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Abstract

In this paper, we consider some nonlinear contraction for set-valued operators and prove some
fixed point results in the case of set-valued operators are ordered-close and not ordered-close, and
in the case of set-valued operators are UCAV (LCAV) in quasi-ordered PM-spaces. Moreover, we
present two examples and an application to show the validity of the main theorems.
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1. Introduction and preliminaries

The investigation of contractivity on PM-spaces was initiated in 1966 by Sehgal [I4]. The fixed
point theorems in PM-spaces are important because they suggest a significant instrumentation to
solve random equations. Hence, some of probabilistic contractions have been defined in [6, [7, 8], and
references contained therein.

In 2009, Cirié¢ et al. [5] obtained several fixed point theorems in PM-spaces equipped with a
quasi-order. After that, several fixed point results in quasi-ordered PM-spaces were investigated in
[3, 4, @, 10, 12}, T3] and references contained therein. In 2014, Wu [16] proved the following theorem
for the single-valued operator in a PM-space.
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Theorem 1.1. [16] Let (X, F,T,=) be a complete PM -space provided with a partial order “ <7
on X, G: X — X be a single-valued operator and ® be all of the functions ¢ : [0, +00) — [0, +00)
such that p(i) < 1 and limy, oo™ (i) = 0 for all i > 0. Assume that the following properties are held:

H,) There exists x € X provided that x < Gz;
H,) For every x,y € X withx 2y, ¢ € ©: Fauay(@t)) > min{Feaupu(t), Fuy(t), Foyy(t)};
Hj) If {x,} a non-decreasing monotone convergent sequence to x*, then x, =< x* for each n.

Then G have a fized point x* in X.

In this paper, some nonlinear contractions for set-valued operators are considered and several fixed
point results in the case of are ordered-close and are not ordered-close in PM-spaces provided with a
quasi-order are proven. Moreover, we prepare several fixed point results for UCAV (LCAV) operators
satisfying some set-valued contractions in quasi-ordered PM-spaces. To motivate this study, two
illustrative examples and an application are considered.

In the following, we give some preliminary definitions which are needed. Throughout this paper,
we denote C'B(X) for the collection of every nonempty closed and bounded subsets of X and denote
N(X) for the collection of every nonempty subsets of X.

Definition 1.2. [71] Consider a quasi-ordered set (X, =) with two nonempty subsets A and B of
N(X). The relation between A and B is considered as follow:

(r1) If for all a € A, there is b € B provided that a < b, then A C; B.
(ro) If for all b € B, there is a € A provided that a < b, then A Ty B.
(rs) If ACy B and A Cy B, then AC B.

Definition 1.3. [2/ Consider a ordered set (X, =) with {x,} C X provided that - -+ < x, < -+ =<
To Ry orxy Ry X+ 2w, X+, Then {x,} is called a monotone sequence.

About definitions such as distribution function, triangular norm (abbreviated, ¢t-norm), H-type
(Hadzi¢ type)t-norm and etc, one can refer to [5, 8] and their references therein. Also, D7 is
considered for the set of every Menger distance distribution functions.

Definition 1.4. [§] Let X be a nonempty set, T be a continuous t-norm and F : X X X — DT be
a mapping such that

(PM1) F,,(t) =1 forallt >0 iff x =y,

(PM2) F,,(t) = F,.(t) for every x,y € X and t > 0,

(PM3) Fo.(t+s) > T (Fuy(t), Fy.(s)) for every z,y,z € X and t,s > 0.
Then (X, F,T) is a Menger PM -space.

Definition 1.5. [§/ Consider a PM-space (X, F,T). For every A C X and x € X, F,a(t) =
suppeaFp.(t) is the distance between a point and a set in PM -space.

About the definitions of convergent, Cauchy sequence, and etc, one can refer to [g].
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Lemma 1.6. [16] Assumen >1, F€ DY, o € ®, g1,92,...,9, : R — [0, 1] and

'F(Qp(t)) > min{gl(t)’QQ(t%"‘7gn(t)’F(t)}'

Then F(p(t)) = min{gi(t), g2(t), ..., gn(t)} for every t > 0.

Lemma 1.7. [16] Consider a PM-space (X, F,T). If Fpq,(0(t)) = Fpq(t) for every t > 0, where
pe®. Thenp=q.

Definition 1.8. The set-valued operator G : X — CB(X) is called ordered-close if for two mono-
tone sequences {x,},{y,} C X and xo,y0 € X; T, = X0, Yn — Yo and y, € G(x,) imply yo € G(xo).

2. Results on ordered-close and non ordered-close set-valued operators in P M-spaces

Here, we first establish several fixed point results for ordered-close and non ordered-close set-
valued operators.

Theorem 2.1. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ <.
Also, suppose that T is a Hadzic-type t-norm, ¢ € ® and G : X — CB(X) is an ordered-close
set-valued operator. Further, assume that

(Hy) for every x € X, there is y € Gx provided that x < y;

(Hy) for every x,y € X with x <y, u € Gz and v € Gy:
Fup(p(t) = min{ Fus(t), Fay(t), Foy(t)}-

Then G have a fized point x* in X.

Proof . Select xqg € X. If g € Gz, then the proof is complete. Otherwise, there is x; € Gxy with
xo # x1 and xg < x1. Also, for x1 € X, there exists o € Gx; with x1 # x5 and 1 < x9. Continue
this process, we obtain a non-decreasing sequence {z,}, where z,, € Gx,_; and z,,_1 < x,. By the
condition (H,), we have

‘Fxnymn+l (Sp(t)) 2 min{f‘xnyxn—l (t>7 ‘Fxn—hxn (t)7 Fxn+l:xn (t)}

Then F, (p(t)) > Fu, 12, (t) for all ¢ > 0. Hence, we obtain

Tn,Tn+t+1

an,xn+1(‘:02(t)) 2> Fon v (p(t) > Fxn—z,zn—l(t)

for every t > 0. Thus, Fy, .., (¢™(t)) > Fu, u(t) for all ¢ > 0. Since limy_ oo Fy, 4, (t) = 1, there is
a to so that F,, ,,(to) > 1 —e for § > 0 and € € (0,1). Also, by lim, ™ (t) = 0, there is a Ny € N
provided that ¢"(ty) < 6 for n > Ny. Thus, we obtain

Fxn,xnﬂ(d) > ‘Fwnyxn-&-l (@n(to)) > Fay o (to) >1—¢

for n > Ny, that’s mean lim, o Fs,,, . (t) = 1. Next, we should show that for every 6 > 0 and
e € (0,1), there exists N(e,d) provided that for all m > n > N(4,¢), we have F, ., (0) > 1—c¢.
Firstly, we show the inequality

Fonpioin(0) 2 TH(Fopran (8 = 9(5))) (2.1)
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for every k > 1 is established by induction. For k = 1, we have

«Fxn,xn+1 (5) Z (Fxn+1,xn (5 - 90<5)))
= T(fxn+1,zn (5 - 90(5))7 1)

> T(Foresn (0= 9(0)), Frpirn (6 = 2(0)))
= Tl(‘FIn+1,xn(5 - 90(5)))
Hence, holds for £k = 1. Assume that is held for 1 <k <p. If k=p+ 1, then

Frneperin®) 2 T(Frrinn 6 = 90), Fanritnpin (00)) ). (2:2)

By (H) and by contradiction we show that Fo . o..,(0) > Fop .0 (6). Thus, Fo 1oy, (0) >
F. (0). Therefore,

Tn,Tntl
.Fxn+1,mn+p+1 (90<5)> = min{fznvxn-H (6)’ ‘Fffn:ffn-&-p <5)’ Fxn+p7xn+p+1 (5>} (23)
= min{fwn@nﬂ (5)7 ‘FZEn,IEner (5)}
2 min{Fo (0 = (0. TP a0 = 2(0)) }

= T(Fopnis 0= 0(9))).
By and , we obtain
Frnepirin(®) 2 T(Fanrrs (0= 9(0)), T (Frpn (0 = 2(6))))
= T Fopnn 6= 0))).

Thus, (2.1)) is held. Also, since t-norm 7 is H-type, for a selective ¢ € (0,1), there is A € (0,1) so
that for all n > 1, T"(t) > 1 —e when t > 1 — \. By lim, o0 F. (0 — ¢(d)) = 1, there exists a

Tn,Tn+1
Ny (g, ) so that F,, 4., (6 —(6)) > 1 — X for each n > Ny (e, d). Therefore,

Fonipan(0) 2 TH(Fopiran (0 = 0(0) 2 TH1=X) = 1—¢

for all & > 1. So the sequence {z,} is a Cauchy sequence in X. Due to the completeness of X,
there is * € X provided that lim,,_ ..z, = z*. Since G is ordered-closed, {z,} is monotone and
Tni1 € Gz, we deduce z* € Gx* and z* is a fixed point of G. UJ

Theorem 2.2. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ <.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is an ordered-close
set-valued operator. Further, assume that

(Hy) for every x € X, there is y € G(x) provided that y < z;

(Hy) for every x,y € X withy <z, u € G(x) and v € G(y):
Fuw(p(t)) = min{Fy(t), Foy(l), Foy(t)}.

Then G have a fived point x* in X.
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Proof . Select o € X. If xy € Gxg, then the proof is complete. Otherwise, there is 1 € Gxg
with zg # x; and z; = xg. Also, for x1 € X, there exists zo € Gxy; with ;1 # x5 and z9 =< x1.
Continue this process, we have a non-increasing sequence {z,}, where z,, € Gz, and x,, =< =, 1.
The continue of the proof as is the same similar to the proof of previous theorem. [

Theorem 2.3. Suppose that (X, F,T) is a complete PM -space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator.
Further, assume that

(Hy) for every x € X, there is y € G(x) provided that v < y;

(Hy) for every x,y € X with x <y, u € G(z) and v € G(y):

Fuo(o(t) = min{Fuu(t), Foy(t), Fou (D)}

(H3) if {x,} is a non-decreasing monotone sequence convergent to x*, then x, < x* for each n.

Then G have a fized point x* in X.

Proof . Select o € X. If o € Gz, then the proof is complete. Otherwise, there is x; € Gz with
ro # x1 and zg <X x1. Also, for 1 € X, there exists o € Gx; with x1 # x5 and z; < x5. Continue
this process, we obtain a non-decreasing sequence {x,}, where z,, € Gz,_; and z,_1 < z,. As in
the proof of Theorem one can show {z,} is convergent to z*. Then, by (Hj), x, < z* for all n.
By (Ha), for each y € Gx*, we have

Fxn+1,y(90(t>> > min{fxn,xn-Fl(t)? Fw*,y(t)vfxn,w* (t)}-

Letting n — oo, we obtain Fy« ,(p(t)) > Fye y(t). From Lemma [1.7] we get y = z* and z* € Ga*.
Therefore, G' have a fixed point in X. [J

Corollary 2.4. Suppose that (X, F,T) is a complete PM -space provided with a quasi-order « <"
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator.
Further, assume that

(Hy) for every x € X and for each y € G(x), we have © < y;

(Hy) for every x,y € X with x <y, u € G(x) and v € G(y):

Fuwo((t)) = min{Fuu(t), Foy(t), Fou ()}

(H3) if {x,} is a non-decreasing monotone sequence convergent to x*, then x, < x* for all n.

Then there is v* € X so that Gx* = {z*}.

Theorem 2.5. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator.
Further, assume that

(Hy) for each x € X, there is y € G(x) provided that y < x;
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(Hy) for every x,y € X withy <z, u € G(z) and v € G(y):

Fuwo(o(t)) = min{Fuu(t), Foy(t), Fou (D)}

(Hs) If {x,} is a non-increasing monotone sequence convergent to x*, then x* < x,, for all n.

Then G have a fized point x* in X.

Proof . Consider xg € X. If 2y € Gz, then the proof is complete. Otherwise, there is x; € Gxg
with xo # x; and xg = x;. Also, for z; € X, there exists o € Gry with x1 # x5 and 1 > .
Continue this process, we have a non-increasing sequence {z,}, where z,, € Gz, and x,_; = x,.
Similar to proof of Theorem one can show {x,} is convergent to z*. Then, by (H3), x, = z* for
all n. By (Hj), for each y € Gz*, we have

faznﬂ,y(@(t)) > min{f$n7$n+l(t)"Fw*ay<t)7f$n71'* (t)}

Letting n — oo, we have Fy« ,(p(t)) > Fypx4(t). From Lemma we have y = 2* and z* € Gx™.
Therefore, G has a fixed point in X'. [J

Corollary 2.6. Suppose that (X, F,T) is a complete PM -space provided with a quasi-order « <"
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator.
Further, assume that

(Hy) for every x € X and for each y € G(x), we have y < z;

(Hy) for every x,y € X withy <z, u € G(x) and v € G(y):

Fuwo(o(t)) = min{Fuu(t), Foy(t), Fou (D)}

(Hs) If {x,} is a non-increasing monotone sequence in X and convergent to z*, then z* < x, for
each n.

Then there is z* € X so that Gx* = {z*}.

Theorem 2.7. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is an ordered-close
set-valued operator. Further, assume that

(Hy) for each x,y € X with x <y, we have Gx C; Gy;
(Hy) there is xg € X such that {xo} T1 Gxo;

(Hs3) for every x,y € X with x <Xy, u € G(z) and v € G(y):
Fuw(p(t)) = min{Fya(t), Foy(l), Foy(t)}.
Then G have a fixed point x* in X.

Proof . From (H,), there exists 1 € Gxy such that zo < z7. This implies that Gzo C; Gzy by
(Hy). By definition , there is x9 € Gy provided that xy < x5. Continue this procedure, we have

a non-decreasing sequence {z,} so that z,, € Gx,_;. Similar to the proof of Theorem , ¥ is a
fixed point of G. [J
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Theorem 2.8. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, p € ® and G : X — CB(X) is an ordered-close
set-valued operator. Further, assume that

(Hy) for every x,y € X with x =<y, we have Gx Ty Gy;
(Hz) there is xg € X so that Gxg Ty {z0};

(Hs) for each x,y € X withy <z, u € G(z) and v € G(y):
Fuo(p(t)) = min{Fy (1), Fuy(t), Foy(t)}.

Then G have a fixed point z* in X.
Proof . The proof is analogously the proof of Theorem 2.7} [

Theorem 2.9. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order « <.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator.
Further, assume that

(Hy) for all x,y € X with x <y, we have Gx =1 Gy;
(Hy) there is xg € X such that {xo} T; Gxo;

(H3) for every x,y € X with x <y, u € G(x) and v € G(y):

Fun(p(t)) = min{ Fuo(t), Fry(t), Foy()};

(Hy) if {x,} is a non-decreasing monotone sequence convergent to x*, then x, < x* for each n.
Then G have a fived point x* in X.

Proof . From (Hs), there is x; € Gz such that g < x;. This implies that Gxy &y Gz by (Hy).
By Definition , there is x9 € Gz such that z; < x5. Continue this procedure, we have a non-

decreasing sequence {z,} such that z,, € Gx,_1. The rest of the proof is in the like manner given in
Theorem 2.3 O

Theorem 2.10. Suppose that (X, F,T) is a complete PM -space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator.
Further, assume that

(Hy) for every x,y € X with x =<y, we have Gx Ty Gy;
(Hs) there is xo € X such that Gxy Ty {z0};

(Hs) for every x,y € X with x <y, u € G(x) and v € G(y):

Fup(p(t)) = min{ Fue(t), Foy(t), Foy()};

(Hy) if {x,} is a non-increasing monotone sequence in X and convergent to x*, then x* < x, for
each n.

Then G have a fixed point x* in X.
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Proof . The proof is like the proof of Theorem 2.9} O

Example 2.11. Suppose X = R, © <7 is a quasi-order on X, T(a,b) = min{a,b} for every
a,be0,1] and
1, T =y

Folt) = { S

Then (X, F,T) is a quasi-ordered complete PM -space provided with the quasi-order “ =< 7. Also,
consider ¢(t) = % fort > 0 and define G : X — CB(X) by G(x) = [0,3z]. Thus G is satisfied in

condition (Hy) of Theorem . Now, for each x,y € X with x # y and for each u € Gx and v € Gy
with u # v, we have

Fun(p(t)) > min{Fy o (1), Fey(t), Foy(t)}.
Therefore, Theorem [2.1] implies that G have a fized point in RF.

3. Results on set-valued operators in quasi-ordered P M-spaces

In this section, we give several fixed point results for set-valued contractive operators in quasi-
ordered PM-space, where quasi-order is a reflexive and transitive relation.

Definition 3.1. Consider a PM-space (X, F,T) provided with a quasi-order “ <" on X.

(i) A subset D C X is approzimative, when the set-valued operator P, p(t) ={p € D : F,p(t) =
Fpz(t)} for every x € X has nonempty value.

(ii) The operator G : X — CB(X) is approximative valued (briefly, AV), if Gz is approzimative
for every x € X.

(111) The operator G : X — CB(X) is comparable approzimative valued (briefly, CAV), if Gz
has approxzimative values for every x € X, and there is y € P, ¢.(t) provided that y is comparable to
z for every z € X.

(iv) The operator G : X — CB(X) is upper comparable approzimative valued (briefly, UCAV)
[resp. lower comparable approzimative values, (briefly, LCAV)] if Gx has approximative values, and
there is y € Py .(t) provided that y = z (resp. y < z) for every z € X

Theorem 3.2. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator,
where has UCAV. Further, assume that

Fuw(@(t) = min{ Fua(t), Fay(t), Foy(t)}
for every x,y € X with x |y, u € Gx and v € Gy. Then G have a fized point x* in X.

Proof . Consider zyp € X. If xy € Gy, then the proof is complete. Otherwise, since Gy has
UCAV, there is x; € Gzg with g # z1 and zo = 21 so that Fy, ., (t) = Fup.cao(t) and there is
ry € Gy with o # x; and ;1 = 2y so that F,, ,,(t) = Fu,.ce (). Continue this procedure, we
obtain a non-decreasing sequence {z,}, where z,, € Gz, and x,_; =< x,. Analogous the proof of
the Theorem [2.1], one can show G have a fixed point z* in X'. O

Theorem 3.3. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator,
where has LCAV. Further, assume that

Fuu(p(t)) = min{Fy (1), Foy(t), Foy(t)}
for every x,y € X with x 2y, u € Gx and v € Gy. Then G have a fized point x* in X.
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Proof . Consider zy € X. If ¢ € Gz, then the proof is complete. Otherwise, since Gixg has LCAV,
there is 1 € Gxg with xy # x; and 21 < g so that F,, ., (t) = Fuy.cu(t) and there is x5 € Gy
with x5 # 21 and @y < 21 so that Fy, ,,(t) = Fu, ca (t). Continue this procedure, we obtain a non-
increasing sequence {x,}, where z,, € Gz, and z, = x,_1. Analogous the proof of the Theorem
2.2 one can show G have a fixed point z* in X. OJ

Theorem 3.4. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator,
where has AV. Further, assume that xo € X so that {xo} C Gzo and

Fuu(p(t)) = min{Fy . (1), Fuy(t), Foy(t)}
for every x,y € X with x <y, u € Gz and v € Gy. Then G have a fized point x* in X.

Proof . If xy € Gz, then the proof ends. Otherwise, for any x € Gzy one has that x > z.
Since G has approximative values, there exists 1 € Gz with zg < 21 and Fy 4, (t) = Fap.cm (1)
Continue the procedure of constructing x, inductively. Then there is z,, € Gz, with x,, # x,_1
and x,_1 < x,. The rest of the proof is like manner given in Theorem . O

Theorem 3.5. Suppose that (X, F,T) is a complete PM-space provided with a quasi-order “ < 7.
Also, suppose that T is a Hadzié-type t-norm, ¢ € ® and G : X — CB(X) is a set-valued operator,
where has AV. Further, assume that xo € X so that Gxg C {xo} and

Fup(p(t)) = min{Fy.(t), Foy(t), Foy(t)}
for every x,y € X with x 2y, w € Gx and v € Gy. Then G have a fized point x* in X.

Proof . If g € Gxg, then the proof ends. Otherwise, for any © € Gx( one has that zy > x. Since
G has approximative values, there is 1 € Gz with 21 < o and Fp 4, (t) = Fap,a0(t). Continue
the procedure of constructing x, inductively. Then there exists =, € Gz, with =, # x,_; and
Ty, = Tp—1. The rest of the proof is like manner given in Theorem [3.3] O

Example 3.6. Suppose X = R", “ <7 is a quasi-order on X, T (a,b) = min{a, b} for alla,b € [0, 1]
and
1, if dlz,y) <tandt>0

Fay(t) :{ 0, if d(z,y)>tort<0

Then (X, F,T) is a complete PM -space provided with the quasi-order “ <X 7. Also, consider ¢(t) = %
fort > 0 and define G : X — CB(X) by G(x) = [0,3z]. Thus G is satisfied in condition (Hy) of
Theorem [2.1. Now, for each z,y € X with x # y and for each u € Gz and v € Gy with u # v, we
have

]:u,v(cp(t)) > min{]:u,x(t)7Fxﬂ(t)afv,y(t)}'

Therefore, Theorem [2.1] implies that G have a fized point in RF.
Also, o(t) =% fort >0 and G : X — CB(X) be defined by G(x) = [0, 3z]. Since for each xg € X
there ezist x1 € [0, 3x¢] provided that Fy, ., (t) = Fuy.cuo(t) and xo < 1, then G is UCAV. Now, for

each x,y € X with x # y and for each u € Gx and v € Gy with u # v, we have

Fuu(p(t)) > min{Fy o (1), Fry(t), Foy(t)}.
Therefore, Theorem [3.4 implies that G have a fized point in RF.
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4. Application

Here, by Theorem 2.1 we establish the existence of a solution for the following Volterra type
integral equation.

y(u) = / " Mo, y(0)dv + g(u) (ue ) (4.1)

for all uw € I = [0, a], where a > 0 and [0, a is a real interval.

First, we introduce the mathematical background (see also [I],[13]). Suppose C'(I,R) is the Banach
space of whole real continuous functions considered on I with two norms
(1) maximum norm ||y||« for y € C(I,R)
(ii) Bielecki norm ||y||z = max,c;(|y(u)|e~L%) for all y € C(I,R) and L > 0 which induces a metric
dp(z,y) = ||z — y||p for all x,y € C(I,R) (see [1]).

Also, assume C(I x I x C(I,R),R) is the space of whole continuous functions considered on
IxIxC(I,R). Now, consider the mapping F : C(I,R)xC(I,R) — D* with F, ,(t) = x(t—dg(z,v))
for every z,y € C(I,R) and t > 0, where

[0 if t<o,

X(t)_{ 1 if t>0.
The space (C(I,R),F,T) with T (a,b) = min{a, b} is a complete PM-space ([I5, Theorem 3]).
Note that the convergence in both norms ||.||« and ||.|| s are equivalent in this spaces. Also, we define
quasi-order “ <7 on C'(I,R) by z <X y iff ||z||sc < ||y||co for all z,y € C(I,R). Now, (C(I,R), F,T,)

is a complete PM-space provided with the quasi-order “ < 7.
Define f: C(I,R) — C(I,R) by

Fylu) = / " M, v, y(@)dv+ g(u) g€ C(IR).

Theorem 4.1. Let (C(I,R),F,T,=) be the quasi-ordered complete PM-space, G : C(I,R) —
CB(C(I,R)) be a set-valued operator such that G(y) = {fy(u)} and M € C(I x I x R,R) be
an operator. Suppose that

(Z) ||M||OO = Supu,vEI,yEC’(I,R) |M<u7v7y(v))| < 00
(ii) for every x,y € C(I,R) and every u,v € I, there is L > 0 provided that
1M (u, v, fz(v)) = M(u, v, fy(v))|| < Lmax{|z(v) —y(v)|, [z(v) = fz(v)], [y(v) = fy(v)]},

Then have a solution in C(I,R).

Proof . consider dp(x,y) = max,e;(|z(u) —y(u)le ) for z,y € C(I,R), where L satisfies condition
(7). Also, by definition of G, we get t = fx and s = fy for allt € Gz and s € Gy. Thus, we conclude

dp(fz, fy) < max / M (w0, 2()) — M (0, y(0))| 0Py
0

uel

IN

Lmax{dg(z,y),dp(x, fz),ds(y, fy)}ma;(/ L) g,

< (1- e*“L) max{dp(z,y),dp(z, fz),ds(y, fy)}.
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for every x,y € C(I,R). Now, set k = (1 — e L) and o(r) = kr that ¢ € ®. Now, for each r > 0,
we obtain

Frso(r) = Fraogye(r) = x(kr —dp(fz, fy)) = x(r — %dB(fx, fv))

x(r —maz{dp(z,y),dp(z, fz),dp(y, fy)})

min{x(r — dg(z,y)), x(r — dp(z, fz)), x(r — ds(y, fy))}
min{Fy (1), Fa, r2(r), Fy,py(r) }

= min{F, ,(r), Foe(r), Fys(r)}.

v

So the condition (Hs) of Theorem [2.1]is established. Also, by definition of G and “ <, the condition
(Hy) of Theorem is established. Therefore, Theorem assures that G has a fixed point. [J

Remark 4.2. Note that the existence of a solution of integral equation was proved by Sadeght
and Vaezpour (see [13, Theorem 4.4]). In particular, they considered very conditions in Theorem
3.2 and Theorem 4.4 of their work to obtain this solution. But, in Theorem[{.1], we obtain the same
result by only two conditions.
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