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In this work, mechanical vibration analysis of rotating bi-directional functionally graded
Euler-Bernoulli nanobeams is investigated, which has not already been studied deeply
based on the latest authors’ knowledge. Material properties vary along the thickness and
axis directions based on power-law distribution. The nonlocal elasticity theory of Eringen
(NET) is utilized for modeling small-scale effects. Different boundary conditions are
considered as clamped-clamped (C-C), clamped-simply (C-S), and clamped-free (C-F).
Governing equations and associated boundary conditions are derived based on minimum
total potential energy, and the generalized differential quadrature (GDQ) method is
employed for the solution process. Convergence and verification studies are accomplished
to affirm this work, and in the continuation, the effects of various parameters, namely hub
ratio, rotation speed, and power indexes along x and z directions on the dimensionless
natural frequencies, are investigated. It is revealed that the decrement made by the
different values of n, in the natural frequency, parameter is more effective than the

reduction caused by the n,, especially for the higher rotation speed.

1. Introduction

Beams and columns made of functionally
graded materials have been found in many
different crafts such as civil, mechanical, and
aerospace engineering and so on for the reason of
desirable performance, namely eliminating
delamination unfavorable events due to loading
conditions, high strength to weight ratio, high
corrosion and heat resistance, high machining
capability. It is expected to expire the bending [1,
2] vibration [3-7] and buckling [8] analyses of
beams and columns due to their simplicity and
vast application for many years in the endurance
of compressive and tensile forces and also as
more than three decades go by introducing the
concept of functionally graded materials [9].
However, their studies are the best topics of
researchers even until now, and research is
tracked to fill the gaps. Sherafatnia et al. [10]
extended an analytical solution for the free
vibration and buckling analysis of functionally

graded material beams with edge cracks. They
used different theories such as Euler-Bernoulli,
Rayleigh, shear, and Timoshenko. Due to the hard
operating situations, namely temperature and
stress distribution in two or three directions, it is
necessary to analyze the structures made of
multi-directional functionally graded materials.
Moreover, in practical cases, material properties
vary in multi-direction [11-13]. Li Li et al.[14]
developed the nonlinear bending behavior of bi-
directional functionally graded Euler-Bernoulli
beam throughout the GDQ method. They [15] also
extended the free torsional vibration behavior of
nanotubes made of a bi-directional functionally
graded material model. Properties were
supposed to change along the length and radius
directions based on exponential and power-law
distribution functions, respectively. It is found
that the torsional frequencies are increased by
decreasing the nonlocal parameter.

The rotation effect on the natural frequency
is the most important parameter with various
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applications in engineering science, such as gas
turbines, helicopter rotors, and wind turbines.
Rotary structures have more complicated
behavior than static ones, which is because of the
rotation parameter. Therefore, vast efforts have
been made to analyze these structures in recent
years [16-19]. The static and dynamic analyses of
micro-nano structures have attracted the
consideration of engineering scientists with the
increase of the usage of nano-electromechanical
systems in the automotive industry. However, it
is not accurate to apply classical theories for the
analysis of micro-nano structures. On the other
hand, dynamic simulations implementation on
the nanostructures is computationally expensive.
Thus the usage of size-dependent theories is
suggested. Up to now, various size-dependent
theories such as the modified couple stress
theory (MCST) [20, 21], the modified strain
gradient theory (MSGT) [22, 23], the NET [24, 25]
and the nonlocal strain gradient theory (NSGT)
[26-28] are proposed.

In 2016, Ebrahimi and Shafiei [29] performed
the free vibration of rotating functionally graded
nano cantilever beam with the aid of the GDQ
method. After that, researchers have performed
much research on the vibration of micro-nano
rotating beams made of functionally graded
materials based on MCST, MSGT, and NET.
Karamanli and Aydogdu [30] exploited a bi-
directional functionally graded porous sandwich
materials model on the rotating microbeams. In
their research, a four-variable refined and normal
deformation beam theory was used based on
MCST via the finite element method.

The GDQM is a precise and accurate method
that can simple formulation while solving
equations with low computational operations. In
general, this method's simplicity and high
accuracy are the most prominent characteristics
of the GDQ method. Many researchers have been
performed their studies with the aid of the GDQ
method [31-34].

By considering the surveyed literature
review, it can be concluded that there is no
comprehensive research on the simultaneous
effect investigation of axial functionally graded
(AFG) and conventional functionally graded
(CFG) power indexes and angular velocity on the
free vibration of Euler-Bernoulli nanobeam via
NET. The first accomplished works on the free
[35] and forced [36] vibrations of isotropic rotary
nanobeams and free vibration of rotary FG [29]
nanobeam has been performed with cantilever
boundary conditions. Therefore, to fill the
detected gap, the free vibration of two-
dimensional functionally graded material rotary
nanobeam is presented here under C-C, C-S, and
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C-F boundary conditions employing the GDQ
method. Material properties vary in both axial
and thickness directions according to the power-
law distribution. Numerical results indicate that
increasing the AFG and CFG indexes decreases
the first natural frequency. In C-C and C-S
boundary conditions, it is observed that the
stiffness-softening effect switches to the
stiffness-hardening effect. But increasing the
rotary speed in the C-F boundary condition
vanishes the effect of the AFG index on the natural
frequency. Moreover, with increasing the angular
velocity, the effect of the functionally gradient
index along x-direction on the natural frequency
is more noticeable than that of the z-direction.

2. Theory and Formulation

A rotating Euler-Bernoulli nanobeam made of
bi-directional functionally graded is considered
as shown in Fig. 1. The Cartesian coordinate
system is set at the end of the beam connected to
a rigid hub such that its x-axis is taken
perpendicular to the cross-sectional area of the
beam. L, £, and R are total length, constant
angular velocity, and hub radius.

2.1. Bi-directional
material model

functionally  graded

The material properties are varied in both axial
and thickness directions according to the power-
law distribution [32, 33, 37] as follows:

1

(Ex,2) = By, + (B, — E,) (E+ %)n x (%)

(@)

where E,,;, E., p, and p. are Young’s modulus and
density of metal and ceramic, respectively and n,
and n, denote the AFG and CFG indexes. It is also
mentioned that Poisson's ratio is assumed to be
constant. If n, is set to zero, the nanobeam is
made of conventional FGMs, and if n,, and n, are
set to zero simultaneously, the nanobeam is made
of pure ceramic.

n )

1
lp(x,2) = pm + (pc = pm) X (E + %)

B —

R
Fig. 1. The geometry of rotary Euler-Bernoulli nanobeam
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2.2.Formulation of BD-FG rotary Euler-
Bernoulli nanbeam model

According to Euler-Bernoulli nanobeam,
u,(x,z,t) and u,(x,zt) are the displacement
fields of an arbitrary point of the beam along x
and z directions which are described by:

{ux(x, z,t) =ulx,t)—z % @

u,(x,z,t) = w(x,t)

in which u(x,t) and w(x,t) show the displacements
of the central plane along with x and z directions,
respectively. Based on the Euler-Bernoulli
displacement field with two unknown, the linear
strain-displacement relation are obtained by the
following equation:

ou  9*w

=7 3
fox =5~ 25 (3

Hamilton’s principle is used to derive the
equations and related boundary conditions as
follows:

f6(U—T+V)dt=O (4)

where U, T, and V are strain, kinetic and potential
energies due to constant angular speed around
the z-axis. The variation of strain energy is:

L 926w
0

dx?
where N and M are the axial compressive force
and bending moment, respectively as follows:

W, M) = [[ DA ©)

According to linear elastic solids, the
constitutive equation for FG material can be
expressed as:

Oxx(X,2) = E(X,2) &,y (7)

and the variation of kinetic energy is
6T =f p(x, 2)u;  Su;  dV
_ f (I « )(Bu déu + ow BSW)
— ), VO \at ast T at ast
o6u 0*w  dud?sw (8)
~h) <F atox T ot 6t6x>

! 026w 9%w p

L0\ G geax ) | ¥

where I, (x), I; (x), I;(x) are the mass moments of
inertia, defined as:

(o (), (), L (%)) =f (1,2,2*)p(x, 2)dA(x) ©)

The wvariation of potential energy
corresponding to the angular velocity can be
written as:

dw 06w

8V = f (NF) 5 ——dx

— (10)
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where NRis the rotational force and the
following equation determines it:

L

wieo = [ [ p@ada@ x 2k + g a

By inserting relations 8, 9, and 11 into
hamilton’s  principle,  performing  some
mathematical manipulation, and setting the
coefficients of du and éw to zero, the governing
equations and related boundary conditions can
be obtained by following equations:

Su: al\éix) = Io(x) X i — I (x) X M
62M(x) ow
ow: 0x? 6x (NR( x) X x) (12)

] aw
a( 2 (x) X E)
with the related boundary conditions (at x=0, L)

=I,(x) xw+ ;_x(ll(x) X i) —

2.3.Eringen nonlocal elasticity theory for FG
nanobeam
N(x)=0 or 6u=0 at x=0,L

M (x)
0x

=0or bw=0at x=0,L

ow ow
+NR(X) Xa—ll(x) X i+ I(x) Xa
(13)

ow
M(x)=0o0or —=0at x=0,L
dx
NET is an appropriate theory for the analysis
of nanostructures propounded by Eringen [38].
In this theory, the empty spaces between atoms
are considered by small-scale parameters. Based
on this theory, the stress of each arbitrary point x
is supposed to be a function of the strain of all the
points in the vicinity of x. Hence, the nonlocal
stress tensor at any point x is defined as:

o (x) = j a(lx’ = x1,7) tydr (x") (14)

where, t;; is local stress tensor. a(|x’—x|)
. epa
denotes nonlocal kernel function and t ZOT

shows a material constant for applying the small
scale factor, where e, is a material constant
obtained experimentally, a and [ represent
internal and external characteristic lengths of the
nanobeam, respectively. The local stress t;; is
defined based on Hook’s law as:

tij = Cijrin (15)

According to the differential form of nonlocal
elasticity theory proposed by Eringen and due to
the complexity of integral form, the only stress
relation based on Euler-Bernoulli nonlocal
functionally graded material is obtained as :
0o (x,2)

dx?

Multiplying [f, dA and [f, ZdA on relation.
(16) yield to stress resultants. The governing
equations of the nanobeam made of bidirectional
functionally graded materials in terms of the

o (x,z) — (eya)? = E(X, 2) &y (16)
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displacements are obtained by substituting the
stress resultants in equations 12 and 13, as

follows:
a ou i} 0%w
du: o (Axx(x) a) o <Bxx(x) W)

L0% oW
= (1= o 5= 50

S a ou\ 0? a*w

i o (Bxx @ —) -— (Dxx () W)
L~ (00 ) 2 (NP () O

B 52 % ow }
= (1~ (e ) a(lz§)+low)

Moreover, the following boundary conditions
are obtained as follows:

a7

a(hﬁ) -

aZ
N;l;\g(x) = Axx(x) xx(x) T
3 N
+(e0a)2a(loil L e ) or 1:— Oatx =0,L
a°w
M;‘,ﬁ(x) = ng(x)a _anx(x;.('?? , ,
2 ( (1) — — _W>__( R _W) (18)
+(eo@) g i) - (1 57) - (W 5
+10Ml/)or P =0atx=0,L
OMP(x) R\ OW . ow
—ax + N (x)a 11u+125
=0 or w=0atx=0,L
In order to investigate the harmonic
vibrations of the present nanobeam, the

displacement fields are considered as follows:

u(x, t) = uy(x)e™t, w(x, t) = wy(x)ewt (19)
where o is the natural frequency, non-
dimensional relations are used to obtain the
dimensionless equations in the following form:

6—R B _E, __z x _hy
_L »Hme Ec rZ—ho !f LJI—L
gl Mo o bm o B

, L’ L 1 Pme pc, ik
. 12p, L' o= 120 1 s

E. hy* Ec ho®
_ _ _ 1 Nz
B = Bne+ (1= End X (347) x

n

PED) = Pre + (1= P % (5+2) X (O™

_

20)
1
- — — 2
WO LOLEN = [.2pdz
Aex(8), B (8), Do (8)) = f nEdz
-
= [e+o [ pana
L f,%p “

By inserting Egs. 19 and 20 into Eqs. 17 and
18 and applying some mathematical
manipulations, the dimensionless forms of the
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governing equations and related boundary
conditions can be rewritten as follows:

Su: — 12— 9 ( ou nﬁaz—w>
' ag\" ¢ 9¢?
_‘1’2<1—r o >{n1u— 16_}
o¢z 1 n 26{
sw: — 120 ( ou nDaz_)
' a&2\" a¢ 982
02\ 9 /__ ow
_¢2,7<1_T26_€Z>a_€(m¥)

(e )l 65
+r]11w}

(21

Related boundary conditions are:

_0%w
-nB )

NE(x) = 12( 57

au
0

ow
-n ‘L'Z‘}’Za$<11u r]lzaf)—o or w=0até
=01

ol Eazw
29t 17 5¢z

W2 () - 5 (L) + L)

MY (x) = 12(

-n T ¢za§(_Ra—W)=0 or w=0até

% (22)

ow
}=0 or —

= =01
3¢ Oaté =0,

3. Solution Process

It is difficult to obtain an analytical solution
for the free vibration of bi-directional
functionally graded nanobeam considering
various boundary conditions due to the extreme
coupling of the governing equations. Hence, the
GDQ method is used to obtain the natural
frequency response. Recently, many researchers
have used this method due to low computational
cost and remarkable convergence in low degrees
of freedom[31, 32, 37]. In this method, the
derivative of a function f(x) can be written as:

dmf(X;)
axm

J
= 2.6

j=1

(i=12..N) (23)
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where N is several grid points in the x-direction,
and the position of each point is determined by
the Chebyshev-Gauss-Lobatto technique as:

¥ = 1 —cos[(i — Dn/(N — 1]

; - (24)

(i=12,..N)

Also, Cj}' are the weighting coefficients along

the x-direction, and the first weighting coefficient
is calculated as:

o_ My o
= X = Xj)M(Xj) (i,j=12,..Nandi #j)
j=N
25
Ci(jl) == Z Ci(jl) (i=)) (25)
j=1i#j
where M (X;) is determined as:
N
M) = [ xe-x) (26)

Jj=1,j#i

In addition, the recurrence relationship is
used to calculate the higher-order weighting
coefficients as follows:

k=N

— (m-1) ~(1)

Cift = z Cu:" Cyj
k=1

where m is the order derivative of a function;
finally, by implementation the GDQ method on
boundary condition equations and assembling
the governing equations and related boundary
conditions equations, the eigenvalues problem
are obtained as:

27

[[Kdd] (28)

Kaal - [l 00Dy _ ]

[Ma] {{la}}
[Kpp]1 {25} [Mpa]

(M ]1 {25}

The values of dimensionless natural
frequencies are calculated by solving the
eigenvalue problem.

4. Numerical results

This section presents the vibrational behavior
of the Euler-Bernoulli nanobeam made of bi-
directional functionally graded materials for
general boundary conditions with developed
Matlab code. The material properties of the bi-
directional FG nanobeam are given in Table 1.
Convergence studies and validation are carried
out to attain sufficient numbers of grid points.
Finally, it graphically shows the effects of
nonlocal parameters, power-law indexes, nx, nz,
and hub ratio.

Table 1. Material properties

Material E(Pa) p(kg/m?)
SUS304 201.04 x 10° 8166
Al203 349.55 x 10° 3800
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4.1. Convergence and validation

Considering the accuracy dependence of the
numerical results on the number of grid points
obtained from the GDQ method, convergence
studies on the first non-dimensional frequency
are performed to determine the required grid
numbers for different boundary conditions in
Table 2. In the convergence test, various
dimensionless parameters such as t,6, ¢ and 77

are considered, represented nonlocal parameter,
non-dimensional hub ratio, non-dimensional
angular velocity, and thickness to length,
respectively. The dimensionless format of
mentioned parameters is shown in Eq. 20. It is
observed from Table 2 that all numerical results
may be converged in N=16. Obtained numerical
results are compared with those available in the
literature for the first non-dimensional
frequency, which demonstrates acceptable
accuracy for all different numerical results.
Moreover, Fig. 2 shows the results for evaluating
the non-dimensional natural frequency and its
comparison with Ref [39] under the S-S boundary
condition. The non-dimensional parameters are
considered as:
n,=1n=01

Furthermore, good agreement between the
obtained results can be seen.

4.2. Parametric study

In this section, the free vibration analysis of
rotating bi-directional functionally graded Euler-
Bernoulli nanobeam is presented. The effect of
various parameters, namely AFG and CFG power
indexes and nonlocal and rotary parameters, is
studied for C-S, C-C, and C-F boundary conditions.
Figs. 3-6 depict the effect of non-dimensional
angular velocity on the first non-dimensional
frequency versus the AFG index considering
different nonlocal parameters under C-C, C-S, and
C-F boundary conditions, respectively. In these
figures, the invariable values of n,, §, and 7 are
selected as 1, 0, and 0.05, respectively. As can be
observed, by increasing the angular velocity, the
natural frequency of the nanobeam increases. In
other words, the stiffness of the 2D-FG nanobeam
increases for all the mentioned boundary
conditions. Increasing the power-law index
decreases the natural frequency due to the
variation of the material properties from ceramic
to metal and Young's modulus. For n. >2,
increasing nx has a much slower effect on the
fundamental frequency and converges to a
constant value. The values of frequency for the C-
C beam are higher than those for the remaining
boundary conditions. The reason is that the C and
F boundary conditions have the fewest and most
degree of freedom.
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Table 2. Convergence study and verification

Number of grid
. ref
points
BC 1t 6 ¢ 10 14 16
CF 04 1 1 481 470 470 470 [36]
CcC 0 0 5 2455 2455 2455 2454 [24]
CS 0 0 5 1762 17.62 1762 17.61 [24]
CFG,N1=1

. T=0.2 Ref [39]
10 |- T=0.4
T=0.4,Ref [39]

0 1 2 3 4 5 [}
@

Fig. 2. Comparison of natural frequency parameter results
with Ref [39]

Increasing the angular velocity has different
trends for the first natural frequency depending
on the nonlocal parameter. By observing Figs. 3
and 4, it can be understood that increasing the
angular velocity leads to switching the stiffness-
softening effect of the nonlocal parameter to the
stiffness-hardening effect related to C-C and C-S
boundary conditions, respectively. This trend has
also been observed for the isotropic nanobeam
by Talebitooti et al. [24]. Below a specific value
(here @=~6), the natural frequency decreases by
increasing the nonlocal parameter, whereas, for
the larger @, it increases. Increasing the angular
velocity with fundamental frequency is not
monotonous and depends upon the boundary
condition. Interchanging behavior of nonlocal
parameter happens faster for C-C beam.

Figure 5 shows the variation of the first non-
dimensional natural frequency under the C-F
boundary condition. It is seen that increasing the
nonlocal parameter results in the stiffness-
hardening effect in contrast with the other
boundary conditions. By increasing the angular
velocity and the stiffness-hardening effect of the
nanobeam, the effect of the nonlocal parameter
becomes more noticeable and does not switch.
Similar to this result, it was also reported for the
isotropic nanobeam by Murmu et al. [35]. It can
be concluded from Figs. 3-5 that increasing the
angular velocity has a stiffness-hardening effect
on the nanocal parameter. In other words, it
eliminates the stiffness-softening effect for C-C
and C-S boundary conditions and increases the
stiffness-hardening effect for the C-F. The
comparison of the results in Fig. 5 for different @
shows that for @ >6, the effect of axial FG index
becomes to be inconsiderable on the fundamental
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frequency. By making a  comparison
between Figs. 3 to 5, it can be shown that for the
C-F beam, the effect of velocity dominates on the
effect of nx that is much more noticeable than
those for other boundary conditions. The main
reason that can interpret this phenomenon is that
increasing the angular velocity has a more
significant effect on increasing the natural
frequency of C-F nano-beams than those of other
boundary conditions. As ¢ =9 , the natural
frequency increases by approximately four times
in comparison to ¢ = 0. While in other boundary
conditions, it increases by approximately two
times. As a result, the stiffness-softening effect of
the nx index decreases more rapidly in the C-F
boundary condition than those in other boundary
conditions.

$=0,CC,7n=0.05
i i

oy
o
e 3

5 6 7 8 9 10
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o
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Fig. 3. The effect of non-dimensional angular velocity on the
first non-dimensional frequency of C-C nanobeam
concerning the AFG index with consideration different
nonlocal parameters
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Figure 6 shows the effect of the hub ratio on
the first non-dimensional natural frequency for
the C-C boundary condition. It is mentioned that
the CFG index is constant, and the only axial FG
index varies. The linear relations are indicated for
6 and 1. The investigation of this figure shows
that by increasing the hub ratio, the first
nondimensional frequency increases that is
caused by the rising of the beam’s stiffness. By
increasing the angular velocity and hub ratio
simultaneously, the increasing effect of the hub
ratio on the first non-dimensional natural
frequency happens more rapidly. Again, the effect
of this parameter on the first non-dimensional
natural frequency can be observed in Fig. 6.

On the other hand, the CFG index can vary, and
the AFG index is kept constant, Fig. 7. In this
figure, the hub ratio acts as Fig. 6. By comparing
Figs. 6 and 7, it is revealed that the effect of the
AFG index is more significant than that of the CFG
index in higher angular velocities. In other words,
the effect of n, disappears in higher angular
velocities, and the results related to the thickness
FG index become closer to each other than those
related to the axial FG index.

5. Conclusions

In this study, a nonlocal elasticity theory is
developed to study the vibrational behavior of
rotary bi-directional functionally graded Euler-
Bernoulli nanobeam, including C-C, C-S, and C-F
conditions. The prime objective of the current
study is the utilization of a bi-directional
functionally graded material model in the
analysis of rotating nanobeam. The governing
equations are solved to obtain the frequency
response by using the GDQ method. The effects of
material variation, thickness and length
direction, nonlocal parameters, angular velocity,
and hub ratio are reported. The most important
results are shown as follows:

1- As the angular velocity rises, the natural
frequency increases.

2- Increasing the FG indexes along x and z
directions lead to a reduction in the natural
frequencies.

3- The frequency is less affected for nx >2.

4- The frequency value is in the order of C-C>C-
S>C-F which can be attributed to the degree
of freedom as F>S>C.

5- Increasing the rotary velocity up to ®=6
causes the interchanging behavior of
nonlocal parameters from  stiffness-
softening to stiffness-hardening for C-C and
C-S beams.

6- In C-F, increasing the angular velocity
reinforces the stiffness-hardening effect of
the nonlocal parameter.
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7- For C-F, the variation of nx has no significant
effect on the fundamental frequency in high
angular velocity.

8- By enhancing the angular velocity, the effect
of n, is vanished faster than those of nx in C-
C nanobeam.

20,8, 7=0.05
|

3=3,68,7=0.05

$=6,CS,7=0.05
T

—-T=p
~-T=0.1
T=0.15

#=9,C5,7=0.05
‘

—-=T=)

Fig. 4. The effect of non-dimensional angular velocity on the
first non-dimensional frequency of C-S nanobeam
concerning the AFG index with consideration different
nonlocal parameters
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Fig. 5. The effect of non-dimensional angular velocity on the
first non-dimensional frequency of C-F nanobeam
concerning the hub ratio with consideration different
conventional FG index
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Fig. 6. The effect of non-dimensional angular velocity on the
first non-dimensional frequency of C-C nanobeam
concerning the hub ratio with consideration different axial
FG index
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