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Abstract

Let X(V, F) be a simple graph with n vertices and m edges without isolated vertices. Denote by
B = (bij)mxm the edge adjacency matrix of X. Eigenvalues of the matrix B, 1, pt2, - - , ftm, are the
edge spectrum of the graph X. An important edge spectrum-based invariant is the graph energy,
defined as E.(X) = Y. |u|. Suppose B" be an edge subset of F(X) (set of edges of X). For any
e € B the degree of the edge e; with respect to the subset B’ is defined as the number of edges in
B’ that are adjacent to e;. We call it as e-degree and is denoted by &;. Denote p;(X) as the largest
eigenvalue of the graph X and s; as the sum of e-degree of edges that are adjacent to e;. In this
paper, we give lower bounds of p;(X) and ,u?/ (X) in terms of e-degree. Consequently, some existing
bounds on the graph invariants E.(X) are improved.
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1. Introduction

Consider a molecular graph X with n vertices and m edges. It is commonly accepted to represent
X by its vertex adjacency matrix A. This is a square, symmetric matrix of order n whose (3, j)-
entry is equal to unity if the vertices + and j are adjacent, and is equal to zero otherwise. The edge
adjacency matrix B is a square, symmetric matrix of order m, whose (7, j)-entry is equal to unity if
the edges i and j are adjacent (Two edges are said to be adjacent if they are incident to a common
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vertex), and is equal to zero otherwise. In other words, matrix A reflects the adjacency of carbon
atoms (existence of chemical bonds), whereas B reflects the adjacency of these bonds. The edge
adjacency matrix was mentioned in the chemical graph theory [0, 8]. For any e; € E (set of edges of
X), the degree of e; denoted by d;, is the number of edges that are adjacent to e;. A subset D" of
E is called edge dominating set if every edges of E — D' is adjacent to some edges in D'. Any edge
dominating set with minimum cardinality is called minimum edge dominating set and this cardinality
is called edge domination number (see for instance [16] 12, [1]). For any graph X, let B(X) = b;; be
the edge adjacency matrix.

b 1 if e; and e; are adjacent,
Y1 0 otherwise

The eigenvalues pi1, ig, - -+ , ft, of the edge adjacency matrix B(X) are said to be edge eigenvalues
of the graph X and assumed in non-increasing order. The largest eigenvalue p;(X) is called spectral
radius of the graph. Till now, there are many bounds for u;(X) (see for instance [17, 14} [7]).

The energy of the graph X is defined as

E(X) = ZM, (1.1)

where \;, i = 1,2,--- ,n, are the eigenvalues of adjacency matrix of graph X.

This concept was put forward by Ivan Gutman and is intensely studied in chemistry, since it can
be used to approximate the total m-electron energy of a molecule (see, e.g. [8 15 [IT), 10]). This
spectrum-based graph invariant has been much studied in both chemical and mathematical literature.
For more details on the mathematical aspects of the theory of graph energy and list of references
see [9, 4, B, 14, B]. A number of topological indices can be reformulated in terms of the edge degrees
instead of the vertex degrees such as the total edge adjacency index and the edge connectivity index.
Motivated by the interesting results on energy of a graph, in this paper we define and consider the
Edge energy and Bond energy(upper and lower bound) as E.(X) = > |ul.

where p;, @ =1,2,--- ,m, are the eigenvalues of edge adjacency matrix of graph X.

Here, we present known results that will be needed in the forthcoming theorems.

Lemma 1.1. If X is a connected graph on n vertices with m edges and let jiy, pio, - - - , ftm be its edge
eigenvalues. Then 37"y = 0 and 7% pif =237 oicicp bij-

Proof . We know ) ™", p; = trace(B(X)) = 0.
Also 3" pii = trace(B(X))? = 320, D00 0 = 2371 cic oy b Since by = 1 or 0 we have

j=1Y%j
m
E : 2 §
=1 1<i<j<m

O
Bearing this in mind, we immediately arrive at the following upper and lower bound for edge
energy:

Theorem 1.2. If X is a connected graph on n vertices with m edges then the following inequality

hold,
2 Z bij S E6<X) S 2m Z bzg
1<i<j<m 1<i<j<m
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Proof . By the Cauchy-Schwartz inequality

(£ew) =(£4)(22)

we put a; = 1 and b; = |g;| in the above inequality we have

] (s_gw)Z < (o) ()

—m<Z|uz!2>—2m > by,

1<i<j<m

2
And [E,(X)]? = (Z:’;l ‘,ul|> >3 il = 2) 1<icj<m bij which show the lower bound. [

Theorem 1.3. If X is a connected graph on n vertices with m edges. then the following inequality
hold.

> by +m(m —1)det(B)m < E,(X).

1<i<j<m

Proof . By using inequality between the arithmetic mean and geometric mean, we have,

_ <§1 W) Z pail” > Ll 1]

7]
=2 Y by +m(m— 1D AM]|u]|]
1<i<j<m
>2 > by +m(m— 1)GM|p[]
1<i<j<m
=2 > by +m(m— 1)det(B).
1<i<j<m

Where AM describes the arithemetic mean and GM the geometric mean, hence the inequality hold.
O
In this section, we analyse the bound for p;(X) in terms of e-degree. The e-degree is also used

to get bounds for the largest eigenvalue pP , (X) of this matrix.

Definition 1.4. Let X(V,E) be a simple graph and E' be any edge subset. The degree of an edge
e; of a graph X with respect to E' is the number of edges of E' that are adjacent to e;. This degree
is denoted by d g (e;) or ;.

If B = @ then ¢; = 0 and if E' = E then ¢; = d(e;), Ve; € E.

Lemma 1.5. [17]. Let B be a nonnegative symmetric matriz and x be a unit vector of R™. If
p1(B) = zT Bz, then Bx = p1(B)x.
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2. BOUNDS FOR EDGE SPECTRAL RADIUS

Theorem 2.1. Let X be a connected graph with m edges as eq,ea,- -+ , €. Ife1, €9, , &, TEPTESENT
e-degree sequence of these edges with respect to an edge subset E' of X then

Z;ll 512
Zz’nil 5?7

Where, s; is sum of e-degree edges that are adjacent to e;.

pa(X) >

Proof . Let x = (21,22, ,2m,)" be the unit positive eigenvector of E' corresponding to ju;(X).
Take

1 T
C=—==(c1,82," ,&n)

221 €

Noting that C' is a unit positive vector, we have

1 Ny oy
BC = W(Z b1j€j’zb2j5jv T ’;bmjgj)T

i=1%1 j=1 i=1

1 m m m
= —mg(sl + Z d1j5j> S92 + Zd2j€j7 o, Sm + dejEj)T
Vi € j=1 j=1 j=1

Similarly,
T 1
"B = W(Slasb T 7Sm)a
i=15i
1
CTBQC = W(Si S%, e 78371)
i=15i
we have
p(X) = /m(B?) = VxTBx > VCTBC

Hence

2@1 Sz2

p(X) > T

> e €

O

Definition 2.2. Let D is a minimum edge dominating set, the minimum edge dominating adjacency
matriz Bp(X) is defined by Bp(X) = D'(X) + B(X) , where B(X) is the edge adjacency matriz

and D' (X) = (d;j) is m X m matriz with

d

W] 0 otherwise.

/ _{1 ift=jande; €D ,
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Theorem 2.3. Let X be a connected graph with m edges and D be a minimum edge dominating set.
If 1,69, -+ &, represents e-degree sequence of these edges with respect to an edge subset D of X
and Bp(X) is minimum dominating matrixz then

\/Zzll+Zzlz k—|D|
11

7,

Where, s; is sum of e-degree edges that are adjacent to e;.
Proof . Let x = (z1,%9, -+ ,7,)T be the unit positive eigenvector of Bp(X) corresponding to

,u{)/ (X). Take

1
C= W(&,E% T 7€m)T

i=1%1

Noting that C' is a unit positive vector, we have

, 1 = = g
(D "—B)C:?(Z(dl]‘kbl] Ejyr ,Zd +b >

=180 \j21 j=1
!
T
\/T (s1+ g dljaj,-~~ . Sm + E dpni€5)
=11

Similarly,

CT(D' + B) =

S(s1+ digj, o sm+ Y d, ;)
\/Zz 1 z Z v ; ™

there for

i=1%i |

1 [ i / T !
> s | Qo) <dejsj)2],
i=1 i=1

/ 1 r m / 2 m ) 2
CT(D —|—B)2C: W (Sl +Zd1]€]> PR (Sm—i_de]gJ) ]
j=1 J=1

i=15i L
Therefore
OB = e e 2]
we have
= \uP' (D' + B = VXT(D' + B)* > /CT(D' + B)*C
Hence

\/21114_2112‘
112
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3. An upper bound for the energy of a graph

The eigenvalues of edge adjacency matrix or adjacency of carbon bonds have wide applications
in chemical graph. For instance, it can be used to present the edge energy level of specific electrons
[2, 13]. In this section, we consider the edge energy of a graph X respect to edge subset of E, and
give upper bound for it.

Theorem 3.1. Let X be a graph with m edges, then
m o 2
\/Zl 1% \/ —1)(T—§f§1$;>. (3.1)
D1 € i=15i

Proof . Suppose that p1, i, - - - , iy, is the edge spectrum of X. Using Lemma[I.T] and applying the
Cauchy-Schwartz inequality to the vectors (|uz||ps||pm|) and (1,1,--- 1), we have

) g<m—1>sz 32
(EBX) - mP < m-DE Y by i),

Note that T = 2 Zl<l<]<m ij -

1<i<j<m
E(X)<m+ [(m=1)2 Y by—ud.
1<i<j<m
We define f(z) = z + \/ = 1)(2> 1 cicjem bij — 2?), It is elementary to show that the function

is monotonically decreases in for \/— Dicicjem iy S @ < \/2 > i<icj<m bij- since, we consider
1, £e1<i<is< <i<j<

2 =y <D0 <23 e bije S0, T < \/221<i<j<mb~. By computing F'(x) = 0, we have

2
Zl<z<]<m

By theoreml ul > / and the fact that f is monotonically decreasing, we have

Z;‘Zl 5?
Yo el)

f(ﬂ1)§f<

According to inequality ((3.2)),

Ee<x>sM1+\/<m—1><2 S by — ) = Fm)

1<i<j<m

< fER=Erd o (r-Ed)
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