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Abstract

The purpose of this paper is to study the approximation of solutions of split equality variational
inclusion problem in uniformly convex Banach spaces which are also uniformly smooth. We introduce
an iterative algorithm in which the stepsize does not require prior knowledge of operator norms. This
is very important in practice because norm of operators that are often involved in applications are
rarely known explicitly. We prove a strong convergence theorem for the approximation of solutions
of split equality variational inclusion problem in p-uniformly convex Banach spaces which are also
uniformly smooth. Further, we give some applications and a numerical example of our main theorem
to show how the sequence values affect the number of iterations. Our results improve, complement
and extend many recent results in literature.
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1. Introduction

Let E be a Banach space with dual E*. For p > 1, the generalized duality mapping J : E — 25
is defined by

Iy (x) = {a" € B*: (w,2") = ||=|]", [|2"|| = ||=| "},

p
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where (-, -) denotes the generalized duality pairing. For p = 2, JpE reduces to the normalized duality
mapping, J' = J¥. It is well known that if £ is uniformly smooth, then J is single-valued and
uniformly continuous on bounded subsets of . Moreover, if F is reflexive and strictly convex with a
strictly convex dual, then (JpE )= Jf* is single-valued, one-to-one, surjective and it is the duality
mapping from E* into E and thus JFJF" = Ig- and JF JF = Iy, where Iy and Ip. are the identity
operators on F and E* respectively, see [311, [42], [51] for more details. We note that in a real Hilbert
space, the duality mappings reduce to the identity mapping.

A mapping A : E — 2" with domain D(A) = {z € E : Az # 0} and range R(A) = U{Ax : x €
D(A)} is said to be monotone if (x —y,u —v) > 0, for all z,y € D(A) and u € Az,v € Ay. A
monotone mapping A is said to be maximal if its graph G(A) := {(z,u) : u € Az} is not contained
in the graph of any other monotone mapping. It is know that a monotone mapping A is maximal if
and only if for (z,u) € E x E*, (z —y,u—wv) > 0 for every (y,v) € G(A) implies that u € Az. Also
if A is maximal monotone, then the zero of A, A71(0) := {z € E : 0 € Az} is closed and convex (see
[50]). The problem of finding a point z* € E which satisfies

0 € Az, (1.1)

where A is a maximal monotone operator is known as the Variational Inclusion Problem (VIP).
Several iterative methods have been proposed for finding solutions of and related optimization
problems in Hilbert, Banach, Hadamard and p-uniformly convex metric spaces, (see [I], [6, 8, [0} 27,
17, 136), 137, B8] and the references therein). A well-known method for solving the equation in
Hilbert space H is the proximal point algorithm introduced by Martinet [32]: For given x; € H,

Tpi1 = J3 Tny, 1> 1, (1.2)

where {\,} C (0,00) and J{! = (I + AA)~! for A > 0. In 1976, Rockafellar [48] proved that if
liminf A\, > 0 and A7'(0) # 0, then the sequence {z,} defined by (1.2) converges weakly to an

n—o0

element of A71(0).

Let H; and H, be two real Hilbert spaces, By : Hy — 29t and By : Hy — 272 be two set-valued
maximal monotone mappings and A : H; — Hs be a bounded linear operator, A* be the adjoint of
A. The Split Variational Inclusion Problems (SVIP) is formulated as:

find z* € Hy, such that 0 € By(z*) and 0 € By(Az”™). (1.3)

This problem was introduced by Moudafi [34] in 2011 and have been studied extensively (see for
instance [13], 34, 41]). Recently, Bryne et.al. [I3] proposed the following iterative method to solve
the problem (1.3): For given o € Hy and A > 0, the iterative sequence {z,} is generated as follows;

Tyl = Jfl(xn + VA*(JF" — 1) Az,), (1.4)

and obtained a weak and a strong convergence theorem for solving problem . Inspired by the
work of Bryne et.al. [13], Kazimi and Rizvi [30] proposed the following algorithm for approximating
of solution of SVIP which is also a fixed point of a nonexpansive self-mapping S: For a given xy € H,
let the sequence {u,} and {z,} be generated by;

{ Uy = JP(x, — YA (JP — ) Ax,), (1.5)

Tpt1 = Qnf(zn) + (1 — ) Suy,, n >0,
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and proved that both {u,} and {z,} converge weakly to z € F(S) N T, where I is the solution set
of SVIP ([L.3).

Recently, Guo et.al. [21] considered the Split Equality Variational Inclusion Problem SEVIP in
Hilbert spaces defined as; find z* € H; and y* € Hy such that

{ 0 € By(z*) and 0 € Bao(y*),

where A : Hi — Hs and B : Hy — Hj are bounded linear operators. Recently, motivated by the
work of Moudafi [34], Bryne et.al. [I3], Kazmi and Rizvi [30] among others, Guo et.al. [2I] proved a
strong convergence theorem for approximating a solution SEVIP which is also a solution of certain
variational inequality problem in Hilbert space.

Recently, effort have been made to approximate the solution of split feasibility problem and split
variational inclusion problem in Hilbert and Banach spaces. For recent results on split feasibility
problems, some of its generalization, and related optimization problems, (see [2] 3], 18], 23] 24 206, 28|
29], 40, 5] and some of the references therein).

The resolvent operator Ryr associated with T" for A > 0 is given as

Ryr(z) :={2 € E: Jlx € JPz+ \T(2)}.

Equivalently, Ryp := (J + AT')~"JP. Ryr is single valued and also T7'0 = F(Ryr). It is well known
that Ry is relative nonexpansive, that is

0 < (Rar(z) — Rar(y), JpE(l’) - Jf(RAT(@) - (ny — Rar(y))), (1.7)

for all x,y € E.

In this paper, motivated by the works of Bryne [13], Kazmi and Rizvi [30], Guo et.al. [2I], Cruz
and Shehu [12], we proposed a simultaneous iterative algorithm for approximating solution of split
equality variational inclusion problem in p-uniformly convex Banach spaces which are also
uniformly smooth. Even in finite dimensions, computing the norm of bounded linear operator is a
difficult task as shown by the following theorem of Hendrickx and Olshevsky [22].

Theorem 1.1. [22]: Fiz a rational p € [1,00) with p # 1,2. Unless P = NP, there is no algorithm
which given input € and a matriz M with entries in {—1,0,1}, computes ||M]|, to relative accuracy
€, in time which is polynomial in e and the dimensions of the matriz.

Thus, we introduce an iterative algorithm with a self adaptive stepsize and prove a strong convergence
theorem for approximating solution of split equality variational inclusion problem in p-uniformly
convex Banach spaces which are also uniformly smooth such that the ardours task of computing
operator norms is avoided.

2. Preliminaries

In this section, we recall some definitions and known results which will be use in the sequel. We
adopt the notations x,, — x and z,, — x to mean that z, converges weakly to x and x, converges
strongly to x respectively.

Let E be a real Banach space and 1 < ¢ < 2 < p with % + % = 1. Let dim(FE) > 2, the modulus of
convexity of E is the function dg : (0,2] — [0, 1], defined by

r+y
2

o = inf {1 = |52 fall = lyll = 15 e = ll2 = yll}.



428 Lateef O. Jolaoso, Ferdinard U. Ogbuisi, Oluwatosin T. Mewomo

E is said to be uniformly smooth if and only if dx(€) > 0, for all € € (0, 2] and p-uniformly convex if
there exists a C), > 0, such that 0g(e) > C,€? for any € € (0, 2].
The modulus of smoothness of F is the function pg : [0,00) — [0, 00) defined by

1
pi(t) = sup {5 (ke +yll + lle = yl) = 1+ [l < 1, il < .

A Banach space FE is said to be uniformly smooth if and only if

t—oo ¢

and g-uni formly smooth if there exists a C, > 0 such that pg(t) < C,t? for any ¢t > 0.

It is well known that E' is p-uniformly convex and uniformly smooth if and only if its dual space E*
is g-uniformly smooth and uniformly convex. For more information on geometric of Banach spaces,
see [, 50, K1) B2].

Lemma 2.1. (Xu [57]): Let x,y € E and q > 1. If a Banach space E is q-uniformly smooth, then
there is a Cy > 0 so that
=yl < [|=]| = aly, I3 (2)) + Cqllyl|*.

Definition 2.2. [5])] Let f : E — R be a conver and Gateauz differentiable function. The Bregman
distance with respect to f is defined by

Df(:ll',y) = f(y)_f(x)_<f/(x)7y_x>a (21)
YV z,y € E. It is worth noting that the duality mapping Jf 15 actually the derivative of the function
fp(x) = %||x||p for2 <p<oo. If f = f,, then the Bregman distance with respect to f, now becomes
Lo 5 Lo
Dp(z,y) = —|[l|” = (Jyz,y) + ~yll
q p
1
= ]—)(Ilyllp —[|z]]") + (T2, 2 — y)
1
= 5(||93||p—||y|!”)—(Jfﬂﬁ—ny,y>- (2.2)

Infact, the Bregman distance is not symmetric and so it is not a metric but it posses the following
important properties: for all w,z,y, € F,

Dy(z,y) = Dyp(x,w) + Dp(w, y) + (w —y, JPx — JTy), (2.3)
and
D,(z,y) + Dy(y,x) = (x — v, Jf:z: — JpEy>. (2.4)

We note that for the p-uniformly convex space, the metric and Bregman distance has the following
relation (see [45])

where 7 > 0 is some fixed number.
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Let C' be a nonempty closed and convex subset of E. The metric projection

Pox := argmin ||z — y||,
yeC

for all x € FE is the unique minimizer of the norm distance which can be characterized by a variational
inequality:

(JP(x — Pox),z — Pox) <0, ¥V z € C. (2.6)
Similar to the metric projection, we define the Bregman projection as
Hex == argmin Dy(x,y),
yeC

for all z € E, which is the unique minimizer of the Bregman distance. The Bregman projection is
also characterized by the variational inequality:

(JP(x) = JF (Hex), z —Hex) < 0.V z € C, (2.7)
which implies that

D,(Ilgz, z) < Dy(x, z) — Dy(z,Hex), (2.8)
for all z € C.

Following [7, [15], we make use of the function V}, : E* x E — [0, 00), defined by
1 1 «
Volz,y) = gHﬂch — (z,y) + ];Hyl\p> VreE", yek. (2.9)

Then V,, is nonnegative and V,(x,y) = Dy(JF (z),y) for all z € E* and y € E. Moreover, by the
subdifferential inequality

(f'(@),y —x) < fly) — f(2),
with f(z) = 1[|z||? and = € E*, then f'(x) = JF". Then we have

T g
« 1 1
(T (2),y) < allx +yll! - 5||$||", (2.10)
and from ([2.10)), we obtain (see [46])
Vo(z +g,2) > Vy(2,2) + (3, ), (z) — x), (2.11)
for all x € F and 7,y € E*. In addition, V), is convex in the first variable. Thus, for all z € E,

N N
Dy(J7 Y TP (i), w) <Y Dy (i, w), (2.12)
i=1 i=1

where {z;} € F and {t;} € (0,1) with 3.V, = 1.
Lemma 2.3. [/3] Let E be a reflexive strictly convex and smooth Banach space, let T : E — 2E" be
a mazimal monotone operator with T—10 # (. Then for any x € E, v € T~(0) and X\ > 0, we have

D,(z, Ryrx) + Dy(Ryrx, u) < Dy(z,u).
Lemma 2.4. [53, 54] Assume {a,} is a sequence of nonnegative real numbers satisfying
any1 < (1 —ty)a, +t,0, ¥n >0,
where {t,} is a sequence in (0,1) and {0,} is a sequence in R such that:
Byt =00,
. limsup,,_,., 60, < 0.

Then, lim,_,s a, = 0.
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3. Main result

Theorem 3.1. Let Ey, E5 and E5 be p-uniformly convex real Banach spaces which are also uniformly
smooth. Let C' and @) be nonempty closed and convex subsets of Ey and Es respectively, A : Fy — Fs
and B : Ey — Es be bounded linear operators. Let Ty : Ey — 2F1 and T, — 22 be mazimal
monotone operators such that T' = {(z,y) € Ty '(0) x T, '(0); Az = By} is nonempty. For fized
u € Ey and v € By, choose an initial guess x1 € Ey and y; € Ey arbitrarily and let {a,} C [0,1].
Assume that the nth iterate (z,,yn) € E1 X Ey has been constructed; then we calculate the (n+ 1)th
iterate (Tp11, Yni1) via the formula

R)\Tl Jqu (JE1<xn) 13 A*JES(ALI - Byn))
Tpal = (OénJEl(U) + (1 — Oén)JE (un)), (3.1)
- RATQ EQ(JE2(y )+t B* P (Az, — By,)),
Y1 = Iy (@ JP2 (0) + (1 — ) TP (v,)),

where A > 0, A* and B* are the adjoints of A and B respectively and the stepsize t,, is choosen in
such a way that

A n - B n P q—L1
t, € (6, ( o allAx Unll = — 6> ), n € Q, (3.2)
CqHA*Jp * (A, — Byn)||? + QqHB*JP *(Az, — Byy)||e

for small enough €, otherwise t,, = t(t being any nonegative value ), where the set of indices Q = {n :
Az, — By, # 0}. Suppose the following conditions are satisfied:

(4 Ien=0

(i) X nzg On = 0

Then, the sequence {(xn,yn)} strongly converges to (z,y) = (r,u, p,v), where I'; = {z € E; : 0 €
Ti(2)} fori=1,2, and Iy, and Iy, are the Bregman projections onto I'y and I'y respectively.

Proof . We divide the proof into three steps:
STEP 1: We show that the step size (3.2)) is well define. Observe that for any (x,y) € I', we have

(A* TP (Azy — Byy), @ — ) = (JI*(Ax, — Byy), Az, — Ax), (3.3)
and

(B*J*(Awn — Byn),y — yn) = (J;*(Ax, — By,), By — Byn). (3.4)
By adding and and taking into account the fact Az = By, we have

||Az, — By,||F = <A*JpE3(Axn — By,), z, —x) + <B*JpE3(Axn — BYn), Y — Yn)
< [|A* 7 (Azy, — Byn)|[[| Az, — || + || B* 7 (Azy, — Bya)|llly — yall- (3.5)

Therefore, for n € €, that is, || Az, — Byy|| > 0, we have ||A*J3(Ax, — By,)|| # 0
or ||B*(Ax, — By,)|| # 0. Thus t,, is well defined.
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STEP 2: We show that the sequences {z,} and {y,} are bounded. Now let (z*,y*) € I, then from
(3.1]), we have that
Dy(up,z*) = D (R,\TlJ (JE1 (n) — tnA*Jf3(Axn — By,)),x¥)

q p

< D (JF(JIP (@) — t, AT (A, — Byy)), %) (3.6)

p

1 * *
= aIIJfl(:vn) — ty A" (Azy — Bya) || = (T (a), 27)

1
+Hn (A" (A, — Byn), 2") + EIII*IIP

IN

1
5||Jfl(93n)|\q = tu{(J;*(Azy — Byn), Azn)

+%tZI\A*Jf3(Awn — Bya)|I — (I (2a).27)

1
+tn<J1?3 (Az, — Byy), Az") + ];HJ"*HP

1 * 1 * *
= 5||xn||p - (Jfl(xn),x )+ 1—9||x P — tn<JpE3(Axn — By,), Az, — Az")

& "
+7qt%l|z4 Jy* (A, — Byy)||*

= Dy(x,,z") — tn<JE3(Axn — By,), Az, — Az™)

LGt s
"IIA Jy (A, — Byn)|[. (3.7)

Following similar process as above, we obtain

Dy(vn,y*) < Dp(JE (I (yn) + taB* T2 (Ax, — Byn)),y") (3.8)
< Dp(yn,y*) — ta(J* (Azn — Byy), By* — Byy)

th% * 7E3 q
Adding (3.7) and (3.9), noting that Ax* = By*, we have

Dp(unax*)+Dp<Unay*) < Dp(xna )+D(yna y*)

ta! \
~tn|[[ Az — B[P — " (Cyl| AT (Aw, — By |
+Qul|B* IE(Awy — Bya) |17 (3.10)
Thus
Dy,(tup, ") + Dp(vn, y*) < Dp(xn, %) + Dy(yn, y"). (3.11)

Also from (3.1)), we have

Dyfninna®) = Dy(JE (P () + (1= ) I (u,).2°)
< anDy(u, ") + (1 — ay) Dp(up, 7). (3.12)

Similarly, we have

Dy(ys1,y") < @aDy(v,y7) + (1 = ) Dy(vn, 7). (3.13)
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Hence

Dy(2p41, %) + Dp(Ynt1,y") < an(Dp(u, ™) + Dy(v,y"))

+(1 = an)(Dp(un, ) + Dp(va, y"))

an(Dp(u, 2") 4+ Dp(v, y"))

+(1 = an)(Dp(n, %) + Dy(yn, y")) (3.14)
max{ Dy (u, 2*) + (Dp(v,y"), Dp(Tn, ©*) + Dp(yn, y*) }

IA

IN

< max{D,(u,z*) + (Dy(v,y"), Dp(z1,2*) + Dy(y1,y")}.

Thus {Dp(n11,2*) + Dp(ynt1,y")} is bounded. Consequently, {D,(z,,z*)} and {D,(y,,y*)} are
bounded. It therefore, follows that {z,},{y.}, {u,} and {v,} are bounded.

STEP 3: Next, we prove that {z,} converges strongly to z = I, u and {y,} converges strongly to
y = lp,v. From (3.1)), we have that
Dyf@nsr ) = DI (@, JP (W) + (1 - an)(un). 2°)
— V(B () + (1 — an)(un), )
= V(0 E () + (1 ) (ua) — an (2 () - I (2)), )
(8 (1) = JE (@), I (0 I (1) + (1= a,) (1)) — 2°)

= V(@ @)+ (1= ) (). 2) + @ (1) = JP ), s — )

Dy(J7 (andy (%) + (1 = ) (un)), 27) + (S (u) = T (@), 20 — 27)

< apDy(z*,2") + (1 — ay) Dp(up, %) + an<Jfl (u) — Jfl (%), Tpp1 — ")
= (1= o) Dp(tn, ) + an (7 (w) = JP (%), 2y — 2%). (3.15)
Similarly, we have
Dy(Yns1,y7) < (1= an) Dp(vn, y") + 0 (T2 () = T, (4"), Yr — y7)- (3.16)

Therefore, from (3.11)) we have

Dp(2pi1,2") + Dp(Yns1,¥*) < (1= an)(Dp(tn, ) + Dp(vn, y*))
+an((Jfl(u) — JpE1 (%), Tpyq — )

) = L), ynr — y7))

(1 = an)(Dp(wn, %) + Dp(Yn, y*))

+on () (w) = I (@), T — 27)

HI2 W) = L2 W) Ynsr = y7)- (3.17)

Now, we set O, (z*,y*) := Dy(zy, ") + Dy(yn,y*), and divide the remaining part of the proof into
two cases.

Case A: Suppose there exists ng € N such that {©,,(z*,y*)} is monotonically non-increasing for all
n > ng. Then {©,(2*,y*)} converges as n — oo and so

IN

On(z*,y*) — Opi1(z*,y") = 0, n— .
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Let M, := Cy||A*J}*(Ax, — By,)||! + Qql|B*J[* (Ax,, — Byy)||?, then from (3.10)), we have

a1

b [l 420 — ByalP = = =M.| < Dyl %) 4+ Dylyn,v')
~(Dy(utn, ") + (Dylvn,y)). (3.18)

and therefore,

et
tn[HAa:n—Byan— n Mn]
q

IN

Dy, ) 4 Dp(Yn, y*) — (Dp(tn, %) + (Dp(vn, y7))
= On(2"y") = Onpa (2", ") + Onpa (2%, y7)
—(Dyp(tn, %) + (Dp(vn, y")). (3.19)
Moreover, it follows from (3.17)) and (3.19) and the fact that «,, — 0 as n — oo that

ll4, = Buall = 0] < 0, y) - Ol )
+(1 = an)(Dy(tn, ) + Dp(vn, y))
Fan((J7 (u) = I (a"), @ngs — @)
H(2(0) = T2 (YY), Ynsr — ¥7))
—(Dp(tn, %) + (Dp(vp,y*)) — 0, n — 0. (3.20)

Again, by the condition on the stepsize t,, we have that

-1 q||Azn, — By,||?
< - 5
n M, ‘

which implies that
t M, < q||Ax, — By,||P — eM,,,

and thus \ -
eM,, [

— By,||l — *—M,, - 0, n— oo.
q

Therefore,
CollA* I3 (A, — Byn)||? + Q|| B* I (Ax, — By,)|| = 0, n — oo.

It follows that

lim ||A*J”(Az, — By,)||*=0 and lim ||B*J (Az, — By,)||? = 0. (3.21)
n—oo

n—oo

Also, we have from (3.20)) that
tallAzn — Bynl|[P < an(Dp(u,2%) + Dp(v,y7)) — (1 — ) On (2™, y")

t4
O (", y") + ~M, — 0, n— oco.
q

Hence,

lim ||Az, — By,||’ = 0. (3.22)
n—oo



434 Lateef O. Jolaoso, Ferdinard U. Ogbuisi, Oluwatosin T. Mewomo

Let an = Jg ' (JF (2,) — t, A" JP3(Az, — By,)) and b, = JP2(JP (yn) + t,B*JP( Az, — By,)), then

U, = Rypa, and v, = Ryp,b,,. Following similar argument as in . ‘ and - we

obtain
Dp(anax*) + Dp(bnay*) < Dp<xna ) + D (ynv )

It follows from Lemma 2.3 that

Dp(an,un) +Dp(bn,vn) = D (an,RATlan) +D (bn,R)\TQ )
(Dp(tn, %) + Dy(vn, y"))

< (Dp(am )+D ( ny Y ))
< (Dp(n, &%) + Dp(yn, y")) = (Dp(tn, %) + Dy(0n, y7))
= (Dp(@n, 27) + Dp(yn, ¥7)) = (Dp(@nt1,27) + Dyp(Yni1,y"))
+(Dp(@n+1, %) + Dp(ynt1,Y")) — (Dp(tn, ) + Dp(vn, y*))
< (Dp(@n, &%) + Dp(yn, y")) = (Dp(nt1, ) + Dp(Ynt1,47))
Fan(Dy(u, ) + Dy(v,57)) + (1 = an) (Dp(un, 2%) + Dp(vn, y7))
—(Dp(tn, x*) + Dp(vy,y*)) = 0, n — 0. (3.23)
Hence,
nlggoD (an,u,) =0, and JLHOlOD (b, vn) = 0.
Thus,
nh—>nolo llan —un|| =0, and nh_)rglo |6, — vn|] = 0. (3.24)

Since E; and F5 are uniformly smooth, then Jfl and JIfJ? are uniformly continuous on bounded
subsets of E; and FEj, respectively. Thus

E1 E1 _ 3 E2 E2 J—
lim ||J)"an — J) u,|| =0, and JLIEOHJP bp — J,%v,|| = 0. (3.25)

n—oo

It follows from the definition of a,, that

1757 (an) = I ()|

tal| AT (A — Bya)|

tal[A]|| A2y — By, [P~ — 0, n — .

0 <
<

Since Jy ' is norm-to-norm uniformly continuous on bounded subsets of E}, we have

lim ||a, — z,|| =0, n — oo. (3.26)
n—oo

Similarly, we can show that
lim ||b, — yn|| =0, n — oc. (3.27)
n—oo

It follows therefore from (3.24)) that

|[un =20l < |Jun—an|[+[|an—2n|| = 0, n— 00, and ||vy—yal| < [|vn—bal|+[[bn—yn|| = 0, n — co.
(3.28)
Furthermore, from (3.1f), we have

Dp(Tnt1,un) < anDp(u,un) + (1 — ay)Dy(un, uy)

= a,D,(u,u,) — 0, n — oo,
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and

anDy(v,v,) + (1 — ) Dy (v, vy
a,Dy(v,v,) = 0, n — 0.

Dp(ynJrl? Un)

IA A

Hence
lim ||2p41 — Up|| = lim ||y — vn|| = 0. (3.29)

This together with (3.28]) implies that

|Zn 1 =2l < [[eni—tnl||+|[un—znl] = 0, and ||yni1=ynll < [[yni1—val|+[[on=ynl| = 0, n — 0.

(3.30)
Since {x,} and {y,} are bounded, there exist subsequences {x,,} of {z,} and {yn,} of {y,,} such that
Tn, — T € w(zy,) and y,, — w(y,) respectively. Now, since T}Lrlgo||un—xn|| =0 and JLI&O||vn—yn|| =0,
we obtain w,, — Z and v,, — y. Let (z,u) € G(T1), that is z € Tiu. Since u,, = Rr,an, for all
A > 0, we have

I an, € (JP + ATV )uy,,
which implies that

1
X(Jflani — Jflum) S Tluni.

By the maximal monotonicity of T, we have

1
(z — X(Jflam — JP ), u — u,) > 0,

which implies that

B B
(U — gy Sy Ay — I Uy )

>

<Z, u— um> 2
It follows from ([3.25]) and the fact that u,, — = that
(z,u—1) > 0.

Since T} is maximal monotone, we have 0 € T 7.

Following similar analysis as above, we obtain 0 € Tyj.

Now, since A : £y — E5 and B : E; — Ej5 are bounded linear operators, we have Az,, — Ax and
By,, — By. By the weak lower semicontinuity of the norm and , we have

||Az — By|| < liminf ||Az,, — By,,|| = 0.
1—00

Hence, ATz = By.
We now show the sequence {(x,,y,)} strongly converges to (z*,y*) = (Ilr, u, [Ip,v). From (3.17)), we
have

Dy(Tni1,2°) + D(Yni1,¥") < (1= ) (Dp(@n, %) + Dp(Yn, y*))
o (I (u) — JPH(2%), Ty — 2°)
+(IP2 (W) = TP, Yo — ¥)). (3.31)

Choose subsequences {w,;} of {z,} and {y,,} of {y,} such that

lim SUPU;)El(U) - JpE1 ("), X1 — 2%) = lim <JpEl(U) - Jfl ("), Tpye1 — %),
n—00 J—r00
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and
lim SUP<JE2 (v) — J? (Y*)s Ynt1 —y") = lim <JpEQ(U) - JpEQ(y*)v Yn;+1 — y).

n—00 j—oo

Since ,; — 7 and y,,, — ¥, it follows from ({2.7) that

i sup (I (0) — JP o)y — 37 = lim (P ) — I (@) 01— o)
n—00 J—00
E E *\ = *
= (S, (w) = J, (27), 7 —2") <0, (3.32)
and
1i£rLS£p<sz (v) = 2 Y), Y1 — y7) = jILQO(JfQ(v) — I (), Yny41 — )
= (J,2(v) = J2(y"), 5 —y") <0. (3.33)

Using Lemma [2.4]in (3.31]), we conclude that
Dy(zy, ") + Dp(yn,y") = 0, n — oo. (3.34)

Thus, Dy(z,,2*) = 0 and Dy(y,,y*) — 0, n = oco. Therefore z,, — z* and y,, — y*.
Case 2: Assume that {O,(z*,y*)} is not monotonically decreasing. Let 7 : N — N be a mapping for
all n > ny (for some ny large enough) defined by

7(n) =max{k € N: k <n, 7 < 741}
Clearly, 7 is a nondecreasing sequence such that 7(n) — oo, as n — oo and
0< ®T(n)<x*a y*> < @T(n)+1(x*7y*)7 vn > Ng.

Following similar analysis as in Case 1, we conclude that lim ||Az(,) — Byrm|| = 0;
n—o0

im |- (ny41 — Zr@my|| = 0 and im [|yr(y11 — Yrm)|| = 0. Also we have that
n—oo n—oo

lim Sup<‘]pE1 (u) - JpEl (QT*), Tr(n)+1 —ZL'*> <0 and lim Sup(‘]pE2 (U) o Jf2 (y*)v Yr(n)+1 _y*> <0. (335)

n—oo n—0o0

Now, since {@,(,)} and {y;m)} are bounded, there exist subsequences of {z,)} and {y.@} still
denoted as {z,(,} and {y,u) } which converge weakly to # € Ey and § € Ej respectively. From
(13.17), we have

O (@ 9") < (1= Ar)Oria (', 5) + urguy (I (1) = JE (@), 500131 — 2°)
Since Oy (2%, y*) < Orpy41 (2™, y*), it follows from (3.36]) that

Ormy (%, y") < (I (u) — IP (3%), Ty — %) + (I3 (0) = T2 (W), Yryir — ¥7)-
Then from (|3.35)), we have that

Jim Oy (2%, y") = 1 (Dy(2r(n), ) + Dp(Yr(ny y7)) = 0-

n—oo
Hence, lim D, (2,(m),2*) = 0 and lim Dy (Y, (), y*) = 0.
n—o00 n—00
Thus we have lim ||z, —2*|| =0 and lim ||y-,) — y*|| = 0. As a consequence, we obtain for all
n—00 n—oo

n Z Ny,
0 < @n(x*a y*) < maX{GT(n) (.le*, y*)> @T(n)—l-l(x*v y*>} = @T(n)—H (3:*7 y*)
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Hence, lim ©,,(z*,y*) = lim (D,(x,, 2*) + Dy(yn, y*)) = 0.
n—o0 n—oo
Thus,
lim D,(x,, ") = lim D,(y,,y") = 0.
n—oo

n—oo

Therefore, we have
lim ||z, —2*|| =0 and lim ||y, —y*|| = 0.
n—o0 n—oo

This implies that the sequences {(x,, y,)} strongly converges to (z*,y*) = (IIp,u, llr,v).
0
4. Applications and Numerical Example

4.1. Applications
Next, we obtain the following consequences from our main theorem.

4.1.1. Split Equality Feasibility Problem:

Let E be a p-uniformly real Banach space which is also uniformly smooth. Given a proper, convex
and lower semicontinuous function f : £ — R U {400}, the subdifferential of such function is the
mapping Of : E — 2% defined by

Of(x) ={x" € £ : f(x) — f(u) < {(z —u,z"), Vu e E}.

Let C be a nonempty closed and convex subset of F and i¢ be the indicator function of C, defined
by

We define the normal cone N¢(x) to C at a point x € C as follows:
Ne(z)={z" € E": (z",u—x) <0V ue L}

Then i¢ is proper, lower and semicontinuous function on E and the subdifferential ;. of i¢ is a
maximal monotone operator (see [49]). We also define the resolvent Ry, , of 0;., for A > 0 as

R)\aic.%' = (JpE + )\aic)iljpEl',

for all z € E. By definitions, we obtain

Oipx = {z" € E* ticx + (", u—2x) <icu, Vue E}
= {z"eF": (z"u—2x) <0, Vuel}
= Nex, (4.2)

for all x € C. Hence, for A > 0, we have that
u= Ry, v < foe J];Eu+)\6icu<:>Jf(x—u) € ANcu
& (JP(xr—wu),z—u)<0,Vzel
& u =l (4.3)

Now, let F4, E5 and E3 be p-uniformly convex Banach spaces which are also uniformly smooth. Let
C and ) be nonempty, closed and convex subsets of E; and FE, respectively and let A : F; — FEj
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and B : Ey — Ej3 be bounded linear operators. The Split Equality Feasibility Problem (SEFP) is
defined as
find 2" € C' and y* € @ such that Az* = By". (4.4)

When Ey; = E3 and B = [ the identity mapping in (4.4]), the SEFP reduces to the Split Feasibility
Problem SFP introduced by Censor and Elfving [I5]. Setting 71 = 0;. and Ty = J;, in Theorem ,
then the algorithm (3.1)) becomes

U = e dy (JE (2,) =t A* JF3(Ax, — Byn)),
Tpy1 = Jquk (Oéanl(u) +(1 - O‘n)Jfl (un)),
VU = U Jy? (JB(yn) + t, B* TP (Az, — Byy)),
Yni1 = o (a2 (0) + (1 = o) S22 (v)),

(4.5)

and we obtain a strong convergence for approximation of solution of split equality feasibility problems
in Banach spaces.

4.1.2. Split Equality Convex Minimization Problem:

Let E be a p-uniformly convex real Banach space which is also uniformly smooth and C' be
nonempty closed convex subset of £. Let ¢ : C' — R be a proper convex lower semicontinuous
function. We know that the subdifferential d¢ is maximal monotone and the resolvent operator
Rypp = proxy, where

1
proxysr = argmin{é(u) + —D,(u, x)},

uelr 2\
for each x € E (see [44] for more details).
Let Ey, E5 and E3 be p-uniformly convex real Banach spaces which are also uniformly smooth and
C and @ be nonempty closed convex subsets of E; and FE, respectively. Let A : E; — FE5 and
B : Fy — F3 be bounded linear operators. The Split Equality Convex Minimization Problem
(SECMP) is define as: find z* € E; and y* € E, such that

reF yeE> (46)

x* = argmin ¢(x) and y* = argmin ¥(y)
Ax* = By*,

where ¢ : C' — R and 9 : Q — R are proper convex lower semicontinuous functions. Now, by setting
Ty = 0¢ and Ty = 9¢ in Theorem [3.1] then the algorithm (3.1)) becomes

E*
Up = ProXgJq * (J°
= Ji (I
Tp41 q (079 P
E*
Uy, = ProXagJq > (J,

E3 E
Ynt1 = Jp? (an‘]p 2

o

~—

Tp) — zan*JpE3 (Az, — By,)),
+ (1 - O‘n)Jfl(un))a
Yn) + tnB*Jf?’ (Az, — Byn)),
+(1— &n)JEQ(Un))v

—~

u

(4.7)

2

&

~— —

v

—~

and we can obtain a strong convergence result for approximating solutions of SECMP in Banach
spaces.

4.1.3. Split Equality Equilibrium Problem:
Let E be a p-uniformly convex Banach space which is also uniformly smooth and C' be a nonempty

closed convex subset of E/. Let F': C' x C'— R be a bifunction, the equilibrium problem introduced
by Blum and Oettli [I1] in 1994 is defined as: find x € C such that

F(z,y) >0, VyeC.
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We denote the set of solution of the equilibrium problem as EP(F). For solving the equilibrium
problem, it is assumed that the bifunction F' satisfied the following conditions:

(Al) F(z,x) =0 for all x € C,

(A2) F is monotone, that is F(x,y) + F(y,z) <0, forall z,y € C,

(A3) for all x,y,z € C, limsup, F(tz + (1 —t)z,y) < F(x,y),

(A4) for all z € C, F(x, ) is convex and lower semicontinuous. The resolvent operator T associated
with the bifunction F' for r > 0 is defined as

1
Tf(x):{ZEC':F(z,y)—k;(y—z,sz—fo)ZO, VyeC}.

It is well known that T satisfy following properties:
(a) TF is single-valued,
(b) TF is a firmly nonexpansive mapping, that is,

(TF 2 —=TFy, JPT 2 — JET y) < (TF2 = TFy, JPz — JPy) Vz,y € E,

() F(T,)) = EP(F),
(d) EP(F) is closed and convex.
Now, define a multi-valued mapping Ap : E — 27" by

€ B F(x,y) > XJBy— JPzx,2), VyeC}; xeC,
AF(x)::{ é_xgc(y)_xpy o, 2), Yy ey (4.8)

then, we know that EP(F) = A;'0 and Af is a maximal monotone operator with dom(Ax)C C (see
[56]). Further, for any = € E and r > 0, the resolvent T of F' coincides with the resolvent of Ap,
that is

Trw=(J) +rAp) Il

Let E1, F5 and E3 be p-uniformly convex real Banach spaces which are also uniformly smooth and
C and @ be nonempty closed convex subsets of E; and FE, respectively. Let A : E; — F3 and
B : E5y — E3 be bounded linear operators. Let F': C' x ' — R and G : ) x Q — R be bifunctions.
The Split Equality Equilibrium Problem (SEEP) is defined as: Find z* € C' and y* € @ such that

{ F(:U*,:clzo V;:CGC, Gly*y) >0 Vyeq (4.9)
and Ax* = By*.
Setting Ry, = Tf and Ryp, = TTG in Theorem , then the algorithm becomes
u, = TF Jqfl* (JP(2,) — ta A" TP (Az, — Byy)),
B = I (@ TP () + (1= )T (), (.10

O = Ty (J72(gn) + ta B I (A = Byn)),
Yni1 = Jp* (0 JP2 () + (1 = a) JP2(vy,)),

for r,, > 0, and we obtain a strong convergence result for approximation of solution of the SEEP in
Banach spaces.
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4.1.4. Saddle Points Problem

Let X and Y be two Hilbert spaces and E = X x Y. Let L : E — RU{—00, +00} be a function
such that L(x,y) is convex in x € X and concave in y € Y, (convex-concave function). To such a
function, Rockafellar [48] associated the operator T}, defined by

TL = 01L X 82(—[1),

where J; (resp. 0;) stands for the subdifferential of L with respect to the first (resp. the second)
variable. T} is a maximal monotone operator if and only if L is closed and convex in Rockafellar
sense (see [48]).

Moreover, it is well known that (z*,y*) is a saddle point of L, namely:

L(z",y) < L(z",y") < L(z,y%), V (z,y) € E,
if and only if the following inclusion holds
(0,0) € Tr(z*, y").

The proximal operator associated with 77, is define by

. 1 1
proxy(x,y) = arg minmaz{L(u,v) + ﬁHx —ul]* - ﬁHy — [},

(u,v)

for all (z,y) € E. Now, if in problem ([1.6)), we set B} = X7 X Y], By = X5 X Y3, B3 = X3 X Y3 and
T, =Ty, Ty =Ty,, where L; (i = 1,2) are convex-concave functions on E; for i = 1,2, respectively.
Then, we have the following split equality saddle point problem: find (z7,y}) € E) and (23, y5) € Es
such that

(x1,47) = arg (mm;’nax L(z1,)
Z1,Y1

(x3,y5) = arg minmaz Lo(z2,Ys) (4.11)
(w2,92)

and A(x3,yr) = B(x3,v3),

where A : By — F3 and B : F5 — Ej3 are bounded linear operators. Then we can obtain the following
strong convergence result from Theorem [3.1]

Theorem 4.1. Let X; and Y; be real Hilbert spaces foriv=1,2,3. Let E1 = X1 x Y], Fy = X5 x Y5,
Es = X3xY;s. Let C' and QQ be nonempty closed convex subset of E1 and Fy respectively, A : E1 — E3
and B : Ey — E3 be bounded linear operators. Let L; : E; — R U {—o00,4+00} be convex-concave
functions, for i =1,2,3. and T’ := {% = (z1,22) € T,.'(0,0), ¥ = (y1,42) € T.,'(0,0) ; Az = By}
is nonempty. For fired u = (uy,uz) € Ey and v = (vy,v9) € Ey, choose an initial guess T, € F4
and iy € Ey arbitrarily. Let {a,,} C [0,1]. Assume that the nth iterate T, = (xp1,%n2) € E1 and
Un = (Yn,1,Yn2) € Eo have been constructed; then we calculate the (n + 1)th iterate (Tp41,Ynt1) via
the formula

Uy, = proxyp, (T,) — t,A*(AZ,, — Byy),
Tpa1 = ap(u) + (1 — ay) Uy,
Up, = proxxr, (Un) + tn B*(AZ,, — BYyn),
Yn+1 = an@) + (1 - Oén)q_)na

(4.12)
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where X > 0, A* and B* are the adjoints of A and B respectively and the stepsize t, is choosen in
such a way that

2||AZ, — Bya|l?
|A*(AZy — Byn)||* + || B*(AZy — Byn)|[?

tn€<e, —e),nGQ,

for small enough €, otherwise t,, =t (t being any nonegative value ), where the set of indices 0 =
{n: Az, — By, # 0}. Suppose the following conditions are satisfied:

(i) lim a, =0,

n—oo
(i) > Q= 00.

Then, the sequences {(Zn,Un)} strongly converges to (z,y) = (Pr,u, Pr,v), where I'; ={zZ € E; : 0 €
T..(2)} for (i =1,2), Pr, and Pr, are the metric projections onto I'y and I'y respectively.

4.2. Numerical Example
For simplicity, we take £y = Fy = F3 = R, with p = 2. Let A(z) = x, B(x) = 2z, Ti(z) = 2z
and Ty(z) = 3z. Choose A = 2 and «, = \/iﬁ, then algorithm ({3.1]) becomes

Tpt+1 = \/Lﬁu + (\éﬁ\/%l)(ajn - tn($n - 2yn)) (4 13)
Ynt1 = \/Lﬁv + (\éﬁ\/_ﬁlxyn + 2t0(zn — 2yn)),
where the step size t,, is chosen in such a way that
2|| Az, — Byal|®
tn€<e, —e),neQ,
|AT(Azy, — Byn)||* + [[ BT (Azn — Bya)||?
for small enough €, otherwise ¢, = t (¢ being any nonegative value ), where the set of indices

Q={n: Ax, — By, # 0}.

We make different choice of u, v, z1, and 3; and use € < 1072, for the stopping criterion.

Case 1:

(i) Take 27 = 1,53 = —1,u = 0.5 and v = 1.

(i) Take 21 = 0.25,y; = 0.005,u = —0.0675 and v = 0.001.

Case 2:

(i) Take z; = —0.02,y; = —0.005,4 = 0.1 and v = 1.

(ii) Take 1 = —0.0005,y; = —0.12,u = 1 and v = 0.001.

We note that the choice of ¢,, as long as it is in the range, does not have any significant effect on
both the number of iterations and cpu time. Mathlab version R2014a is used to obtain the graphs of
errors against number of iterations, execution time against accuracy and number of iterations against
accuracy.
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Figure 1: Case 1(i): errors vs number of iterations (top); execution time vs accuracy (bottom left); number of iterations
vs accuracy (bottom right).
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Figure 2: Case 1(ii): errors vs number of iterations (top); execution time vs accuracy (bottom left); number of
iterations vs accuracy (bottom right).
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