Multi-wavelet Bessel sequences in Sobolev spaces in L*(K)

Ishtag Ahmed®*, Owais Ahmad®, Neyaz Ahmad Sheikh®

2Department of Mathematics, Jammu and Kashmir Institute of Mathematical Sciences, Srinagar-190008, India

bDepartment of Mathematics, National Institute of Technology, Srinagar-190006, India

(Communicated by Mohammad Bagher Ghaemi)

Abstract

This paper is devoted to the study of some properties of multiwavelet Bessel sequences in Sobolev spaces over local
fields of positive characteristics.
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1 Introduction

The wavelet transform is a simple mathematical tool that cuts up data or functions into different frequency components,
and then studies each components with a resolution matched to its scale. The main feature of the wavelet transform
is to hierarchically decompose general functions, as a signal or a process, into a set of approximation functions with
different scales. One of the important factor behind the stable decomposition of a signal for analysis or transmission is
related to the type of representation used for its spanning set (representation system). A careful choice of the spanning
set enables us to solve a variety of analysis tasks. During the last two decades, many researchers have contributed in
the designing and time-frequency analysis of these representation systems for the various spaces, namely, finite and
infinite abelian groups, Euclidean spaces, locally compact abelian groups.

On the other hand, there is a substantial body of work that has been concerned with the construction of wavelets
and frames on local fields. For example, R. L. Benedetto and J. J. Benedetto [5] developed a wavelet theory for
local fields and related groups. They did not develop the multiresolution analysis (MRA) approach, their method is
based on the theory of wavelet sets and only allows the construction of wavelet functions whose Fourier transforms are
characteristic functions of some sets. Ahmad and his collaborators in the series of papers investigated frame theory
on local fields and obtained various interesting results [4, [3, [2, 111, 12} 13} [T4].

The paper is structured as follows. In section 2, we discuss the preliminaries on local fields, definition of Sobolov
spaces and also discuss some auxiliary results about Bessel sequences. In Section 3, we provide the complete charac-
terization of multiwavelet Bessel wavelet sequences in Sobolev spaces over local fields.
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2 Fourier Analysis on Non-Archemedian Fields

A local field K is a locally compact, non-discrete and totally disconnected field. If it is of characteristic zero, then
it is a field of p-adic numbers Q,, or its finite extension. If K is of positive characteristic, then K is a field of formal
Laurent series over a finite field GF(p©). If ¢ = 1, it is a p-series field, while for ¢ # 1, it is an algebraic extension of
degree c of a p-series field. Let K be a fixed local field with the ring of integers © = {z € K : || < 1}. Since KT is
a locally compact abelian group, we choose a Haar measure dz for K*. The field K is locally compact, non-trivial,
totally disconnected and complete topological field endowed with non—Archimedean norm |- | : K — R™ satisfying

(a) |z| = 0 if and only if z = 0;
(b) |zy| = |z||y| for all z,y € K;
(¢) |z + y| < max{|z|,|y|} for all z,y € K.

Property (c) is called the ultrametric inequality. Let B = {z € K: |z| < 1} be the prime ideal of the ring of
integers © in K. Then, the residue space ©/% is isomorphic to a finite field GF(q), where ¢ = p° for some prime p
and ¢ € N. Since K is totally disconnected and 28 is both prime and principal ideal, so there exist a prime element
p of K such that B = (p) = pD. Let D* =D\ B = {z € K: |z| = 1}. Clearly, ©* is a group of units in K* and if
x # 0, then can write z = p"y,y € ©*. Moreover, if U = {a,, : m =0,1,...,q — 1} denotes the fixed full set of coset
representatives of B in D, then every element = € K can be expressed uniquely as . = >, ¢ p’ with ¢, € U. Recall
that B is compact and open, so each fractional ideal B* = p*® = {Jc eK:|z| < q_k} is also compact and open and
is a subgroup of K*. We use the notation in Taibleson’s book [I5]. In the rest of this paper, we use the symbols N, N
and Z to denote the sets of natural, non-negative integers and integers, respectively.

Let x be a fixed character on Kt that is trivial on ® but non-trivial on B!, Therefore, x is constant on cosets
of ® so if y € BF, then x,(z) = x(y,z),2 € K. Suppose that y, is any character on K*, then the restriction x,|D
is a character on ©. Moreover, as characters on D, x, = X, if and only if u — v € ©. Hence, if {u(n):n € Ny} is a
complete list of distinct coset representative of ® in KT, then, as it was proved in [I5], the set { Xu(n) : M € NO} of
distinct characters on ® is a complete orthonormal system on ©.

We now impose a natural order on the sequence {u(n)}>2,. We have ®/B = GF(q) where GF(q) is a ¢
dimensional vector space over the field GF'(p). We choose a set {1 = (o, (1,(2, ..., (c—1} C ©* such that span{(; };;(1) =
GF(q). For n € Ny satisfying

0<n<gq, n=a+ap+-+a_1pt, 0<a,<p, andk=0,1,...,c—1,

we define
u(n) = (ap +a1¢1 4+ + ae_1¢e—1)p " (2.1)
Also, for n = by 4+ by1qg+bog® +--- +bsq°, n €Ny, 0< by < q,k=0,1,2,...,s, we set

u(n) = u(bo) + u(br)p™" + - +u(bs)p~". (2.2)

This defines u(n) for all n € Ny. In general, it is not true that u(m+mn) = u(m) +u(n). But, if r,k € Ny and 0 <
s < ¢*, then u(rg® + s) = u(r)p=* + u(s). Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and
{u(l) +u(k) : k € No} = {u(k) : k € No} for a fixed £ € Ng. Hereafter we use the notation x,, = Xu(n), 7 > 0.

Let the local field K be of characteristic p > 0 and (p, (1, (2, ...,(.—1 be as above. We define a character xy on K
as follows:

. exp(2mi/p), =0 and j=1
X(Gup) =  CPETUR) 1=0 @ (2.3
1 p=1--c—1 orj#1
2.1 Fourier Transforms on Local Fields
The Fourier transform of f € L'(K) is denoted by f (¢) and defined by
Flif@)}=f(&) = | flx)xele)de (2.4)

It is noted that
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The properties of Fourier transforms on local field K are much similar to those of on the classical field R. In
fact, the Fourier transform on local fields of positive characteristic have the following properties:

e The map f — f is a bounded linear transformation of L (K) into L*°(K), and Hf”oo < ||fH1

o If f € L}(K), then f is uniformly continuous.

o If f € LY(K) N L*(K), then | f||, = ||£],-

The Fourier transform of a function f € L?(K) is defined by

f(&) = lim fi(¢) = lim f(@)xe () de, (2.5)

k—o0 k—o0 |z|<qk

where fr = f ®_;, and ®, is the characteristic function of B¥. Furthermore, if f € L?(®), then we define the Fourier
coefficients of f as

- / F (@) X @) de (2.6)
D

The series >, . f ( (n))xu(n)(m) is called the Fourier series of f. From the standard L2-theory for compact
abelian groups, we conclude that the Fourier series of f converges to f in L?(®) and Parseval’s identity holds:

5= [ 1r@Par = 3 |Fum)] 27)

neNy

For s € K, the Sobolev space H*(K) consists of all distributions f such that

112 / FOPA+ IC12)°dC < os,

where ||.||2 denotes the Euclidean norm on K. It is noted that, H*(K) is a separable Hilbert space under the definition
of the inner product

F, g ) = /f OO+ ICIDdC, [, g € B (K).

Obviously, H(K) = L?*(K) and H** C H*2(K) iff s; > s5. Furthermore, for every g € H=*(K),

g) = /K FOFdC, f e B (K)

gives a continuous functional on H?*(K).
For f,g : K — C, we define

= >+ u(k)g(€+ulR)(1+ . +uk)ll3)",

keNy

By Ty a full set of ¢No/Np, i.e a set of representatives of distinct cosets of gNg/Ng. We write

Fin(€) = a% f(p€ —u(k)) and f5,(6) = ¢ 9 f;(6) = ¢/E ) F(p7€ — u(k))
for a distribution f,j € Z, k € Ny and s € K.

Given r € N, let ¢ = (1,2, ..., )T € (H*(K))" be an M-refinable function vector satisfying the refinement
equation, i.e., there exists an r x r order matrix @, called refinement mask symbol such that

P(pe) =a'(©)() acK. (2.8)
Given L € N, wavelet function vectors 1; = (¢, h, ..., 90T with [ = 1,2, 3, ..., L are defined by

D(pe) =0(O)PE) 1=1,2,...,L (2.9)
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where b!(¢) = (Zim(g));,m with [ = 1,2, ..., L being a sequence of r x r order matrices of Ny-periodic measurable

functions on K called wavelet masks symbol. Define a multi-wavelet system
W (@5 b1, Y2, s tht) = {pnok 1 n=1,2,...,1;k € No U

(s in=12.rjeNg, keNy, 1=1,2.L}. (2.10)
W2 (p; 11,19, ...001) is called a multi-wavelet Bessel sequence (MWBS) in H*(K) if there exists B > 0 such that

ZZ|f»90n0kHs +ZZZZ (fy s om0 | < B

n=1 keNy n=11=1 j=0 keNy

wex) Vv f € HY(K),

where B is called a bessel bound; it is called a multi-wavelet frame (MWF) in H*(K) if there exist 0 < A < B < o0
such that

)SZZKﬂ

n=1 keNo n=1 =1 j=0 k€N
< BJ|f] %ﬂs(K)a vV f el (K),
where A and B are called frame bounds.

l,s 2
n;j,k>HS (K) |

3 Multi Wavelet Bessel Sequences in Sobolev Spaces over Local Fields

In this section, we provide some necessary lemmas which are used for later. By a standard argument, we have
Lemma 3.1. Let s € K, define A by

ME) = L+ 1132 F©)
for f € H*(K) or L?(K). Then X is a unitary operator both from H*(K) onto L*(K) and L?(K) onto H~*(K)
Lemma 3.2. Let s € K and W*(¢;91,%2, ...,¢1) is a MW BS in H*(K) with Bessel bound B if and only if

§j§j ﬂwnww2+§j§j§j§:|f¢)JkP<LWﬂm &) for feH*(K). (3.1)

n=1keNy n=1 £=1 j=0 keNy

Proof. By Lemma 3.1, we know that W?(p; 11, %9, ...,%r) is a MWBS in H*(K) with Bessel bound B if and only if

T

T L oo
Do Ao P DD DD KA I < Bl fllf-o) for f € LP(K) (3-2)

n=1keNg n=1 /=1 j=0 keNy

Since A is a unitary operator, we have

<f7 A@n;O,k> = <)\f= Pn;0,k and <f7 A¢n gk T <)‘fu ¢n R k>
and
1 11720) = XS [l x)-
It follows that (12) is equivalent to

T L

ZZHWWQZZZZUMWP@W%WMde) (33)

n=1EkeNy £=1 j=0 k€eNg

This leads to the Lemma since ) is a unitary operator from L?(K) to H~*(K) by Lemma 3.1. [

Lemma 3.3. Let 0 # s € K and ¢ = (¢1, 92, ..., 0,)T € (H*(K))". If [P, Pn)t € L=(K) for some t > s with
n=12,..,7, then
Yo > g enowdl? < D MGns Bulslleao gl (3-4)
n=1keNg n=1

for g € H*(K).
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Proof . Since for any n € {1,2,....,r} ¢, € H*(K) and g € H~*(K), we have §p,, € L?(K). Applying the Plancheral
theorem and the Parseval identity, by a simple computation we have

> g one -~ ubN)P = 3 | [ 507w
keNo kenNg /K
SIS / (€ + u(k))B(E + ulk) i (€)de
keNp |k'eNg

2

> &+ ulk)PE +ulk))dé

keNy
/ g €)|?de (3.5)

By the Cauchy Schwarz’s inequality, we have |[g, §n]o(€)[? < [9,9)—s()[P, P]s(€) for almost every £ € K. Since t > s
and [, p]; € L>(K), it follows that

-,

[8,6]s(8) < @, 2):(8)-
Therefore, [p, P]s € L (K) and thus we deduce from (3.5 that

SN g —u@)P <Y /@ 9,33, Pl.(6)de

n=1keNy

Ana/\ns e Aa/\—s d
< 3 1n, 2okl <K>/©[gg] ()de
—ZH s Bl K>/ )P+ €)2)>de

=@ Bulsll oo o)l gl -« iy (3.6)

n=1
O
Lemma 3.4. Let 0 # s < ¢, and Zz(f) = (Bflm(ﬁ)) g ¢=1,2,...,L be a sequence of r X r order matrices of

3

Np-periodic measurable functions on K, define

0o L r r
=D R YD D BT OPA+ T fe K
£=1n=1m=1

Jj=0

If there exists a non-negative number o > —s and a positive constant C such that

L T T
SOSTNbh (O < Cmin(1,13%), a.e on K (3.7)

{=1n=1m=1

then Ag ¢ € L>2(K).

Proof . Let us consider the two cases s > 0 and s < 0 separately. Suppose s > 0. Since ¢t > s, by Lemma 3.3, we
have

o L T T
<2 ol 33 30 P g ) (3:8)
j=0 (=1 n=1m=1

By lemma there exists a positive constant C’ such that

=Y a (L +lE1P) (1 +a ¥ Po5[E|?) <O Y € K (3.9)
7=0
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This implies that A, () < C'C, V€ €K, ide., Ay € L®(K). Suppose s < 0. without loss of generality, we assume
that s <t < 0. By Lemma 3.3, we have

o0 T s

L
Ast(®) <D a (A +03l1€l3)° DD D Bhm b7 TP 4+ 07

j:O (=1 n=1m=1

= 95,t(§) (310)

For o1||¢|| <1 and j > 0, we have

(1+¢27201¢)*) 7" <27" and (1+03)l¢[%)° <
Since « > 0, a+ s> 0, by Lemma 3.3. and equation (3.7]), we have the following estimate

Ose(§) <27° Z q 2 Z q e E > % 108, (pI71E)?

Jj= =1n=1m=1

o
<27'0) ¢ p e

=0

< 271 0g 2 3 M) (o )2

7=0

—t —2a S —2j(a+s) th
7=0

For 01]/€]| > 1, there exists J € Ny such that ¢/ < o1||€|| < ¢/*!. Then for j = 0,1, ..., .J, we have

(1 +q72j7203”5”2)7t < (1 _|_q2(.]7j))7t — q72(.]7j)t(q72(J7j) + 1)7t < 27tq72(J7j)t

and
(1+03)€17)° < (1+ 030, 2¢%7) < 03°0; °¢*7*.

Write ©,,(€) = ©;4(€) + €2 ,(€), where

T T

J L
=S A+ ae) Y (TR 2(1 + Y202 f¢|2)

=0 ¢=1n=1 :1

T T

w7+ 7 20T

oo L
= > Ry
j=J+1

{=1n=1m=1

Then by q7 < 01]|¢|| < ¢/*! and J € Ny, it follows from s < ¢ < 0 that

J
o1& =Y a1+ al¢)?) ZZZIb (PR P(L+ ¢ 203]|?)
7=0

(=1 n=1m=1
oo
< CO%SOI_QSQ—t Zq—Q(J—j)(t—s) < 005501—252—t Zq—Qj(t—s)
7=0 =0

1
TEt < oo (3.12)

= 02 01 1_ q72(tfs) <

Since ¢/ < o1||€]| < ¢’ *1, we have for j > J +1

(L+g 2 J¢)*) 7" < (14 ¢*V79) 7 <27
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and
(1+03)1€17)° < (1+ 030, 2¢%7)° < 030, °¢*7*.

Since a > 0, a+ s > 0, by Lemma 3.3 and equation (3.7]), we have

S = Y a (L +olElP) ZZZ B (7RO P+ g 20k 1€)7)

j=J+1 (=1 n=1m=1
t 25 250 Z —2(j— J)SZZZV) p —j—1 )|
j=J+1 =1 n=1m=1
<030y C Y g PUT I3
j=J+1
o0
<qt 25 280 Z q—2(j—J)sq—2a(j+1)(01H£”)2a
j=J+1
o0
< gto¥o 2SC Z q*Q(j*J)(aJrS)
j= J+1
o0
_ th%Sf)l QSCZq 2j(a+s) _ qtogsol—QsCquw(aJrs)
Jj=1 j=1
_ goprop2eriotOts) (313)
1_q—23 ! !

Therefore, for the case s < 0, we conclude that A, € L*(K). O

Now we proceed to prove the main result of this paper.
Theorem 3.1. Given s € K, let ¢ = (p1,p2,....,0,)T € (H*(K))" be a p-refinable function vector satisfying the

refinable equation , and let b(¢) = (Bfl,m (E)nm> £ =1,2,..., L be a sequence of r x r order matrices of Ny-periodic
measurables functions on K, 1, = (¢f, ¥4, .. ,wf)T, ¢ =1,2,..., L, be the wavelet function vectors defined by (2.9),
and W#(p; 1,19, ..., 1) be the multi-wavelet system defined by (2.10)). Assume that

(i) [@n, Pnlt € L=(K) for some t > s withn =1,2,...,r
(ii) There exists a non-negative number a > —s and a positive constant C such that

ZZ Z |b (©)]? < Cmin(1,]|€]3%), a.e on K.

{=1n=1m=1

Then W*(@; 91,2, ...,91) is a MWBS in H*(K).

Proof. For the case s = 0, we take 0 < s < min{t,a}, then the conditions (i) and (ii) hold for s = so.
Therefore, the conclusion holds for s=0 if it holds for s = sg. So, in order to finish the proof, we need to prove the
conclusion holds for s # 0.

By Lemma 3.2, it is enough to prove that there exists a positive constant B such that

> D g pmon)l? +ZZZ > gt )P < Blglu—e) for g€ H *(K). (3.14)
n=1keNg n=1¢=1 j=0 keNp
For the first part, by Lemma 3.3, we have
l,s
SO g el Z @ @ulsllLe@llglFi—- ) for g€ H*(K). (3.15)
n=1 kENy n=1

Next, we check the second part. For g € H *S(K), compute

Z | g7 n]k - _j(1+23) Z / 1§)X’€< _j§)d§

keNy keNg
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2

7(142s) Z

keNg

) / (67 (€ + u(k'))) D5 (€ + ulk))xu(€)de

k’e€Ng

2

= ¢~(+29) Z

keNy

3 / (07 (€ + u(')))P5 (€ + ulk))de

k’€Ng

¢ 23)/| (7€), 91 (€)]o ()] 7dE

By definition in (2.9), we can get each component of 1,

Zb (OB (p71) for n=1,2,...,r and £=1,2,..,L,
and it follows from (3.16) that
j{: | nj k
keNy
2
= ¢7(-29) / S S G0 ulk) (T ()l 1 uh)))| e
° k€Ng m=1

2

= /(129 / > Zb P+ NG TE), Bulo(p I E +7)| dE
D |yer, m=1
2
< gD B 1€+ 1)), Bulo(p e+ )| de
WEFp
<qvT 2”/ Z B8 (P G0 () Fns Bale €

< O max (1B llimo) | me G (€), 507 6)] - (©)de

1<n<r

< U5 max {|[[Ba, Pl ”L‘X’(K)}/ Z 1Bt () PLGRT T ()P (1 + [1€]13) e

1<n<r

=275 max {||[@n, Pnlt | oo (k) } X

=4 1<n<r

YD b TOPGEOPEE) P+ [lp eI e

K m=1
Hence we conclude that

S Y3 Yl < o s (15w Balimcob [ O+ IR

n=1 /=1 j=0 keNg

oo L r r
ST+ g)3) ZZ Z B (PO (L o7 E]3) e
/=1 n=1m=1

J=0

Ahmed, Sheikh

(3.16)

(3.17)

(3.18)
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By Lemma 3.4., we get from (3.18)) that

T L

D200 Hg )l

n=1 ¢=1 j=0 k€N
< o s (1B BulHAuilme | BEP+ €13

_ 4 s '
=q 1213;{”[%’%]}HAS,tHLw(K)||9||H*@(K)~

Consequently, (3.14)) holds with

~ o~ d ~ o~
B=Y |[&n @ulsll=x) +q max {[[[@n, GnlH Aatllee g H Aatll e - (3.19)

n=1

The proof is completed. [
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