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Abstract

Recently, the study on weak Galerkin (WG) methods with or without stabilizer parameters have received much
attention. The WG methods are a discontinuous extension of the standard finite element methods in which classical
differential operators are approximated on functions with discontinuity. A stabilizer term in the WG formulation is
used to guarantee convergence and stability of the discontinuous approximations for a model problem. By removing
this parameter, we can reduce the complexity of programming on this numerical method. Our goal in this paper
is to introduce a new stabilizer-free WG (SFWG) method to solve the Poisson equation in which we use a new
combination of WG elements. Numerical experiments indicate that our SEFWG scheme is faster and more economical
than the standard WG scheme. Errors and convergence rates on two types of mesh are presented for each of the
considered methods, which show that our numerical scheme has O(h?) convergence rate while another method has
O(h) convergence rate in the energy norm and the L?-norm.
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1 Introduction

In this work, we focus to seeks an unknown function v = u(x) for the Poisson equation which is satisfying,

~Au=f, in QCR? (1.1)
u=0, on 09, (1.2)

where Au denotes the Laplacian operator of the function u and € is a polygonal domain in R? with boundary 0.

The Poisson equation has wide applications in many areas such as modeling various problems in mechanics and
physics. Evaluation and analysis of numerical approximations of mathematical models has been one of the topics of
interest for researchers in recent years. In order to achieve this goal, many numerical methods have been studied.
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Numerical methods that provide discontinuous approximations of PDEs are one of the methods considered in this
field, such as local discontinuous Galerkin (DG) methods [2] 6] [5], hybridizable DG methods[8, 4] and WG methods
[12] 13| 14, [10]. One of the obvious disadvantages of these discontinuous approximation tools is the use of different
parameters in their Galerkin formulations to enforce weak continuity across element boundaries due to the nature of
the discontinuity of the solutions. The presence of stabilizing parameters in the finite element formulation will increase
the complexity of the implementation.

Recently, WG methods on PDEs have been investigated [3} [7, 15, [@]. The most obvious feature of this numerical
method is the presence of weak functions and weak partial derivatives of them. For each element T', a weak function
v is a piecewise function in the form v = {wvg, vy}, where we consider the first and second components as the interior
and edges value of v on T, respectively.

The standard WG method for the problem (1.1))-(1.2) has the following form
(Vwun, Vo) + s(un,v) = (f,0), (1.3)

where V,, is a weak version of V and s(-,-) is a stabilizer term that has the following usual form

s(up,v) = Z hip (Qpuo — up, Quvo — vb)or, (1.4)

TeTh

where by choosing r = oo, we will have s(up,v) = 0 [I§].

The study of WG methods without any stabilizer parameters on PDEs has received much attention recently. The
main attitude of this numerical tool is to increase the degree of approximation space for V,,. By increasing the degree
of weak gradient space, the additional degrees of freedom will not be defined. In [I7], the optimal order of convergence
for SFWG method by choosing (Py(T), Pi(e), [P;(T)]¢) elements for j > k > 1 and d = 2,3 on polytopal meshes
has been investigated. After that, Ye and Zhang [I9] improved the convergence rates presented in [I7] and achieved
superconvergence on polytopal mesh. In [I], A lowest-order SFWG scheme on triangular meshes for the solution of

(T.1)-(1.2) is proposed where (Py(T), Py (e), [P1(T)]?) elements is used.

In this paper, we focus on the standard WG method for seeking WG finite element solution up = {ug,up}
and propose a lowest-degree possible WG scheme on rectangular and triangular meshes where a new combination
(Py(T), Py(e), [P1(T)]?) of elements will be used. For 7 = co and 0, we compare our new SFWG scheme with the
standard WG scheme (with stabilizer parameter). Some numerical examples are tested which show that our new
scheme is faster and more efficient than the standard WG method.

The rest of this paper is organized as follows. In Section [2| we introduce the WG spaces and the weak differential
operator to present our new scheme. The process of obtaining the error equation and some important inequalities is
discussed in Section Bl The theoretical results related to the L? error estimates for our SFWG finite element method
are established in Section[d] Several numerical examples are presented in Section [5]to confirm the presented theoretical
results in Section [3] and Section[d Section []is devoted to Conclusions of this paper.

2 SFWG schemes

Suppose that T be an element of the partition 7;, created of Q C R2. For each element T' € Ty, let h = maxrer, hr
be the mesh size of T, where hr is the diameter of each element T'. For each element T € 7T;,, we define the WG space
and its subspace as follows:

Vi, = {v ={vo, v} € Po(T) x Py(e),e € IT,Tr, = {T}},

and
VO ={v:veViul.=0, ecdnadT}.

For each T € Ty, we define the L2-projections as follows:

Qo : LX(T) — Py(T),
Qp: LQ(e) — Py(e),
Qn : [LA(T))? — [P(T))?
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By combining the L2-projections Qg and Q;, we define another L2?-projection onto V}, which is defined as Q;, =

{Qo, Qv}.
On each element T and for any ¢ = {¢o, ¢p} € Vi, the weak gradient V,, € [P1(T)]? is defined as follows:

(Vud, T)r = —(¢0,V - T)7 + (¢, T -m)or, V71 € [P(T)]?, (2.4)

where n is the unit outward normal vector of 9T

Throughout this paper, we applied these notations for simplicity

@) = 3 (bw)r =3 /T b pdz,

TETh TETh
Ty T;-h oT T;/ /(?T

2.1 The lowest-degree SFWG
By finding uj, = {ug,up} € V¥, a numerical approximation for (1.1)-(1.2) can be obtained such that

(Vwun, V) = (f,v0), Yo = {vo, vp} € V. (2.5)

An energy norm according to our SFWG scheme is defined as
2
vl = (Vwo, Vo) 7,

and H' semi-norm on V}, is defined as

lolTn = D IVoollz + Y hztllvo — vell3e-
TETh TETh

It can be easily checked that ||-[|1,, defines a norm on V0. Below, we indicate the equivalence of the two norms
I 112, and -]

Lemma 2.1. Let v = {vg, vy} € V},. There exist two constants C; and Cs such that

Cillvllun < llvlll < Callolli,n:

Proof . We provide only details of proof [|v]]| < Ca|lv|j1,,. We can referred to [16] for the next part.
From ([2.4)) and integration by parts, we have

(Vwo, 7)r = =(vo, V- 7)1 + (0, T - m)or
= (Vvg, 7)1 — (Vg — U, T - )57, V7 € [P (T)]. (2.6)

It follows from the trace inequality and the inverse inequality that

(Vwv, T)r < [Voolrl7llr + [lvo — vsllor|ITllor
—1/2
< [Voollr|i=llr + Chz o = wllor |+l (2.7)

By letting 7 = Vv in the above inequality, we can get the desired result. [

3 Error Equation

In the following, we will provide the basic lemmas to achieve the error equation. At first, we introduce the crucial
property of V,, and V by the definition of L2-projections.
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Lemma 3.1. For each T € T, and ¢ € H*(£2), we have

Qn(V9) = VuQnro. (3.1)
Proof . From definition (2.4), the property of L2-projections and integration by parts, we can write

(VuwQnod, 7)1 = —(Qod, V- 7)1 + (Qpo, T - n)or
=—(,V-T)p+ (o, 7 -n)sr
= (Vo, )7 + (¢ — ¢, 7 n)or
= (QuVo,7T)r.

The desired property (3.1) has been proven. [

Lemma 3.2. Let ¢ € H'(Q2). For 7 € [P1(T)]? the following equation holds

(VuQnd, 7)1 = (QpVe, T)r — (¢ — Qud, V- 7)1 + (0 — Quo, 7 - m)or. (3.2)

Proof . It follows from (2.4)), (2.1)), (2.2)), (2.3) and integration by parts that

(vah¢7 T)T = _(QO¢7 v : T)T + <Qb¢a T~ n>8T
= _(Qh¢a V- T)T - (¢ - thsa A T)T + <¢7T . n>8T
= (QuVe,T)r — (¢ — Quo, V- 7)1 + (¢ — Quo, T - m)or.

The desired result is visible. [J

Lemma 3.3. For all v = {vo, v} € V)2 and the solution u of (L.1)-(1.2)), we have
—(Au,vo)r = (VQru, Vo) + I1 (u, v) — Io(u, v) — Ig(u, v), (3.3)

where
T (u,v) = (u—Qpu, V- Vyuv)r,

IQ(ua ’U) = <’LL — Qpu, Vv - n>8T7
I3(u,v) = ((Vu—QnpVu) - -n,vg —vp)ar-

Proof . Since ) ;7. (Vu-n,v)ar = 0, using integration by parts, we have
—(Au,v9)r = (Vu, Vug)r — (vo — vp, Vu - m)op. (3.4)
Letting 7 = Vv in (3.2)), we get

(VU, VU())T = (thu, V’U())T

= —(v0, V- (QnVu))r + (vo, QxVu - n)or

= (Vuwv,QnVu)7r + (vg — v, QuVu - n)or

= (VuwQnu, Vyv)r + (u — Quu, V - Vyv)r — (u — Qpu, Vv - n)ar

+ (vo — vp, QpVu - n) 7. (3.5)

By combining (3.4) and (3.5, we can get
—(Au, UO)T = (vahuv vu;U)T + (U - QhU7 A va)T
— (u— Qpu, Vyv - n)ar — (Vu — QpVu) - n,v9 — vp)or.

The desired result is achieved. [J

In the next lemma, we provide the error equation for the error function e, = {eg, ey} = Qpu — up.
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Lemma 3.4. Let e, = {ep, ey} = Qnu — uy, be the error between the L?-projection of the exact solution u and the
SFWG solution up. Then the following error equation holds

(Vwen, Vuu)7, = —I1(u,v) + Lo (u,v) + Zs(u, v). (3.6)

Proof . By testing by the first component vy of v = {vg, vy} € V)2, we have
—(Au,vo)r = (f,vo)-
From Lemma [3.3] we have
(VuQnu, V) = (f,v0) — Z1(u,v) + Lo (u,v) + Z3(u, v). (3.7)
Subtracting from and summing over T € T}, yields the desired result. O

In the following, we will provide error estimates for our SFWG scheme.

Lemma 3.5. Assume that u € HgH(Q), for i = 0,1, be the exact solution of (L.I)-(1.2)). Then for all v € V}?,

1Z: (u, )| < CRH lulla4 o]l
|Z2(u, v)] < CRH'™* [lull2illv]l,
1Z3(u, v)| < CR' [lullowillloll, i =0,1. (3.10)

Proof . It follows from the Cauchy-Schwarz inequality and the inverse inequality that

|Z4 (u,v)| = Z (u—Qpu, V- Vyuv)r
TETh
<C Y lu—Quullrl|V - Vil
TETh
1/2 1/2
<C ( > lu— @hu|%> : < >V vwvn%)
TET TET
< CR'™ullz4floll, @ =0, 1.
Similarly, from the trace inequality, we have
Ty, )] < 3 [(u—Quu, Vor - m)or]
TET
1/2 1/2
<C < > hptlu— QhUI§T> : <Z hTIIVwUII%T>
TETh T€Th

< CRM |9 i,

and for the third inequality, we can write

|Z5 (u,v)| < Z [{(Vu — QpVu) - n,vg — vp)ar|
TETh

1/2 1/2
<C ( 3" hel|Vu - thquT) : ( > hptlve - vbII%T>

TET TeTh
< Ch fullagilloll, @ =0,1.
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Theorem 3.6. Let up, = {ug,up} € Vi, and u € Hg“(Q) for i = 0, 1 be the SFWG solution of (2.5) and the exact
solution of (1.1)-(L.2), respectively. Then, there exists a constant C' such that

I@uu — unll < CR*llulloss, i = 0,1, (3.11)
e = wnll < Cllule. (3.12)

Proof . Taking v = ep, in the error equation , we obtain
llenll® = (Vawen, Vwer)7i < |Ti(u,en)| + |Za(u, en)| + | Zs(u, en)].
From the provided estimates in Lemma [3.5] we have
IQnu — upl| = llenll < CR*|lull24i, i=0,1.
We follow the idea of by taking v = v — Qpu and using the trace inequality, to get
llu = Quull < Chljull2, (3.13)

which, together with triangle inequality, (3.12)) follows. O

4 L2-Error Estimate

Based on a duality argument, we will provide a L2-error estimate for SFWG scheme (2.5). For this reason, the
duality problem is considered to seeks ¥ € HZ as follows:

AV =¢y, in €. (4.1)
Also, we consider the H2-regularity for (4.1 as

W]z < Clleoll- (4.2)

Theorem 4.1. With H?-regularity (4.2)), assume that uj = {ug,us} € Vj and u € Hg“ for ¢ = 0,1 be the solutions
of (2.5) and (1.1)-(L.2), respectively. Then, there exists a constant C' such that

1Qou — uoll < CR'™*|lufl24i, i = 0,1, (4.3)
[ = woll < Cllull2. (4.4)
Proof . Taking u =¥ and v = ¢, in , we will have
—(AU,e0)r = (VuQnY, Vyen)r + 1 (V,en) — Zo(V, en) — I3 (P, ep). (4.5)
Testing by the first component eg of the error function e, = {eg, ep}, we have
leoll? = ~(AD, ey). (4.6)
Summing over 1" € Tj, and then substituting into gives
leoll> = (VuQnY, Vuwen)T, + 11 (¥, en) — To(¥, en) — Is(V, ).
Using the error equation , we can write

lleoll? = — Z1 (u, Qu¥) + To(u, QnY) + I5(u, Qn V)
T, en) — To(, en) — Ts (0, en). (4.7)
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In the next step, we will provide the estimate of the six terms on the right hand side of (4.7)). Using the Cauchy-Schwarz
inequality and the inverse inequality, we have

T2 (u, Qu®)[ < D [(u—Quut, V- Vi Q)7 |

TETh

1/2 1/2
<C < > - lel%) : ( DoV QW\I’II%)

TETh TETh

1/2 1/2
<c ( S - @hu|%> - ( > BV (@ - wn%)

TET TETh

1/2 1/2
+C < > h?llU—@mll%) : (Z hQTIIV-V\I'IIQT>

TETh TeTh
< ChM*lulla4il[ ¥ ]2, i =0,1. (4.8)

For the second term, from the trace inequality, we get

IZo(, Qu¥)| < > [(u— Quu, VoQn¥ - n)or|

TETh
< Z (u — Qpu, (Q VY — VV¥) - n)s7|
T€eTh
+ Z |<’LL — th VA28 n>3T|
TETh
1/2 1/2
<C ( Z hytflu— QhuH%T) : ( Z hr||QuVY — V‘I’H%T)
TETh TETh
1/2 1/2
+C ( Dol QhUII%T> : ( > IIV‘I’H%T)
TeTh TETh
< ChM™ 244l ® 2, @ = 0,1, (4.9)

Similarly, from the definition of @)y, we can write

IZ3(u, Qu¥)| < > [(Vu— QuVu) -0, Q¥ — Q)|

TETh
< > H(Vu—QuVu) - n,Qo¥ — U)or|
TET
+ Z ((Vu —QrVu) -0, ¥ — QpV)or|
TeTh
1/2 1/2
<C ( > || Vu— @NuH%T) : ( > hp' Q¥ — \Ifll?)T)
TeTh TeTh
< Ch' |2 2|1,
which clearly, we have _
|Zs(u, Qu¥)| < Ch" P |ul|as]|¥l2, i=0,1. (4.10)

The estimate (3.8]) and (3.11]) give

Ty (W,en)] < > (T —Qu¥, V- Vien)r|
TETh

< Ch ™ ull24 |2, (4.11)
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and from the estimates (3.9)), (3.10) and (3.11)), we have

I Zo(,en)| < D (¥ = Qu¥, Vyen - n)or|
T€ETh

< O |ull 2l ]2, (4.12)
and

IZ3(W,en)| < > (VT —QuVT) - n,e0 — ep)or
TeTh

< ChM | ul|ogs] [P |l2, = 0,1. (4.13)
Combining with the estimates (4.8)-(4.13), we will have
leol” < CR*™|[ulla4il¥]l2, @ =0, 1.
In the last step, from the H2-regularity and then dividing ||egl|, we have the following desired error estimate
1Qou — uo|l < Ch*™[|ull21s, i =0,1.
Using the triangle inequality, we get

lu — ol < flu — Qoull + [|Qou — uol| < Cllullz.

5 Numerical Tests

Our goal in this section is to evaluate the flexibility and efficiency of our SFWG scheme . Based on the lowest-
degree possible (Py(T), Py(e), [P1(T)]?) elements, we will compare our new SFWG method with the standard WG
method in which we consider the stabilizer parameter with 7 = 0. The comparison process will show that the new
SFWG method is faster and more economical than the standard WG method . We denote e, = {eqg, ep} = Qru—uy,
and €, = {€g, €} = u — uy, be the error functions. Our numerical calculations are supported by MATLAB R2017a and
performed on a Laptop computer with 8.0 GB memory and Intel(R) CPU @ 2.13 GHz. To achieve our goal in this
section, we consider the following basic steps:

e Create a uniform rectangular and triangular mesh on the desired domain Q = [0, 1]?,
e The exact solutions uy,us € H?(Q) U H2(Q) to the problem (1.1))-(1.2]) are chosen as follows:

ui(z,y) = sin(7zx) sin(wy),

us(z,y) = (1 + 22)sin(my),
where the source term f(z,y) and the boundary conditions are accessible accordingly,

e For different values of the parameter h, we consider only the WG scheme (|1.3) with » = 0,00 on rectangular
mesh. Also, we apply the SEFWG scheme ([2.5)) on triangular mesh.

Based on the exact solutions u; and us, the numerical outcome are reported in Tables m@ In Table [1I| and Table
the errors and convergence rates for with or without lowest-degree possible (Py(T'), Po(e), [P1(T)]?) WG elements
on a rectangular mesh are presented which indicate that our SFWG method has O(h?) convergence rate in
both energy norm and L?-norm while the standard WG method (with stabilizer parameter) has a convergence rate
of O(h) in the same norms. The numerical results in these two tables show that our method is more efficient. Also,
we investigated our method on a triangular mesh that the corresponding numerical results in Tables [2] and [ confirm
the theory discussed in the previous sections. Our SEFWG solutions (discontinuous solutions) and the exact solutions
on rectangular and triangular meshes are plotted for u; in Figures [2| and |3| which show the accuracy of the proposed
method. In Figure [l we compare the computation times (in seconds) between the SFWG method and the
standard WG method related to Table [I} As the number of elements increases, the computational time increases and
the SFWG finite element method is faster and more efficient than the standard WG method.
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Computation times (in seconds)
>

Figure 1: Comparison of computation times between the SFWG (blue color) and the WG (red color) methods.

Table 1: Errors and convergence rates on rectangular mesh for uy.

0.413122

3.657109

1.031040
1.012415

0.401055

12.946682

427.694183

93.660970

67.222347

12.758934

379.111181

1/h

r | 1/h llerl Rate [leoll Rate
2 3.8801e — 01 — 7.1953e — 02 —
4 1.0969¢ —01 1.82 2.3636e —02 1.61

00 8 2.8263e — 02 1.96 6.2942¢ —03 1.90
16 7.1191e—03 1.99 1.598le—03 1.98
32 1.7831le—03 2.00 4.0108e —04 1.99
64 4.4599¢e —04 2.00 1.0037¢e —04 2.00
2 7.5523e — 01 - 1.2836e — 01 -
4 3.5278e — 01 1.10 7.2032¢ —02 0.83

0 8 1.6049e — 01 1.13 3.4716e —02 1.05
16 7.5163e—02 1.09 1.6621e—02 1.06
32 3.6185e—02 1.05 8.0769¢—03 1.04
64 1.7729¢ — 02 1.03 3.9743¢ — 03  1.02

Table 2: Errors and convergence rates of the SFWG method on triangular mesh for uj.

/b lenll Rate lleoll Rate
2 2.0829 - 2.8285¢ — 01 —
4 20021 0.06 2.758le—01  0.04
8 19777 0.02  2.7453e — 01  0.007
16 1.9713  0.005 2.7428¢ — 01  0.001
32 1.9696 0.001 2.7422e — 01 0.0003
64 1.9692 0.0003 2.7421e —01 0.0001

In the last step, we adopted the exact solution from [I1] as follows:

U3(7‘, 9) = T1/2 Sin(g)v

91

where 7 = /22 + y2 and 6 = arctan(¥). The singularity in the chosen solution uz € H*1/2(Q) will confer different
rates of convergence. Table [5|indicates that the two considered methods have the convergence of rates O(h'/?) and
O(h®/?) in the relevant norms on rectangular mesh.
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SFWG Solution Exact Solution

Figure 2: Numerical solutions based on u1 on rectangular mesh with h = 1/64.

SFWG Solution Exact Solution

05 1

Figure 3: Numerical solutions based on w1 on triangular mesh with h = 1/64.

6 Conclusion

In this paper, we proposed a new SFWG finite element method to solve the Poisson equations in which we
used the lowest-degree possible (Py(T), Py(e), [P1(T)]?) WG elements. Several numerical examples on two types of
meshes indicated that our new method is more efficient than the standard WG finite element method (with stabilizer
parameter). The numerical outcomes showed the accuracy of the claim made in the theoretical analysis section. By
comparing the computational time between the two considered methods, it is shown that our numerical scheme is
faster than the standard WG finite element method. Our next project is to extend theoretical and numerical analysis
on higher dimensions of space.
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