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Abstract

In this manuscript, we introduce and study the existence of a solution of a system of generalized
nonlinear variational-like inclusion problems in 2-uniformly smooth Banach spaces by using H (., .)-n-
proximal mapping. The method used in this paper can be considered as an extension of methods for
studying the existence of solutions of various classes of variational inclusions considered and studied
by many authors in 2-uniformly smooth Banach spaces. Some important results, theorems and
the existence of solution of the proposed system of generalized nonlinear variational-like inclusion
problems have been derived.
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1. Introduction

A widely studied problem known as variational inclusion problem has many applications in the
fields of optimization and control, economics and transportation equilibrium, engineering sciences,
etc. Several researchers used different approaches to develop iterative algorithms for solving various
classes of variational inequality and variational inclusion problems. For details, we refer to [1-3,9-
13,16,18,20,22,24,25,28,29]. In 2014, Sahu et al.[21] proved the existence of solution for a class of
variational inclusions using fixed point theory in 2-uniformly smooth Banach spaces.
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From the above results, in this manuscript we intend to define H(.,.)-n-proximal mapping for
a nonconvex, proper, lower semicontinuous and subdifferentiable functional in 2-uniformly smooth
Banach spaces. We suggest an iterative algorithm for detecting the approximate solution of the
system of variational inclusions and examine the convergence of sequences generated by iterative
algorithm. The results presented in this paper generalize many known results in the literature
[1,13,16,18,28,29].

2. H(.,.)-n-Proximal Mapping and Formulation of Problem

Let X be a real 2-uniformly smooth Banach space equipped with norm ||.|| and a semi-inner product
[.,.]. Let C'(X) be the family of all nonempty compact subsets of X and 2% be the power set of X.
We need the following definitions and results from the literature.

Definition 2.1[17]. Let X be a vector space over the field F' of real or complex numbers. A
functional [.,.] : X x X — F'is called a semi-inner product if it satisfies the following;:

(i) [t+y, 2] =[x, 2]+ [y, 2], Vx,y,z€ X;
(ii

) Az, y] = A[z,y], YA€ F and z,y € X
(iii) [z,z] > 0, for x # 0;
)

(iv) [z, yl* < [z, 2]ly, yl.
The pair (X, [.,.]) is called a semi-inner product space.

We observe that ||z|| = [z,2]2 is a norm on X. Hence every semi-inner product space is a normed
linear space. On the other hand, in a normed linear space, one can generate semi-inner product in
infinitely many different ways. Giles [7] had proved that if the underlying space X is a uniformly
convex smooth Banach space then it is possible to find a semi-inner product, uniquely. Also the
unique semi-inner product has the following nice properties:

(i) [z,y] = 01if and only if y is orthogonal to z, that is if and only if ||y|| < ||y + Az||, V scalars A.

(ii) Generalized Riesz representation theorem: If f is a continuous linear functional on X then
there is a unique vector y € X such that f(z) = [z,y|, Vz € X.

(iii) The semi-inner product is continuous, that is for each x,y € X, we have Re[y, v+ Ay|] — Re[y, z]
as A — 0.

The sequence space [P, p > 1 and the function space LP, p > 1 are uniformly convex smooth Banach
spaces. So one can define semi-inner product on these spaces, uniquely.

Example 2.2[21]. The real sequence space [? for 1 < p < oo is a semi-inner product space with the
semi-inner product defined by

1 _
[z,y] = W inyi|yi|p 2 wyel.
p i

Example 2.3[7,21]. The real Banach space LP(X, pu) for 1 < p < oo is a semi-inner product space
with the semi-inner product defined by

[ p— / F(@)lg(@) P sgn(g(@))dp, frg € I7.
HQHP X

Definition 2.4[21,26]. Let X be a real Banach space. Then:
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(i) The modulus of smoothness of X is defined as

T+ Y|+ ||r—
px(t)zsup{” iRl y”—l:HxH:l,HyH:t,t>0}-

2

px(t)

(ii) X is said to be uniformly smooth if lim = 0.

t—0

(iii) X is said to be p-uniformly smooth if there exists a positive real constant ¢ such that px(t) <
ct?, p > 1. Clearly, X is 2-uniformly smooth if there exists a positive real constant ¢ such that
px(t) < ct?

Lemma 2.5[21,26]. Let p > 1 be a real number and X be a smooth Banach space. Then the
following statements are equivalent:

(i) X is 2-uniformly smooth.
(ii) There is a constant ¢ > 0 such that for every x,y € X, the following inequality holds

e+ yll* < lzll* + 2y, fa) + cllyll*,
where f, € J(z) and J(z) = {z* € X* : (z,z*) = ||z||* and ||z*|| = ||z||} is the normalized duality
mapping.
Remark 2.6[21]. Every normed linear space is a semi-inner product space (see[17]). In fact by Hahn
Banach theorem, for each z € X, there exists atleast one functional f, € X* such that (z, f,) = ||z|[*.

Given any such mapping f from X into X*, we can verify that [y, z] = (y, f.) defines a semi-inner
product. Hence we can write (ii) of above Lemma as

llz +yll* < l2ll* + 2y, 2] + cllyll®, Yo,y € X.

The constant c is chosen with best possible minimum value. We call ¢, as the constant of smoothness
of X.

Definition 2.7. Let X be a real 2-uniformly smooth Banach space. Let n : X x X — X be a
single-valued mapping. A proper functional ¢ : X — R U {400} is said to be n-subdifferentiable at
a point x € X, if there exists a point f* € X such that

o(y) — o(z) > (f*n(y,x)), YyeX,

where f* is called n-subgradient of ¢ at xz. The set of all n-subgradients of ¢ at x is denoted by
Jd¢(x). The mapping 9¢ : X — 2% defined by

0p(z) ={f* € X : 9(y) — o(x) > (f*,n(y,r)), Vye X}

is called n-subdifferential of ¢ at x.

Definition 2.8[18,21]. Let X be a real 2-uniformly smooth Banach space. A mapping T': X — X
is said to be:

(i) monotone, if [Tz —Ty,x —y] >0, Vz,y € X.

(ii) strictly monotone, if [Tz — Ty, x —y|] > 0, Vz,y € X. and equality holds if and only if z = y.
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(ili) r-strongly monotone if there exists a positive constant » > 0 such that

[TI—Ty,l’—y] Z THSL’—yHQ, vxay € X.

(iv) o-Lipschitz continuous, if there exists a constant § > 0 such that
17(z) =T < ol —yll, Vo,yeX.
(v) m-monotone, if [Tz — Ty, n(z,y)] >0, Vz,y € X.
(vi) strictly n-monotone, if [Tz — Ty,n(z,y)] > 0, Vz,y € X. and equality holds if and only if
T =y.
(vii) r-strongly m-monotone if there exists a positive constant r > 0 such that

[Tz — Ty, n(x,y)] > rl|lz—y|]>, Vo,yeX.

(viii) p-cocoercive if there exists a constant g > 0 such that

[T — Ty, o —y] > pl|Te — Tyl]?, Va,y€ X

Definition 2.9[18,21]. Let X be a real 2-uniformly smooth Banach space. The mapping M : X —
2% is said to be

(i) monotone if
u—v,z—y] >0, Ve,ye X,ue M(z),ve M(y).

(ii) r-strongly monotone if there exists a positive constant 7 > 0 such that

[u—v,x =yl >rlle—yl]*, Yo,ye X,ue M(x),ve My).

(iii) n-monotone if
[w—wv,n(x,y)] >0, Vo,y e X,uec M(z),ve M(y).
(iv) r-strongly n-monotone if

[u_van(xuy)] Z T||l’—y||2, any € X,’LL € M(CL’),’U € M(y>

Definition 2.10. Let A, B: X — X and H,n: X x X — X be a single-valued mappings. Then
(i) H(A,.) is said to be a-strongly n-monotone w.r.t A if there exists a constant o > 0 satisfying

(H(Az,u) — H(Ay,u),n(y,2)) > allz —y|?>, Va,y,u € X.
(ii) H(., B) is said to be f-relaxed n-monotone w.r.t B if there exists a constant 5 > 0 satisfying
(H(u, Bx) — H(u, By),n(y,x)) > =Bllz — yl*, Vo,y,ueX.

(iii) H(.,.) is said to be af-symmetric n-monotone w.r.t A and B if H(A,.) is a-strongly n-monotone
w.r.t A and H(.,B) is [-relaxed n-monotone w.r.t B with a >  and o = 3 if and only if x =
y, Vr,ye X.
Definition 2.11[27]. A functional f : X x X — R U {+o00} is said to be 0-diagonally quasi-
concave (in short, 0-DQCYV) i in the first argument, if for any finite set {zy,--- ,x,} C X and for any
y = Z)\xl with A; > 0 and Z)\ =1, mm f(:r;“ y) < 0 holds.

=1 =
Lemma 2.12[6]. Let G be a nonempty convex subset of a topological vector space and f : G x G —
[—00, +00] be such that
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(i) for each x € G, y — f(z,y) is lower semicontinuous on each compact subset of G;

(ii) for each y € G, f(z,y) is 0-DQCYV in z;

(iii) there exists a nonempty convex subset Gy of G and a nonempty compact subset K of G such
that for each y € G\K, there exists x € co(Gy U {y}) satisfying f(x,y) > 0, where cy(X)
denotes the convex hull of set X.

Then there exists § € G such that f(z,9) <0, VzeG.

Definition 2.13. Let n : X x X — X and A, B : X — X be single-valued mappings. Let
¢ : X — RU{+oo} be a proper and n-subdifferentiable (not necessarily convex) functional and
H : X x X — X be a nonlinear mapping. If for any given point t € X and p > 0, there exists a
unique point x € X satisfying

(H(Azx, Bx) —t,n(y, z)) + po(y) — po(x) >0, Vy € X,

then the mapping ¢t — x, denoted by R?f(’ﬁ) p(t), is called H(.,.)-n-proximal mapping of ¢. Clearly,
we have t — H(Ax, Bz) € pO¢(x) and then it follows that

Ry(", (1) = (H(A, B) + pd¢) (1),

Now we prove the following result which guarantees the existence of H(.,.)-n-proximal mapping of
a proper, lower semicontinuous and n-subdifferentiable functional ¢ on 2-uniformly smooth Banach
spaces.

Theorem 2.14. Let n : X x X — X be 7-Lipschitz continuous such that n(y,y’) + n(v',y) =
0 Vy,y € X;let H: X x X — X be af-symmetric n-monotone continuous with respect to A and
B, let for any given t € X, the function h(y,x) = (t — H(Ax, Bz),n(y,x)) be 0 — DQCV in y and
let ¢ : X — RU {+oc} be a proper, lower semicontinuous and n-subdifferentiable functional, which
may not be convex. Then for any given constant p > 0 and ¢t € X, there exists a unique = € X such
that

. a6,
that is, v = RH(ZE,?),,)@)-
Proof. For any given H : X x X — X, p > 0 and t € X, define a functional f : X x X - RU{+o0}
by f(y,x) = (t — H(Az, Bx),n(y, z)) + pp(z) — po(y) Yy,z € X. Since H(.,.) and 7 are continuous

and ¢ is lower semicontinuous, then for any y € X, the mapping x — f(y, ) is lower semicontinuous
on X. Next, claim that f(y,x) satisfies condition (ii) of Lemma 2.12. Indeed, let there exist a finite

set {y1, - ,ym} C X and o = > \y; with A; > 0 and > A\; = 1 such that
i=1 i=1

(t — H(Axg, Bxo),n(yi, x0)) + pod(zo) — pp(y;) >0, Yi=1,2,--- m.

Since ¢ is np-subdifferentiable at xg, there exists a point f* € X such that

p¢(yz> - /)¢($0) > p<f*7 77(@/17 $U)>7 Vi = 17 27 IR LS

Hence we must have
(t = H(Awzo, Bxo) — pf*,1(yi o)) > 0.
On the other hand, since h(y,x¢) = (t — H(Axy, Bxo) — pf*,n(y,z0)) is 0 — DQC'V in y, we have

0 <Y Ailt — H(Awo, Bxo) — pf*, n(yi, x0))
n=0
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= (t — H(Azo, Bxo) — pf*,n(w0, 70)) = 0,

which is a contradiction. Hence f(y,z) satisfies condition (ii) of Lemma 2.12. Now, take a fixed
gy € dom ¢. Since ¢ is np-subdifferentiable at g, there exists f* € X such that

f(g7 x) = <t - H(Amv B.Z'), 77(3]7 $)> + p¢($) - p¢(37)

+(H(Ax, By) — H(Ax, Bx),n(y,z))
+(t — H(Ay, By),n(y,x)) + p(f*,n(x, 7))

allg —=l* = Bllg — «I* = (It + [1H (Ag, Bo)| + pll/*Dlin(@, 2)|

(o = B)1g — «)1* = = (llell + 1 H (Ag, Bl + pll f*DIIF — ||
19 = zl{(a = B)llg = =l| = (el + [[H(Ag, By)|| + ol F~1)}-

v

IV

T

(a = B)

are both weakly compact convex subsets of X and for each x € X\ K, there exists § € ¢o(Go U {7})
such that f(g,z) > 0. Hence all the conditions of Lemma 2.12 are satisfied. By Lemma 2.12, there
exists T € X such that f(y,2) <0 Vy € X, that is, for any given t € X,

(H(Az, Bx) —t,n(y, 7)) = pd(Z) — pply) Yy € X.

Next, we show that Z is a unique solution of (2.1). Suppose that Z;, 7, € X are any two solutions of
(2.1). Then we have, for any given t € X

(H(AZy, Biv) — t,n(y, 21)) > po(Z1) — poly) Yy € X, (2.2)

Let r =

(e + 1 5 (A, B3| +pll 1), and K = {& € X, |j— | < r}. Then Go = {7} and K

and
(H(AZ2, BIy) — t,1(y, T2)) = pd(T2) — poly) Vy € X. (2.3)
Taking y = Z5 in (2.2) and y = #; in (2.3) and then adding the resulting inequalities, we obtain

<H(A.2~71,Bi’1) - H(Ai'2>Bj2)777('%27531)> >0,

Since n(y,y')+n(y',y) =0 Vy,v' € X and H : X x X — X is aff-symmetric n-monotone continuous
with respect to A and B, we have

<H(Aj17 B‘%Q) - H(A‘%QJ Bi2)7 T](‘%l; j2)) + <H(Ai17 le) - H(Ai’l, BjZ)J n(jlu j2)> < 07
thus
all#y — &|* = BllE — 2|* < 0.
That is (o — 8)||Z1 — Z2||* < 0, and hence we have ; = &5. This completes the proof.

Remark 2.15. Theorem 2.14 shows that for any af-symmetric n-monotone mapping H : X x X —
X and p > 0, the H(.,.)-n-proximal mapping R‘?j’(’j) b X — X of a proper, lower semicontinuous
and n-subdifferentiable functional ¢ is well defined and for each t € X,z = R?jz’_ﬁ) ,(t) is the unique
solution of (2.1).

Now, we give the following important result which guarantees the Lipschitz continuity of the
H(.,.)-n-proximal mapping.
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Theorem 2.16. Let n : X x X — X be 7-Lipschitz continuous such that n(y,y’) + n(y',y) =
0 Vy,y € X, H: X x X — X be af-symmetric n-monotone continuous with respect to A and B
and for any given ¢t € X, the function h(y,z) = (t — H(Azx, Bx),n(y,z)) be 0— DQCYV in y. Suppose
that ¢ : X — RU {400} be a proper, lower semicontinuous and n-subdifferentiable functional and

p > 0 be any given constant. Then the H(.,.)-n-proximal mapping R?{‘zz’."_) of ¢ is e B)—Lipschitz
continuous, that is, for any t1,t, € X,
¢, ) T
IR (81) = Ryg™) ()] < m“tl — .

Proof. For any given t,t; € X, we have 21 = R?ﬁ’j)’p(tl) and zy = R?j}’_f’.)’p(@) such that

<H(A.’B1, Bxl) - tla 77(97351» 2 p¢($1) - p¢<y)7 vy S X7 (24)
and

(H(Azz, Brs) — t2,n(y, 22)) = po(x2) — pd(y), Vy € X. (2.5)

Taking y = x5 in (2.4) and y = x; in (2.5) and then adding the resulting inequalities, we obtain

(H(Azry, Bry) — H(Ary, Bry), n(z1,22)) < (t1 — to, (21, 72)),
which implies

(H(Azy, Bxy) — H(Axg, Bxy),n(xy, 22))
+(H (Azy, Bxy) — H(Azy, Bxa), (71, 72)) < |t — tof||In(21, 22)||.
Since H(.,.) is af-symmetric 7-monotone continuous with respect to A and B,
allzr — z2l* = Bller — w* < 7t — taf| o1 — a2

which implies

|21 — 22| < [t1 — 2. (2.6)

(@=p)

0o, ¢,
RS, (t) — Rygy™ (t2)]] <

Thus

[t1 — tof|.

-

(= 5)

Lemma 2.17[15]. Let {¢"},{h"} and {c¢"} be nonnegative sequences satisfying
¢ < (1= W)+ W 4 ¢, Y > 0,

where {w"}5°, C [0,1], > w" = +o0, hm h" =0 and E " < o0o. Then lim (" = 0.
n=0

n=0 n—oo

Definition 2.18. The Hausdorff metric D(-,-) on CB(X), is defined by
D(A, B) = max {sup inf d(u,v), sup inf d(u,v)} , A,B e CB(X),
uc A VEB veB UEA

where d(-,-) is the induced metric on X and C'B(X) denotes the family of all nonempty closed and
bounded subsets of X.

Definition 2.19[4]. A set-valued mapping T : X — C'B(X) is said to be ~-D-Lipschitz continuous,
if there exists a constant v > 0 such that

D(T(x),T(y)) <Alle —yll, v,y e X.

Theorem 2.20[19]. Let 7 : X — C'B(X) be a set-valued mapping on X and (X, d) be a complete
metric space. Then:
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(i) For any given £ > 0 and for any given u,v € X and x € T'(u), there exists y € T'(v) such that
d(z,y) < (L+&D(T(u), T(v)).

(i) If T': X — C(X), then (i) holds for £ = 0, (where C(X) denotes the family of all nonempty
compact subsets of X).

Example 2.21[21]. The function space L? is 2-uniformly smooth for p > 2 and it is p-uniformly
smooth for 1 < p < 2. If 2 < p < 0o, then we have for all z,y € LP,

[z +yl1* < [l2]* + 2[y, =] + (p — Dlyl*

Here the constant of smoothness is p — 1.
Now, we formulate our main problem.

For each i = 1,2,j € {1,2} \ i, let X; be a real 2-uniformly smooth Banach space. Let g; : X; —
Xiani : XZ XXi — Xi7 Nz : XZ XX]' — Xzan . Xl XXZ' — XZ,EZ . Xz — AXVZ,PZ : XJ — XZ
be single-valued mappings, let S;,T;,G; : X; — C(X;) be multi-valued mappings such that u; €
Si(i),v; € Ti(x;), 2 € Gi(xy), let ¢+ X; x X; — RU {400} be a proper, lower semicontinuous and
n;-subdifferentiable and g;(X;) Ndom 9¢;(., z;) # (. We consider the following system of generalized
nonlinear variational-like inclusion problems (SGNVLIP): Find (x;, u;, vy, 2;), where x;, u;, v;, 2z; € X;
such that

\

Mo, va) = Qu(Ea(an), Py(a)). (o, (1))
> ¢1(g1(21), 21) — ¢1(y1, 1), Vyr € X,

| Na(uz,v1) = Qa( o). Pa(e1)). ot g2(2))|
> $2(g2(22), 22) — G2(y2, 22), Y2 € Xo. )

Special Cases:

I. If in problem (2.7) X; = Xy = H, a real Hilbert space, Ny = Ny = N,Q; = Q2 = @ such that
N,Q:H — H, ¢y =¢o=¢: Hx H— RU{+o00} be a proper functional such that for each fixed
y € H, ¢(.,y) is a lower semicontinuous and n-subdifferentiable on H and g(H) N domdg(.,y) # 0,
then problem (2.7) reduces to the following problem: Find = € H such that g(x) € domd¢(., z) and

(N(z) = Q(x),n(y, 9(x))) = d(g(), x) — ¢(y,x), Vy € H. (2.8)
Problem (2.8) has been considered and studied by Ding and Luo [5].

We remark that for the appropriate and suitable choices of mappings N;, Q;, E;, By, i, mi, ¢:, Si, T;, G
and the underlying spaces X;, one can obtain from SGNVLIP (2.7) many known and new classes
of systems of generalized variational inequalities, see for example, [1,8,9,13,14,23] and the relevant
references cited therein.

3. Existence of Solution

First, we give the following technical lemma which guarantees the existence of solution of SGNVLIP
(2.7).

Lemma 3.1. For each i = 1,2, let X; be a 2-uniformly smooth Banach space, let n; : X; x X; — X,
be a continuous mapping such that n;(y;,v) + ni(vi,v:) = 0, Yy, yi € X;, let A, By @ X; —
X, be nonlinear mappings, let the mapping H; : X; x X; — X, be «;08;-symmetric 7;-monotone
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continuous with respect to A; and B;, let for any given t; € X;, the function h;(y;,z;) = (t; —
H;(A;x;, Bix;),mi(yi, z;)) be 0 — DQCYV in y; and let ¢; : X; x X; — RU {00} be a proper, lower
semicontinuous and 7;-subdifferential functional. Then (z;, u;, v;, z;) is a solution of SGNVLIP (2.7)
if and only if

g1(x1) = quil(.(,'.’)z,lp){m{(Hl(Ah By) o g1)(x1) = pr{N1(u1, v2) — Qu(Ex(21), P1(~’172))}}>
(3.1)
ga(ws) = R T (Ha( A, Ba) 0 2)(2) = pa{Na(uiz, v1) = Qa(Ba(ws), Palan))} |-

Proof. Let (z;,u;,v;,z;) where x; € X;,u; € Si(z;),v; € Ti(x;), 2 € Gi(x;) satisfies (3.1), then we
have

gi(z1) = R?zl(.("zﬂ’m{(Hl(Ala Bi) o g1) (1) = pr{N1(u1, v2) = Q1(Er(21), P1($2))}}

7')7p1

= ) = (B4, B +p00i(,2)) {(Hi(A, B) o g1)(o)
N, 02) = Qu(Ea(2), Pa(2))} ]

< (Hi(Ay, Bi) o g1)(x1) + p10d1(g1(21), 21)
= (H1(A1, Br) 0 g1) (1) — pr{ N1 (u1, v2) — Qi(Er(z1), Pi(22))}

—{Ni(u1,v2) = Qi(Er(1), Pi(22))} € 0d1(g1(21), 21)

!

!

G1(y1, 21) — ¢1(g1(21), 21)
> | = (Malunva) = Qo). Pulwa)) ) (o, 91 (@),

= (Vi) = QulBa(@r), Pula)) o, ga(a0)|
> ¢1(g1(21), 21) — é1(y1, 21)-

Proceeding likewise, we have

go(w3) = Ry (Hy((Aa, By) © ) (22) — pa{Na(uz, v1) — Qa(Ba(ws), Pa(1))} |

= | Naluz,01) = Qa(Ea(aa), Pa(an), oy, g2(a2))|

> ¢2(92(22), 22) — P2(y2, 22)-
Now, we give the following result for the existence of solution of SGNVLIP (2.7).

Theorem 3.2. For i € {1,2},5 € {1,2}\{i}. Let X; be a real 2-uniformly smooth Banach space,
gi + X; — X be ¢;-strongly monotone and [4,-Lipschitz continuous, n; : X; x X; — X; be 7;-Lipschitz
continuous. Let the mapping H; : X; x X; — X, be q;8;-symmetric n;-monotone continuous w.r.t
A; and B;, let ¢; : X; x X; — RU {400} be a proper, lower semicontinuous and 7;-subdifferential
functional and (H;(A;, B;)og;) be ly,-Lipschitz continuous. Suppose that N; be §;-strongly monotone
w.r.t (H;(A;, B;)og;) in the first argument and ;-strongly monotone w.r.t @); in the second argument
and L, P; be lg, and [p-Lipschitz continuous, respectively. Let N; be Iy, , Iy, -Lipschitz continuous
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in the first and second arguments, respectively, ); be lg, ,lg, -Lipschitz continuous in the first and
second arguments, respectively and S;, T;,G; : X; — C(X;) be such that S; is lg, — D-Lipschitz
continuous, 7; is Iy, — D-Lipschitz continuous, G; is lg, — D-Lipschitz continuous. In addition, if

O 23 ),MNi ad)z(z) i
||RngE,),)p:] (:L‘l) - RHi(.,,),p " (xZ)H < TZHZZ - Z:”7 VCL’Z‘, Ziy z; € Xi’ (32)
and
ki =bi+d; <1, (3.3)
where

b= T= 2T o (\flh, = 200+ ol 1 + el ) + rila

d; == 2 l2 -2 2l2 l2
i ,62 pz\/ pi&i + Cp;

and c is a constant of smoothness of Banach space X;, then SGNVLIP (2.7) has a solution.
Proof. For each (z1,25) € X; X Xy, define a mapping V' : X; x Xy — X7 x X; by

Vi(xr, @) = (Kq(21, 22), Ko(21,22)), V(x1,22) € X7 X Xy, (3.4)
where K7 : X7 x Xo = X7 and K5 : X7 x Xy — X, are defined by

Ki(wr,2) = a1 = g1 (00) + By 7o { (A, By) 0 g1) (1)

—p1{Ni(u1,v2) — Q1 (Er(z1), Pl(xz))}}a (3.5)
and
Ko (w1,22) = 23 = ga(w2) + Ryt 7L (a4, Ba) 0 g3)(2)
—p2{Na(uz,v1) — QQ(E2(172)7P2(901))}}7 (3.6)
for p1, p2 > 0, respectively. 6¢1 .

For any (x1, ), (2}, 24) € X1 x Xy, it follows from (3.5),(3.6) and Lipschitz continuity of R,

and R?f;?()z 2)2’"2 that

HKl(Ilal’z) — Ky (a7, 25) )

p1

< (e = 1) = (g1(z1) — g1(21)) |l
+HRa¢1 Zl)m{(Hl(Ala By)ogi)(z1) — pr{Ni(us, va) — Ql(El(ffl),Pl(Iz))}}

_Ra¢1 Zl)m{(Hl(Al,Bl) o g1)(x1) — pr{N1(uy, v3) — Qu(Er(2)), Pr(3)) }H

Since g; is g;-strongly monotone and [y, -Lipschitz continuous, Xj is a real 2-uniformly smooth Banach
space, by using Remark 2.6, we have

I(z1 = 21) = (g1(21) — (=)
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< ey — 2l - 2[91(1‘1) = gu(@h), 2z = 24|+ clgn(z1) = g (@)1

< oy — 24|13 = 2aqu[xy — 24 |F + el || — 2[7
= (I —=2q +cl} )|z — 213
= |[(v1 = 21) — (g1(21) — g (@)l < /1 —2q + b2 ||y — 2] (3.8)

Now,
| R { (A, B o g)(an) = pr N (s, v5) @1<E1<x1>7pl<x2>>}}

Ry S (A, B o ) (ah) = pr{Nalud, o) = Qu(Ba(ah), Pi(as)} |
< ||l { A, By o g = p N, e2) = Qi (B (1), Pi(a2) }}
R T (Ha(Av, By) 0 90)(w) = pr{ Nk, ) — Qu(Bx(a1), Pi(a5))} }
RO (Hy(Ar, By) 0 1) () — pr{Na(uh, 1) — Qu (B (a4), Py ()} }
Ry T (AL Bu)  g1)(@h) = pr{ Vi, ) — Qi (Ba(ah), Puai))} |
< AL B 0 @) (N v) — QB (), Pr(ea))} |

{41, B0 0)(a]) - Vi (0, 08) — Qs (Ba(a)). Pua)} )|

+riflzr = 21l

1{\\<H1<A1,Bl> 0 g1)(w1) = (Hi(A1, Br) o 91)(x})

—pr{ N, v2) = Ni ()} |

+p1

QuEx (1), Pi(w2)) — Qu(Bu(at), Pile2)]|

+p1||Q1(E1 (7)), Pr(m2)) — Qu(E(2)), Pi(73))

N v2) - N1<ua,v;>}))l} 71z = #l. (3.9)

Since (H;(A;, B;) o g;) is lg,-Lipschitz continuous, N; is d;-strongly monotone w.r.t (H;(A;, B;) o
g;) in the first argument and ¢;-strongly monotone w.r.t @; in the second argument, E;, P; is lp,
and [p-Lipschitz continuous, respectively and N; is Iy, ,ln,, -Lipschitz continuous in the first and
second arguments, respectively, Q); is lg, , lg,, -Lipschitz continuous in the first and second arguments,
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respectively and S;, T;, G; : X; — C(X;) is such that S; is lg, — D-Lipschitz continuous, T; is I, — D-
Lipschitz continuous, G; is lg, — D-Lipschitz continuous, therefore by using Remark 2.6, we have

|t As, 1) 0 g0) ) = (Haa, Bu) © 90) () — pa N, 02) = Vi 02}

< [ B o g)(@) - (AL B 0 ) )|

=201 Na(ur,v2) = Na(uh, o), (Ha(As, By) o g0) (@) = (Hi(Ar, By) o ) (a)]

2
Nl(U17U2) - N1(U/17U2) .

+ept
< G llen =211 = 2p08i ey — 24T+ epilR, lun — i
< Gy lley = 211} = 2padi[lon — 2411 + epilin, D(Si(21), Si(21))7

< (B = 2000+ e, B, ) oy — a2

= [|(H(A1 B 0 92) (@) = (Ha(A1. B1) 0 0)(w) = pr{Na(ur,v) = Ni, v} |

< B =200+ B B, o — il (3.10)
Again,
|@i(Bi@), i) - u(Br ), Pata)|

< lQ11

Ey(71) — Er(27) X

< lQ11 lElel - SU/1H1
— || @ (Bi(), Pu(e) - Qu(Ba(ah), Pulaw))|
< lQlllEl”xl - 93/1”1 (3.11)

Again by using Remark 2.6, we have

| (Br@h)., Pie2) - Qi(Ea(al), Alah)
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IN

IA

2
_pl{Nl(u/hU?) - Nl(ullavé)} 1

2

| @B ). Pu(an) = Qu(Ba(al), Pay)

1

—2p1 | Ny, v2) = N, 05),

Q1(Er(21), Pi(2)) — Qu(Ex(2y), Pl(xlz))} )

2
Ni(uy, v2) — Ny(ul,v) )

+ept

13, 12 w2 — 23 — 2016 lws — a3 + cpi, vz — o5 3
13, 12, |2 — 23 — 2016 2 — 23 + oy, D(Ta(w2), To(e5))

[, 1B 1wz — 2513 — 20181 llw2 — 25|13 + epilR, I, [lwz — 2513

(18,13, — 29160+ 0B B, ) ez — 23

— HQl(El(x’l),Pl(xg)) — Qu(E (7)), Pr(a))

Also,

—pi{N1(uy, va) — Ny(uj, Ué)}H1

< \/12 LB = 2m& + optlyy 17, (|72 — 2o

21 — 21l < D(Gi(21), Gi(2h)) < lgy llon — 27 -
From (3.7)-(3.13), we have

HKl(fL‘la«Tz) — K (2, o)

‘ 1

Oé1—51

-
< 1 =2q +clZ ||z — 2]+ ! {\/Z%{I—Qm(ﬁ—i—cp

+pilo, ez — 2l + o \/52 LU = 2p&+ oplly 1T, [lwe — 5’5'2H2}

+rila, [|v1 — o

< byllzy — 24 ||y + dalze — 2o

Similarly, we infer that

HK2($17362) — Ky(a], x5) ,

< byl|wy — w2 + ol — 2|1

l?sl ||371 - $'1||1

279
(3.12)
(3.13)
(3.14)
(3.15)
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From (3.14) and (3.15), we have

HKl(ﬂflal"z) — K (2, o)

X + HKz(xl,xg) — Ky(x}, xh)

,
< killzy — 2+ Rellze — 2h])2
< E{llzy — 24 [ly + [lzo — 252}, (3.16)

where kl = b1 + dg, k’g = bQ + d1 and k = max{kl, ]{ZQ}
Now, define the norm ||.|[, on X; x X, by

[(@1, 22|« = llzalls + [|22ll2, V(z1,22) € X3 x Xo. (3.17)
Hence, it follows from (3.4), (3.16) and (3.17) that
1V (1, 22) = V(2 29)|ls < (K21, 22), Ka(21,22)) — (Ki1(2, 23), Ka (2, 25)) |«

< (K (1, 20) — Ko (27, 25), Ko(21, 29) — Ko(a7, 25)) |
< || Ky (21, 22) — Ki(2h, 25) |1 + [ Ko (21, 12) — Ka(2], 25) |2
< E{[Jer — 2+ [l — 252} (3.18)

Since k =max {ki, k2} < 1 by (3.3), it follows from (3.18) that V' is a contraction mapping. Hence, by
Banach contraction principle, it admits a unique fixed point (z1,x2) € X; x X5 such that V(zq, x9) =
(21, z2), which implies that

gi(x1) = R?j)l ’“{(Hl(Al, By) o gi)(z1) — pr{Ni(u1,v2) — Q1(E1 (1), Pi(22))}},

g2(w2) = Ryl (Hy( Ay, By) © g2) () — pa{ Na(uz, v1) — Qa( Ea(w2), Pa(x1))}}-

It follows from Lemma 3.1, that (z;, u;, v;, 2;) is a solution of SGNVLIP (2.7). This completes the
proof.

When X; = LP(R), 2 < p < oo, i = 1,2, we have the following corollary:

Corollary 3.3. For i € {1,2},5 € {1,2}\{i}, let g; : LP — LP be ¢;-strongly monotone and [,-
Lipschitz continuous, n; : LPx LP — L be 1;-Lipschitz continuous. Let the mapping H; : LPx LV — LP
be «;f-symmetric n;-monotone continuous w.r.t A; and B;. Let ¢; : LP x [P — R U {+o0} be
a proper, lower semicontinuous and 7;-subdifferential functional, (H,;(A;, B;) o g;) be ly,-Lipschitz
continuous. Suppose that V; be §;-strongly monotone w.r.t (H;(A;, B;) 0g;) in the first argument and
&i-strongly monotone w.r.t (); in the second argument and E;, P; be lg, and [p-Lipschitz continuous,
respectively. Let N; be ly, , [, -Lipschitz continuous in the first and second arguments, respectively,
Qi be lg, ,lq,,-Lipschitz continuous in the first and second arguments, respectively and S;, T}, G; :
X; — C(X;) be such that S; is g, — D-Lipschitz continuous, T; is I, — D-Lipschitz continuous, G; is
lg, — D-Lipschitz continuous. In addition, if

OP(.,2i),mi Odi
1RG0 () — ROPUEI W ()| < millzs — 2, Ve, 24, 2 € LP.

(52)5pi Hi(:):pi

and
k;, = bz—f—d] < 1,
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where

bz = \/1 - QC]Z‘ + (p - 1)[31 + » 7z 6 <\/l?{l — 2p152 + (p - 1)pl2l12\f11 l%l + pilQil lEz> + TilGi

dil

5 pin B, 13, — 206 + (0 — D3, I,

and (p — 1) is constant of smoothness of function space L?, then SGNVLIP (2.7) has a solution.
4. Tterative Algorithm and Convergence Analysis

Lemma 3.1 is important from the numerical point of view. It allows us to suggest the following
iterative algorithm for finding the approximate solution of SGNVLIP (2.7).

Iterative Algorithm 4.1. For each i = 1,2, € {1,2} \ 4, given (2%, u?,0?,2?), where 2? €

1) L) Y1) T

Xi,ud € Si(x?),0? € Ty(2)),2Y) € Gi(2?) such that S;, T}, G; : X; — C(X;), compute the sequences
{z?}, {ul}, {UZ”}, {zZ”} by the iterative schemes:

o = (1 —a™)al} + an{ﬂf — gi(zy) + R8¢1( Z;Jm{(Hl(Ala B1) o g1)(z7)

—p N, 5) = QuEx(a}), Pr(g)}}} +avel

£ 1 (Hy(As, Ba) o g)(a3)

2

oyt = (1—a" )x§+a”{x§—gg(x2)+Ra¢2 i
Vo1, 07) — Qa(Ea(a), Pa(a}))}} | + a”ef,

u € Si(al)  urtt =l < D(Si(ai ), Silat))s
vp € Ty(ay) <l = ol £ DTl ™), Tl
€ Gilay) « | = 2 < DGl ™), Gilal))s

79

where n =0,1,2,---, p; > 0 are constants and {e}, e },,>¢ is sequence in X; x X, introduced to take
into account possible inexact computation which satisfies lim ||e}|| = lim ||e}|| = 0 and {a"} be a
n—oo n—oo

sequence of real numbers such that a™ € [0,1] and > a™ = +oo.
n=0

Before proving the convergence criteria of the sequences generated by the above iterative algorithm
4.1, we consider the following condition:

Condition 4.2. Let for each n > 0,6, ¢; : X x X — RU {co} be a proper, lower semicontinuous
and n;-subdifferentiable functional. Then the sequence {9¢!} approximates {J¢;} in the following

sense: o (e o
i )mi o my . pOdi(hzi) i ) ]
Tim R (o) = Ry @), Vi € X
Now, we prove the following theorem which ensures the convergence of the sequences generated by
the Iterative Algorithm 4.1 for SGNVLIP (2.7).
Theorem 4.3. For i € {1,2},j € {1,2}\{i}, let X; be a real 2-uniformly smooth Banach space,
let g; : X; — X, be g¢-strongly monotone and [, -Lipschitz continuous, n; : X; x X; — X, be
7;-Lipschitz continuous. Let the mapping H; : X; x X; — X, be q;f;-symmetric 7;-monotone
continuous w.r.t A; and B;, ¢, ¢; : X; x X; — R U {+oc} be a proper, lower semicontinuous
and n;-subdifferential functional and (H;(A;, B;) o ¢;) be ly,-Lipschitz continuous. Let E;, P, be g,
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and [p-Lipschitz continuous, respectively and N; be ly, , Iy, -Lipschitz continuous in the first and
second arguments, respectively. Let (); be lg, ,lqg, -Lipschitz continuous in the first and second
arguments, respectively and S;,T;, G; : X; — C(X;) be such that S; is ls,-D-Lipschitz continuous,
T; is lp,-D-Lipschitz continuous, G, is lg,-D-Lipschitz continuous. Suppose that H;, g;, Q;, £;, P; be
such that {(H1(A1, B1) o g1)(.) + p1(Q1(Ex(.), Pi(2%)))} is pi-cocoercive and {(Hz (A2, B2) 0 ¢2)(.) +
p2(Q2(Es(.), Py(x)))} is po-cocoercive. In addition, if

ki =0, +d; <1, (4.1)
where - Tips
b= /1 —2¢; + cl2 : N s,
’ Lyt (ai_ﬁi)ﬂi+ (0 — ;) %
d'.;:LQ A z)
F e — By \Man aule

Then for each i = 1,2, the sequences {zI'}, {ul}, {v!'}, {zI'} generated by Iterative Algorithm
4.1 converges strongly to x;, u;, v;, z;, respectively, where (x1, za,uq, ug, v1, v, 21, 29) is a solution of

SGNVLIP (2.7).

Proof. Tt follows from Theorem 3.2 that (xy, 29, uq, ug, v1, Vs, 21, 29) is a solution of SGNVLIP (2.7)
and hence from Lemma 3.1, we have

o = (1= ) +a"{ay = () + R 70 ((Hy(As, Br) 0 g3) ()
—p{Ni(un,12) = Qu(Er(1), Pu(a2))} |,

To = (1 — a")xg + a"{m — g2<$2) + R?{iz(.(:;i))sz{(Hg(Ag, Bg) e} gz)(l’g)

—pa{Na(uz, v1) — Qa(Ex(2), Pz(xl))}}}- (4.2)
From Iterative Algorithm 4.1 and (4.2), we have
o7+ = 2l

= || = amar + an{ar — gu(an) + BELSD M (H (AL B 0 1) (a2)
—p{Ni(uf,08) = Qu(E(a), Pu(ag))} | + amef
~{0 =@+ ar{a - (e + RETDMH(AL BY) 0 1) (21)

—p1{N1(u1,v2) — Q1(Ey (1), P1($2))}H1

< (I =a")llaf = zilfy + a™[|[(a] = 21) = (g1(27) — g1(21)) |l
n R8¢711(-72?)7771 H.(A. B ny __ N n o,n\ __ E ny P n
+a" | Ry 0 (Hi(Ar Br) o g1) (1) — pr{Ni(uf, v3) — Qu(En(at), Pi(z3))}

=Ry T (H Ay, B o g)(an) = pi{Na(u v2) = Qu(Bx(a0), Pr(w2))} ||



System of generalized nonlinear variational-like inclusion problems ... 283

+a” ?{(ﬁi(l.(,..fg?m{(Hl(Ala By) o g1)(x1) — pr{N1(u1,v2) — Ql(E1($1),P1($2))}}

~Ryt )zia)lm{(Hl(AhBl) o g1)(@1) — p{Ni(u1,v2) — Q1(Ex(21), Pi(z2)) }H +a"[er. (4.3)

Since g; is g;-strongly monotone and [y, -Lipschitz continuous, Xj is a real 2-uniformly smooth Banach
space, by using Remark 2.6, we have

(21 = 1) = (g1 (27) — g (@)
< ot = il —2[91(a1) - ga(a),ah — |
+cllgi(at) — g1 (@)
< ot = @lf = 2al2f — a1l + off, [Jat — 2]}
= (1=2q +clf)l|a} — z1][]
— [l(2} —21) = (91(27) — 1 (@) |[s < /1 =21 + ¢l (|27 — aals. (4.4)
Now, from Theorem 2.16, it follows that

|l L (A, By) 0 ) () = pi{ N (uf, 08) = Qu(Bx(at), Pr(e3)} }

)>P1

—Raqﬁ1 Zl)m{(Hl(Al, Bi) o gi)(@1) — pr{N1(u1, v2) — Qu(Ex(21), Pl(xZ))}}

3+)5P1 1

< g [ B e gn(at) — pMalud ) — @uE), P |
~{ (A1, B 0 g1)(@1) = pr{ Mol va) = Qu(Ba(an), a2} }
< g [ By e g +m@uE ), P |

—{(Hl(Al, Bi) o gi)(z1) + p1Q1(Er(71), Pl(l‘g))}

—Pl{Nl(U?aUQ) - Nl(uhw)}

o1 { Qi Ba(a), Aia3)) = Qu(Er(a). Pa(an)) }| (45)
Since {(H1(A1, By) 0 g1)(.) + p1(Q1(E1(.), Pi(x5)))} is py-cocoercive, we have

H{(Hl(Ab By) o g1)(2}) + ;@1 (Ey(27), Pl(:pg))}

{41, By 0 g1) (@) + mQi (Ba(an), P | et =l
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> [{ (A B 0 1) () + pQu(Bx(ah), Pi(e3)) }

_{(Hl(Ah Bi) o g1)(z1) + p1Q1(Er(x1), P1(I§))},$7f — xl}

1

v

251

{(Hi(A1, By) 0 g1)(a}) + pr Qi (Ba(a7), Pr(a3)) |

_{(Hl(Ah By) o g1)(x1) + prQi(Ex (1), Pl(mg))} Hj
This implies
H{(Hl(fh» By) o g1)(@) + pQu(Ea(ah), Pi(a3)) |

_{(Hl(fh, Bi) o gi)(x1) + p1@Q1(Er(21), P1(l’§))}H1
<t — il o

Also, since Ny is Iy, ,In,,-Lipschitz continuous in the first and second arguments, respectively, we

have
HNl(U?Wg) - N1(U1,02)H1

< g llud =l 4 vy, oy — vl

< Iy, D(Si(27), Si(21)) + Iy, D(Ta(2h), To(2))
< lN11l51H$7ll_$1H1 +ZN12ZT2H‘T721 _x2H2' (47)

Again, as P is [p-Lipschitz continuous and @ is lg, ,lq,,-Lipschitz continuous in the first and
second arguments, respectively, we have

|Q1(Er (1), Pr(zy)) — Qi(Er(z1), Pi(z2)) 1
<lg.,lp [Ty — 222 (4.8)
Using (4.6),(4.7) and (4.8) in (4.5), we have

0 ? ~,Z{1 11 n n ,mn n n
| REE G L (A Br) o 90) () = pr{Na(uf, o) — @1 (Fa(af), (e} }

Ryt (Hy (A1, Bu) 0 g) (@) = pi{Ni(ur,v2) = Qi (Br(a0), Prlwa))} ||

T 1
< o _1 5 {ZHx? —z1l1 + pulny, Usy |27 = 21l + palwy, I |2 — 2olo

+pllnglP1ng —1’2H2}. (49)

Combining (4.3),(4.4) and (4.9), we have

27+t =2 fly < (1= a2} = a1 lh + a" /T =2q0 + 2, |27 — 21|l

T 1
+a'— {_M |27 — 21llr + palyy Usy |27 — 21|y
1

+p1ln, ln |25 — 2all2 + pilgy, lp |25 — $2||2} +a"®7 +a"|lef |1,
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where

7= HR8¢1 Yo m{(Hl(Al,Bl) o g1)(z1) — pr{N1 (w1, v2) — Q1 (Ex(z1), Pl(x2))}}

_R?{dil(( o m{(Hl(Ala Bl) © 91)(351) - Pl{Nl(ul,UQ) - Q1(E1($1), Pl(x2)>}}

and 7 — 0 as n — oo. Thus, we have

Y

1

Hxnﬂ — 1)1
n n 1 T1P1 n
S{“‘“>+a( L= 20+ el + o _Bﬁmh@)bml—mm
Q"Tlpl . . o
+(a1 — 1) (llesz + ZQ12ZP1>H352 — Za||2 + a"PT + a”||e 1.

Similarly, we obtain
257 = 222

< {(1 —a")+ an<\/ 1 =2, +lf, + (s Tﬁ2) T (a TZ_pQBZ)lN21lSQ> } |25 — @2l2

a™T
ﬂ@%%ﬂ%ﬁrﬂ%%ﬂﬁ—mm+ﬂ%+MWﬂz

From (4.10) and (4.11), we have

o7 — s+ lag ™ — 2]
< (T=a"(M =)y =l + (1= a™(1 = ky))[l25 — 2l

+a™ (7 + @3) + a”([ler]lr + [[ezl2)

IN

(1= a"(1 —max {k, ko })) (|27 — 1l + [|l25 — 22]]2)

(PF + 5 + et [l + llezl2)
(1 — max {kﬁ, ké}) ’

+a"(1 — max {k], k5 })
where k} =0 +db; ki =0, +d)

{(@+ 5+ fletlly + eglls}

if (" =z} — z||1 + ||z — 222, A" = and

(1 — max {k},kL})

W =a"(1 —max {k},kS}).
Then, we have

<n+1 < (1 o wn)cn 4 WA
Using Lemma 2.17, we have (" — 0 as n — oo. This implies 7 — x1, 25 — 29 as n — o00.
Since S; is lg, — D-Lipschitz continuous, it follows from iterative algorithm 4.1 that

uy — Tl —x;

< D(Si(x7), Si(x4))s < s,

i
This implies that
u; — u; as n — oo.

285

(4.10)

(4.11)

(4.12)
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Further, we claim that u; € S;(z;)

(s, Si(a:)) < |[us = |+ (e, Si@):
< =] + DD, S
< =]+t for =i

— 0asn— oo.

Since S;(z;) is compact, we have u; € S;(x;).

Similarly, we can prove that v; € T;(x;), z; € Gi(x;).

Thus the approximate solution (xf', u*, v, 2I) generated by iterative algorithm 4.1 converges strongly
to (x;, u;, v, 2;) a solution of (2.7).

When X; = LP(R), 2 <p < o0, i = 1,2, we have the following corollary:

Corollary 4.4. For i € {1,2},5 € {1,2}\{i}, let ¢; : L? — LP be g;-strongly monotone and [,-
Lipschitz continuous, n; : LPx LP — L be 1;-Lipschitz continuous. Let the mapping H; : LPx LP — LP
be «;f;-symmetric n;-monotone continuous w.r.t A; and B;, ¢, ¢; : LP x [P — R U {+oc} be a
proper, lower semicontinuous and 7;-subdifferential functional and (H;(A;, B;) o ¢;) be ly,-Lipschitz
continuous. Let E;, P; be lg, and [p-Lipschitz continuous, respectively and N; be [ Niy s ) NiQ—Lipschitz
continuous in the first and second arguments, respectively. Let Q; be lg, ,lq,, -Lipschitz continuous
in the first and second arguments, respectively and S;, T;, G; : LP — C(LP) be such that S; is lg,-
D-Lipschitz continuous, T; is ly,-D-Lipschitz continuous, G; is lg,-D-Lipschitz continuous. Suppose
that H;, g;, Q:, E;, P; be such that {(Hi (A1, B1) og1)(.) + p1(Q1(FE1(.), Pi(x%)))} is pui-cocoercive and
{(H2(Az, Bs) 0 g2)(.) + pa(Q2(E2(.), Po(27)))} is pe-cocoercive. In addition, if

ki =0 +d; <1,

where - Tipi
b, == /1 —2q; + cl? + . + ———ln, s,
5 (o= B (o —py) T
TiPi
d; = ﬁ (lNi2 lr; + lqs, le’)'

Then for each i = 1,2, the sequences {zI'}, {ul}, {vI'}, {2I'} generated by Iterative Algorithm
4.1 converges strongly to x;, u;, v;, z;, respectively, where (x1, za,uq, ug, v1, v, 21, 29) is a solution of

SGNVLIP (2.7).
5. Conclusion.

A system of generalized nonlinear variational-like inclusion problems involving H(.,.)-n-proximal
mapping has been introduced in 2-uniformly smooth Banach spaces. Using H(.,.)-n-proximal map-
ping, an iterative algorithm has been constructed to solve the proposed system, and the convergence
analysis of the algorithm has been investigated. Moreover the obtained results are generalized to
solve the system of variational inclusions involving H(., .)-n-proximal mappings. The obtained results
generalize most of the results investigated in the literature, and offer a wide range of applications
to future research on the sensitivity analysis, variational inclusion problems, variational inequality
problems in Banach spaces. Researchers can use the proposed work in the future for research work.
Proposed system of generalized nonlinear variational-like inclusion problems in 2-uniformly smooth
finds and also will find greater applicability in various fields of real life in the future.
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