — Aho(z) < Di(z,y1, ha(n(w,y1))) — Da(x, y1, ho(n(z, 1)) +
< [Di(z, y1, hi(n(z,91))) — Da(z, y1, ha(n(z, y1)))| +
M (hy(x), ho(z))
=\ Mm@ ) g3
Also (3.5)), (3.6) and (3.3), we have that
Ahy(x) — Ahi(z) < Doz, y2, ha(n(2,y2))) — Di(x, Yo, ha(n(z, y2))) +
<Dy (z,y2, ha(n(, y2))) — Da(z, Y2, ha(n(, y2)))| +
M(hi(z), ho(z))

=V e (M(hi(z)h2(z))) g3

From (3.8) and (3.9)), we have that

M{(hy (), ho(x))

2
|[Ahi(z) = Ahe(2)|” < —ara e 557

which implies that

elp(M(hl(x)’hQ(I)))s?’d(Ahl (x), Ahgo(z)) < M(hy(z), ho(z)),
(M (hy (), ho())) + In(s°d(Ahy (), Ahg(x))) < In(M (hy(2), hy(2))),

taking F'(x) = In(z), we have that

(M (hi(2), ha())) + F(s*d(Ahy (x), Aho(2))) < F(M(hi(2), ha(2)))-

(3.8)

(3.9)

(3.10)

It is easy to see that all the conditions in Theorem are satisfied and thus the pair (A, C) has a

common fixed point h*, that is A*(z) is a bounded solution of (3.1)) and (3.2)). O

3.2. Ezistence of solution for a class of Volterra type integral inclusion:

In this section, we apply our fixed point result to the following Volterra type integral equations:

x(t) = /0 G1(t,s,x(s))ds + g(t),

y(t) = / Golt, 5,y(s))ds + (1),

(3.11)

(3.12)

where G1,G2 : [0,1] x [0,1] x R - R and f, ¢ : [0,1] — R are continuous functions. Let C([0, 1], R)
be the space of all continuous function defined on [0, 1] endowed with the b-metric as defined by

d(x,y) = sup |z(t) —y(t)[*.
te(0,1]
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It is well-know that (X, d) is a complete b-metric space with s = 2. We define
1
o) = [ Gilts.alo)ds +g(0)
0
1
Ty(0) = [ Galts.y(s))ds + (0
0

Theorem 3.2. Let X = C([0,1],R) and suppose the following conditions hold:
1. suppose there ezist ¢ : [0,00) — [0,00) and I' : X — [0,00) such that

- x M(:L‘7y)
G1(t, 5,7) — Galt, s,y)| < T(x(s))e M) 2]
2
for allt,s € [0,1] and x,y € X, where (fo VM) gs) < et MEY) gngd

Sax—Tz||Sy—T Sy—Tx|[1+|Sxz—T=x
M (z,y) = max{|Sx — Sy|,|Sz — Tx|,|Sz — Ty|, | Sﬂsﬂféyl y', |9y SHHS;'Sy' H};

2. there ezists v € X such that Tx(t) = Sx(t), which implies that T'Sx(t) = STx(t).
Then the system of integral equations (3.11)) and (3.12)) has a solution.

Proof .

Tz (t) t))? < (/ |G (t,5,2(5)) — Ga(t, s, y(s ))|ds>2
( —u(M(zy) @dsy

_ T)< /0 F(w(s))e—w(M(x,y))dS>2

which implies that

e’/’(M(x’y))s?’d(T:c, Ty) < M(x,y)
W(M(z,y)) + In(s*d(Tz, Ty)) < In(M(x,y)),

taking F'(z) = In(x), we have

U(M(2,y)) + F(s°d(Tx, Ty)) < F(M(z,y)).

1961

(3.13)

It is easy to see that all the conditions in Theorem are satisfied. Thus, the system of integral

equation (3.11)) and (3.12)) has a common solution.
U
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