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Abstract

Following the concept of parametric metric space introduced by N. Hussain et al., the definition of generalized para-
metric metric space is given. A decomposition theorem from a generalized metric into a family of crisp metrics is
established. Another decomposition theorem from a family of the crisp metric into a generalized parametric metric
identical to the first one under certain conditions is proved. Some basic results are studied and develop a Banach type

fixed point theorem with an application to an integral equation.
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1 Introduction

In physical formulation, most of the non-linear equations transformed into a fixed point equation F(z) = z. To
obtain results, existence and uniqueness of such fixed point equation are examined. These mappings basically satisfies
some contraction or expansion conditions which are either the celebrated Banach type contraction principle or its
variants on different types of generalized metric spaces.

Parametric metric space is one of those generalized metric spaces introduced by N. Hussain et al. in 2014 [I].
Some basic concepts such as notion of convergence of sequences, Cauchy sequence and some fixed-point theorems on
complete parametric metric spaces and triangular intuitionistic fuzzy metric spaces are also studied by them.

Being inspired by N. Hussain et al., our aim in this paper to introduce a notion of generalized parametric metric
by making some changes in the definition given by them. Analyzing the conditions of generalized parametric metric
spaces we achieve a decomposition theorem of generalized parametric metric into a family of crisp metrics. There is
another decomposition theorem which deduce a generalized parametric metric from the family of crisp metrics and
we show that under certain conditions those two generalized parametric metrics are identical. Lastly we developed
Banach type contraction principle in this new setting with an application to integral equation.

To develop the results of our manuscript we study some concerned papers for references(please see [2, 3] 4, 5], [6] [7),
8, @, 10, 111, 12, 13, 14, 15, [16]).

The organization of the paper is as follows: Section 2 contains some preliminary results. In Section 3, definition
of generalized parametric metric, some examples are given, decomposition theorems and results related to notion of
convergence are developed. Section 4 consists of a version of Banach type contraction principle in complete generalized
parametric metric spaces and its application to integral equation.
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2 Preliminaries

First we recall some definitions and results which are used in this paper.

Definition 2.1. [4] Let X be a non-empty set. A pair (X, d) is called a metric space if there is a function d : X x X —
R*, called metric which satisfies the following conditions:

(M1) d(a,b) =0 if and only if a = b,

(M2) d(a,b) =d(b,a), for all a,b € X,

(M3) d(a,b) < d(a,x)+ d(b,z), for all a,b,z € X.

Definition 2.2. [4] In a metric space (X, d), a sequence {z,} C X is said to

(i) converge to a point x € X if for any € > 0,3Im € N such that d(z,,z) <, for all n > m,
(ii) be a Cauchy sequence if for any € > 0,3r € N such that d(x,,z,) < ¢, for all n,m > r.
(iii) (X,d) is said to be complete if every Cauchy sequence in X converges to some point in X.

Definition 2.3. [I] Let X be a non-empty set and P : X x X x (0,00) — RT be a function which satisfies the
following conditions:

(i) P(a,b,t) =0, Vt >0 if and only if a = b;

(ii) P(a,b,t) = P(b,a,t), for all a,b € X and for all ¢ > 0;

(iii) P(a,b,t) < P(a,z,t) + P(b,z,t), for all a,b,2 € X and for all ¢t > 0.

Then the pair (X, P) is called a parametric metric space.

Definition 2.4. [I] Let (X, P) be a parametric metric space.

(i) Let © € X and r > 0, then the set B(x,r) = {y € X : P(x,y,t) < r for all t > 0} is called an open ball with
center at z and radius r > 0.
(ii) A sequence {z,} C X is said to converge to a point x € X if nan;oP(xn, x,t) =0, for all t > 0.
(iii) If for any to sequences {z,} and {y,} in X converging to x and y respectively. If nli_)II;OP(xn, Yn,t) = P(x,y,t),
for all £ > 0, then P is said to be continuous in its two variables.
(iv) A sequence {z,} is said to be Cauchy if nler;oP(xn, Tm,t) =0, for all £ > 0.

(v) (X, P) is said to be complete if every Cauchy sequence converges in X.

3 Generalized parametric metric space

In this section, definition of generalized parametric space is given and some basic properties are studied. Two
decomposition theorems are established.

Definition 3.1. Let o : [0,00) x [0,00) — [0,00) be a binary operation which satisfies the following conditions
Ve, B, v € [0,00)

(a) ao0=«

(b) a <8 = «oy < Boy (monotonicity)

(¢) aoy =~voa (commutativity)

(d) ao(Boy) = (aoB)oy (associativity)

Following are the examples of such binary operation.
(i) aof = max{a, 8}
(il) aof =a+ 8.

(iil) aof = (a™ + ﬂ”)%, for all n € N.

Definition 3.2. ‘o’ is said to be continuous if for any sequence {a,, }, {8, } in [0, 00) converging to a and f3 respectively,
{an08,} converges to aof.
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There are some additional axioms for "o ’.

(e) "o’ is a continuous function.

(f)a<pand vy <d = aoy < fod, for all a, B, 7, § € [0,00) (strictly monotonicity).
(g) awoar > av, for all o € [0,00) (supper idempotency).

Definition 3.3. Let X be a non-empty set and P : X x X x (0,00) — [0, 00) be a function which satisfies the following
conditions:

(P1) (P(a,b,t) =0, ¥t > 0) if and only if a = b;
(P2) P(a,b,t) = P(b,a,t), for all t > 0 and for all a,b € X;
(P3) for s,t > 0 and for all a,b,2 € X, P(a,b,s+1t) < P(a,x,s) o P(b,z,t).

Then the function P is said to be generalized parametric metric and the triple (X, P, 0) is called a generalized parametric
metric space.

Example 3.4. Let us define a mapping P : R x R x (0,00) — [0, 00) by

a—b|P

P(a,b,t):| ,foralla,beR, forallt>0and 0 <p<1

and we consider the binary operation ‘o ’ as aoff = a + 3, for all a, 8 € [0,00). We show that P is a generalized
parametric metric on R. For,

(i) Clearly P(a,b,t) > 0 and P(a,b,t) = 0, for all ¢t > 0 if and only if |a — b|” = 0 if and only if @ = b. Thus (P1)
holds.
(ii) (P2) holds trivially.
(iii) Let a,b,z € R and s,t > 0. Then

la —bP
P(a,b t)y =——
(0, +0) ="
<|a—ac|p—i—\ac—b|f’J
- s+t
_Ja—zP |z —bP
s+t s+t
la —z|P |z —bP
< +
- S t

=P(a,z,s) + P(b,z,t)
Therefore, (P3) holds.

Hence (R, P,+) is a generalized parametric metric space.

Example 3.5. We consider a metric space (X, d) and define a non-negative real valued function P by

dab) if 0<t<2d(a,b)

P(a,b,t) = % . Zf 2d(a,b) <t < 3d(a,b)
2= sqam if 3d(a,b) <t <4d(a,b)
0 if 4d(a,b) <t < oo

for all a,b € X.
We show that (X, P,0) is a generalized parametric metric space where the binary operation ‘o’ on [0, 00) is taken as
aoff = max{a, 8}. For,

(i) P(a,b,t) > 0, for all ¢ > 0 and a,b € X. If a = b then d(a,b) = 0. So, P(a,b,t) = 0, for all t > 0. Again,
P(a,b,t) =0, for all t > 0, implies that ¢t > 4d(a,b), for all t > 0. So, d(a,b) = 0. Hence, a = b. Thus (P1) holds.
(ii) (P2) holds trivially, since d(a,b) = d(b, a), for all a,b € X.
(iii) To prove (P3), we show that P(a,b,s +t) < max{P(a,z,s), P(b,x,t)}, for all a,b,z € X, for all s,¢ > 0.
Let a,b,z € X. For all s,t > 0 we have the following cases.
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(a) s> 4d(a,x), t > 4d(x,b). Then s+t > 4d(a,z) + 4d(x,b) > 4d(a,b) which implies P(a,b,s +t) = 0. Again
max{P(a,x,s), P(b,z,t)} = 0.
(b) s > 4d(a,z), 3d(z,b) < t < 4d(x,b). Then s+t > 4d(a, a:) + 3d(z,b) > 3d(a,b) and P(a x s) = 0,

P(b,x,t) =2— Qd(;b) implies max{P(a, x, s), P(b,z,t)} =2— 2d(ac 5~ Again P(a b,s+t) <2— 2d(a b) Now,
s+ttt (s+t)d(b,x) — td(a,b)
2d(a,b)  2d(z,b) 2d(a,b)d(b, z)

< sd(b,x) + td(z,b)) — td(a,z) — td(b, x)
- 2d(a, b)d(b, )
_ sd(b,x) — td(a, x)
~ 2d(a,b)d(b, )
>4d(a7 x)d(b, x) — 4d(b, z)d(a, x)
- 2d(a, b)d(b, )
implies P(a,b,s +t) < P(b,z,t) = max{P(a,z,s), P(b,x,t)}.
(¢) s > 4d(a,x), 2d(z,b) < t < 3d(x,b). Then P(b,x t) = 5 and max{P(a,,s), P(b,z,t)} = 4. Now,
s+t > 4d(a,x) + 2d(x,b) > 2d(a,b) implies P(a,b, s +t) = 5 = max{P(a,x,s), P(b,z,t)}.
(d) s > 4d(a,z), 0 < t < 2d(z,b). Then P(b,z,t) = d(b z) and max{P(a,x,s), P(b,z,t)} = @. Now,
s+t > 4d(a,z) > 0 implies P(a,b,s+1t) < ( ). Then,

d(b,z) d(a,b) (s + t)d(b,x) — td(a,b)
t s+t t(s+1t)

< (s+t)d(b,z) — t(d(a,z) + d(z,b))

- t(s+1t)

_sd(b,x) — td(a, x)

B t(s+1)

>4d(a, x)d(b,x) — 2d(b, z)d(a, )

- t(s+1t)

:2d(a,x)d(b, x) >0

ts+t) =
which shows that P(a,b,s +t) < P(b,z,t) = max{P(a,z,s), P(b,z,t)}. Similarly, we can verify the other
cases.
Thus (P3): P(a,b,s+t) < max{P(a,z,s), P(b,x,t)}, for all a,b,z € X ands,t > 0 holds.

=0

Hence P is a generalized parametric metric on X.

Remark 3.6. Concept of parametric metric space (Definition and concept of generalized parametric metric
space (Definition are totally different. We justify it by the following two examples. In Example we show
that a generalized parametric metric may not be a parametric metric space and in the Example we prove that
a parametric space need not to be a generalized parametric metric space. In Definition (generalized parametric
metric space) we use the general binary operation ‘o’ instead of ‘+’ in the sense to achieve decomposition theorems
which play crucial role to develop more results in generalized parametric spaces.

Example 3.7. We consider two metrics d; and da on R? defined by d;(a,b) = max{|a; — b;| : i = 1,2} and da(a,b) =
Z?Zl la; — bi], for all @ = (a1,a2), b = (b1,ba) € R% Then clearly, d;(a,b) < da(a,b), for all a, b € R%. Next, we
define a function P : R? x R? x (0,00) — [0,00) by

100 if 0<t<di(a,b)
Pla.b1) = 50 if di(a,b) <t<dx(a,b)
o 25 if da(a,b) <t <2day(a,b)

0 if 2dz(a,b) <t < oo

for all a,b € R?. We claim that P is a generalized parametric metric on R2. The binary operation ‘o’ is taken as ‘+’.
Clearly P satisfies (P1) and (P2). We only verify the condition (P3). For all a,b,z € R? and s,t > 0, we have the
following cases:
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(a) s > 2ds(a,x), t > 2ds(x,b). Therefore, s +t > 2ds(a,x) + 2ds(x,b) > 2ds(a,b) that is s +t > 2da(a,b). Hence
P(a,b,s +t) =0= P(a,z,s) = P(b,z,t) and so P(a,b,s +t) = P(a,x,s) + P(b,z,t).

(b) s> 2ds(a,x), da(x,b) <t <2dy(x,b). Then P(a,z,s) =0 and P(b,z,t) = 25. Now, s+t > 2dz(a,x) + da(z,b) >
da(a, z) + da(x,b) > da(a,b). So s+t > da(a,b). Therefore, P(a,b,s+t) <25 = P(a,z,s) + P(b,z,t).

(¢) s > 2dy(a,x), di(z,b) < t < do(x,b). Therefore P(b,z,t) = 50 and P(a,z,s) = 0. Now, s+t > 2da(a,x) +
dy(z,b) > 2dy(a,x) + dy(x,b) > dy(a,z) + dy(z,b) > dy(a,b). Thus, s+t > di(a,b) which implies P(a,b,s +t) <
50 = P(a,z,s) + P(b,z,t).

(d) s > 2da(a,x), 0 <t < di(x,b). So P(a,z,s) =0 and P(b,z,t) = 100. Now, s+t > 2dz(a,z) > 0 and hence
P(a,b,s+1t) <100 = P(a,x,s) + P(b,z,t). Similarly, the other cases can also be verified.
Thus (P3): P(a,b,s +t) < P(a,r,s) + P(b,x,t), for all a,b,z € R? and s,t > 0 holds.

Hence (R?, P,+) is a generalized parametric metric space. It is not a parametric metric space. For, we take a =
(1,0), b = (0,3), ¢ = (4, %), and t = 1. We have di(a,b) = max{1,3} = 1. So, 0 < ¢ < di(a,b) which implies
P(a,b,t) = 100. Now, da(a,c) = |1 — 5|+ |0 — §| = % and 2dz(a,c) = . So, da(a,c) < t < 2da(a,c) which implies

g
P(a,c,t) = 25. Again, da(b,c) = |0 —% + 13 — 3| = 2 and 2dz(b,c) = L2. Therefore, dy(b,c) < t < 2da(b, c) which
)

2
implies P(b,c,t) = 25. Thus, P(a,c,t) + P(b,c,t) = 25+ 25 = 50 < 100 = P(a,b,t). So, P is not parametric metric

on R2.

Example 3.8. We consider a metric space (X, d) and define a function P : X x X x (0,00) — [0,00) by P(a,b,t) =
etd(a,b), for all a,b € X, for all £ > 0. We show that P is a parametric metric on X. For,

(i) P(a,b,t) >0, a,be X, for all t > 0 and P(a,b,t) =0, for all £ > 0 if and only if d(a,b) = 0 if and only if a = b.
(ii) P(a,b,t) = P(b,a,t), a,b e X, for all t > 0, since d is a metric on X.
(iii) For any a,b,c € X and for all ¢ > 0,

P(a,b,t) =e'd(a,b)
<e'ld(a,c) + d(b, c)]
=P(a,c,t) + P(b,c,t)

Therefore (X, P) is a parametric metric space. Next, in particular we take, X = R and d as the usual metric.
Choose a =2, b=4, c=3, s=t=1. We have P(a,b,s +1t) = e%d(a,b) = 2¢2, P(a,c,s) = ed(a,c) = e, P(b,c,t) =
ed(b,c) = e. So, P(a,b,s +t) = 2e* > 2¢ = P(a,c,s) + P(b,c,t). Hence P is not a generalized parametric metric on
R.

Proposition 3.9. If P is a generalized parametric metric on X then P(a,b,) is non-increasing function, for all
a,be X.

Proof . The proof follows from (P1), (P2) and (P3). O
Definition 3.10. Let (X, P,0) be a generalized parametric metric space. Define

do(a,b) =inf{t > 0: P(a,b,t) < a}, a € (0,00) and Va,be X (3.1)

Lemma 3.11. If P is a generalized parametric metric on X and d,, is defined as in (3.1)) then d, is non-increasing
function, for each a € (0, 00).

Proof . The proof is straightforward. [J

Lemma 3.12. Let (X, P,0) be a generalized parametric metric space and d,, for each a € (0,00) is defined as in
(3-1). Then Va,b,c € X and Ve, 8 € (0,00), daop(a,b) < du(a,c) +ds(c,b).

Proof . Let a, 8 € (0,00) and a,b,c € X. Then

do(a,c) +dg(e,b) =inf{t > 0: P(a,c,t) < a} +inf{s > 0: P(b,c,s) < 8}
=inf{s+t>0: P(a,c,t) < a, P(b,c,s) < 5}
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Now P(a,c,t) < «, P(b,¢,s) < 8 and P(a,b,s +1t) < P(a,c,t)oP(c,b,s) implies P(a,b,s +t) < aof.
Thus,
{s+t>0:P(a,c,t) <, Ple,bys)<B}C{s+t>0:P(a,b,s+1t) <aof}
= inf{s+t>0:P(a,c,t) <, Plc,b,s) < p}>inf{s+¢>0:P(a,b,s +1) < aof}
= daop(a,b) < duo(a,c) +ds(c,b)
O

Remark 3.13. In Lemma [3.12] if the binary operation ‘o’ is taken as ' max’, then coae = ov. Hence in particular, we
obtain dy(a,b) < dy(a,c) + do(c,b), Vo € (0, 00).

Theorem 3.14. (1st Decomposition Theorem) Let (X, P,0) be a generalized parametric metric space and d, for
each a € (0,00) is defined as in (3.1). Then Va,b,c € X and Vo, € (0, 00),

(d1) da(a,b) = 0;

(d2) (du(a,b) =0, Va € (0,00)) <= a=1b;
(d3) da(a,b) = da(b,a);

(d4) daop(a,b) < da(a,c) +dg(c,b);

(d5) du(a,b) is non-increasing.

Proof . We only prove (d1)-(d3).
(d1) From definition of d,, o € (0,00), it is clear that d4(a,b) >0, Va,b € X.
(d2) for all a,b € X,
do(a,b) =0, Ya € (0,00)
= inf{t > 0: P(a,b,t) < a} =0, Ya € (0,00)
= P(a,b,t) < a, Yt > 0, Yo € (0, 00)
— P(a,b,t) =0, ¥t >0
=a=>

Again, a =b = P(a,b,t) =0, ¥t > 0 and hence by definition d,(a,b) = 0,Va € (0, c0).
(d3) Since P(a,b,t) = P(b,a,t), for allt > 0 and a,b € X, do(a,b) = du(b,a), for all a,b € X and o € (0, 00).

The proof of (d4) and (d5) follows from Lemma and Lemma O

Further assume that,
(P4) P(a,b,t) < a, ¥t >0, forany a€ (0,00) = a=bh.

Remark 3.15. If P satisfies (P4) then (d6) ds(a,b) =0 <= a =5, Ya € (0,00) Hence if (X, P,0) is a generalized
parametric metric space satisfying (P4) then (d6) holds.

Remark 3.16. It is obvious that (d6) implies (d2) .

Definition 3.17. A family of mappings {d, : a € (0,00)} satistying (d1), (d3), (d4) and (d6) is said to be a quasi
metric family and {(X,d,) : @ € (0,00)} is called a generating space of quasi metric family.

Remark 3.18. If the binary operation ‘o’ is taken as ' max’, then in Definition the family {(X,d,) : a € (0,00)}
is a family of metrics. We call {d, : a € (0,00)} are the a-metrics induced by the generalized parametric metric P.
Example 3.19. We consider a metric space (X, d) and define a mapping P : X x X x (0,00) — [0, 00) by

d(a,b
Pla,b,t) = (‘;’ ) VabeR and¥t>0

Let the binary operation ‘o ' as aoff = max{«, 8}, Va, 8 € [0,00). Now,
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(i) P(a,b,t) >0, for all a,b € X, ¢t >0, and P(a,b,t) =0, for all ¢t > 0, d(a,b) = 0 if and only if @ = b. Thus (P1)
holds.
(ii) Since, d(a,b) = d(b,a), for all a,b € X, P(a,b,t) = P(b,a,t), for all a,b € X and ¢ > 0. Thus (P2) holds.
(iii) Let a,b,z € X and s,t > 0. Then P(a,b,s +t) = da.b) and max{P(a,z,s), P(b,x,t)} = max{@, d(%’b)}.

s+t
Now if @ > @, then

d(a,z) d(a,b)
s s+
(s +t)d(a,x) — sd(a,b)
s(s+1t)
:s(d(a, x) —d(a,b)) + td(a,x)
s(s+1t)
< —sd(b,z) + td(a, x)
s(s+1t)

SY

P(a,z,s) — P(a,b,s +1) =

( follows from metric inequality )

>0.

Similarly, if da2) < d@b) thep P(b,z,t) — P(a,b,s +t) > 0. Thus for all a,b,z € X and s,¢t > 0, (P3):

s — t

P(a,b, s +t) < max{P(a,x,s), P(b,x,t)} holds.
Hence (X, P, max) is a generalized parametric metric space. Again,

P(a,b,t) < a, Yt > 0, for any a > 0

== t> d(a’b),Vt>0, for any a > 0
a

— d(a,b) = 0

= a=0.

Therefore P satisfies the condition (P4). Hence, for each « > 0, the a-metrics on X are
d(a,b
do(a,b) = inf{t > 0 Pla,bt) < a} = X9Y v pe x
o
Clearly {dq(a,b): « € (0,00)} is an non-increasing family of a-metrics on X.

Definition 3.20. Let (X, P,0) be a generalized parametric metric space and {d, : a € (0,00)} is defined in ({3.1).
Then d, is said to be upper semi-continuous on (0, c0) if for any «g € (0, 00), there exist a neighborhood U of ay such
that do,(a,0) <t = da(a,b) <t, Va € U and Va,b € X.

Proposition 3.21. Let (X, P,0) be a generalized parametric metric space and {d, : @ € (0,00)} is defined as in (3.1)).
Assume further that,
(P5) forall a,b e X, P(a,b,.)is continuous function of ¢, V¢ >0
If P satisfies (P5), then d, is upper semi-continuous on (0, 00).
Proof . Let us choose ag,ty € (0,00). Then for a,b € X,
dao (a, b) < to

- JD(CL7 b, to) <

= J e > 0 such that P(a,b,tg) < ag — €

= dy(a,b) < to, Va € (ag — €,a0 + €)

This completes the proof. [

Theorem 3.22. Let (X, P, max) be a generalized parametric metric space satisfying (P4) and {d, : « € (0,00)} be
the family of a-metrics induced by P. We define

P'(a,b,t) = inf{a > 0:dy(a,b) <t}, forallt>0anda,be X. (3.2)

Then (X, P/, max) is a generalized parametric metric space.
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Proof .
(i) P'(a,b,t) >0, Vt>O0andVa,be X. Then,
P'(a,b,t) =0, Vt>0
— inf{a >0:dy(a,b) <t} =0, Vt>0
<~ dy(a,b) <t, Vi>0,Va>0
<= dy(a,b) =0, Ya>0
< a=0b
So (P1) holds.
(ii) Since do, o € (0,00) is a metric, for all a,b € X, do(a,b) = do (b, a) implies
P'(a,b,t) = P'(b,a,t),

for all ¢ > 0. Thus (P2) holds.

(iii) Let a,b,z € X and s,t > 0. We have to show that P’(a, b, s+t) < max{P’(a,z,s), P'(b,z,t)}. Let P'(a,x,8) = oy
and P'(b,z,t) = as. If ag = 0 = s then the result is obvious. Suppose that a3 < as. Let us choose o where
0 < ag < ay < a Then Joy < a such that doy(a,z) < s and 36y < « such that dg,(b,z) < t. Let
~v = max{ag, fo} < a. Therefore d,(a,z) < du,(a,z) < s and d(b,x) < dg,(b,x) < t. Now for all a,b,z € X,

d(a,b) < dy(a,z) +dy(x,b) <s+t
= P'(a,b,s +t) <y <«
= P'(a,b,s+1) < .

Since 0 < a1 < ap < « is arbitrary, from above it follows that

P'(a,b,s +t) < ag = max{ay,as}
= P'(a,b,s +t) < max{P'(a,z,s), P'(b,z,t)}.

Similarly if ay < ay, then also the result holds.

So (P3) holds. O
Proposition 3.23. The generalized parametric metric P’, defined in (3.2)) is a non-increasing function of ¢.

Proof . The proof is straightforward. [J

Following is a example for the justification of the Theorem [3.22

Example 3.24. The generalized parametric metric P, given in Example induced a non-increasing family of
a-metrics on X. We define P’ as

P'(a,b,t) =inf{a > 0:dy(a,b) < t}, Vt>0, Va,be X

:inf{a>O:M§t}, vVt >0, VYa,be X
«

=inf{a > 0: d(i’b) <a}, Vt>0, Va,be X

:Lat’b), vt >0,

for all a,b € X. Then P’ is a parametric metric which is shown in Example Moreover P’ is a non-increasing
function of ¢.

Lemma 3.25. Let (X, P, max) be a generalized parametric metric space satisfying (P4) and for each « € (0,0), dq
be the a-metric induced by P. Choose ag, by € X with ag # bg. If

(i) P is non-increasing and satisfies (P5) then for to > 0, P(ag,bo,to) = ao € (0,00) implies P(ag, by, du, (a0, o)) =
ag. Furthermore, for any a > 0, P(aq, bo,dn(ag,b0)) = a.
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(ii) P satisfies (P5) and P is strictly decreasing function of ¢ then for any a > 0, P(ag,bo,t) = « if and only if
da(ao,bo) =1.
Proof .
(i) Since P(ag,bg,to) = g, we have

dao ((Lo, bo) Z to. (33)
Now, since P(aq, by, .) is non-increasing, from (3.3) we have,

Qo = P(ao,bo,to) 2 P((Lo,bo,dao(ao,bo)). (34)

If P(ag,bo,day (a0,bo)) < g, then since P(ag, bo, ) is continuous and non-increasing, there exist ¢’ < dq,(ag, bo)
such that P(ag,bg,t") < ap. Then

t' < du,(ag,by) = inf{s > 0: P(ag,bo,s) < ap} < t'.
Therefore a contradiction to our assumption. Hence,
P(ag, by, da, (a0, bo)) = ap. (3.5)

Since P(ag, bo,-) is continuous, for any a € (0,00), there exists ¢ > 0 such that P(ag,bo,t) = a. Hence (3.5)
gives

P(ao,bo,da(ao,bo)) = Q. (36)
Let P(ao,bo,t) = a. Then P(ag, by, dn(ag,bp)) = a (by (i)). Therefore,
P(ag, bo,t) = P(ao, bo, da(ao, bo))
=t = dq(ao, bo)7 (smce7 P is strictly decreasing)
Again,

da(ao,bo) =1
— P(a(),b(),t) = P(a(),bo,da(ag,bo)) =« ( by (1) )
— P(ao,bo,t) =«

This completes the proof. [

Remark 3.26. (a) The Lemma does not hold without the strictly decreasing property of the generalized para-

(b)

metric metric P. To justify we consider the generalized parametric metric of Example Now,

P(a,b,t) <a, Yt>0, for any a € (0,00)
= P(a,b,t) =0, Vt>0
=t > 4d(a,b),¥t >0
= 4d(a,b) =0
== a=5b

Thus P satisfies the condition (P4). Moreover for all a,b € X, P(a,b,-) is continuous and non-increasing function,
V¢t > 0. But P is not strictly decreasing function of ¢. Now for each o > 0, the a-metrics on X are

2(2 — a)d(a,b) if 0<a<i
do(a,b) =1inf{t > 0: P(a,b,t) < a} = < 3d(a,b) if a=1
dab) if a> 1,

for all a,b € X. Choose ag # by and let tg = %d(ao,bo). Then P(ag, by, to) = % = ap(say). But du,(ag,by) =
Sd(ao,bo) 7é %d(ao, b()) =tp. Therefore, P(ao,bo,to) = Qo # dao (CL(), bo) =tp.
Following example shows that the Lemma does not hold without the continuity of P.
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Example 3.27. Let (X, d) be a metric space and define a function P by

2d(a,b)

; if 0<t<2d(a,b)
P(a,b,t) =4 1 if 2d(a,b) <t <3d(a,b)
0 if  3d(a,b) <t<oo

for all a,b € X. We consider the binary operation ‘o " as aoff = max{a, 8}. First we show that P is a generalized
parametric metric on X. For,
(i) Clearly P(a,b,t) >0, Vt>0and V a,b € X. If a = b then d(a,b) = 0. Hence P(a,b,t) = 0, for all ¢ > 0.

Again, if P(a,b,t) =0, ¥t > 0 then ¢t > 3d(a,b),Vt >0 = d(a,b) =0 = a =b. Thus (P1) holds.

(ii) (P2) holds trivially.
(iii) To prove (P3), we have to show that P(a,b,s+t) < max{P(a,z,s), P(b,z,t)}, for all a,b,z € X and for all

s,t > 0. Let a,b,x € X and s,t > 0. Then for all s,¢ > 0, we have the following cases.

(a) 0 < s <2d(a,z), 0<t<2d(b,z). Then Pla,z,s) = M, P(b,x,t) = M and P(a,b,s +t) <
M and hence the proof of the inequality P(a,b,s + t) < max{P(a,x,s), P(b,z,t)} follows from the
Example [3.19

(b) 0 < s < 2d(a,x), 2d(b,x) <t < 3d(b,x). Then P(b,x,t) = 5 and s+t > 2d(b,x) > 0 implies
P(a,b,s+1t) < %ﬁ’tb). Now, max{P(a,z,s), P(b,z,t)} = max{%, i1 = M and by the similar
lines of proof of the case (d) of Example it follows that P(a,b,s +t) < P(a,z,s).

(¢) 0 <s<2d(a,x), t>3d(z,b). Therefore P(b,z,t) = 0 and the proof is similar as the above case (b).

The other cases can be verified similarly. Thus (P3): P(a,b,s +t) < max{P(a,x,s), P(b,z,t)}, for all

a,b,r € X, and s,t > 0 holds.

Hence (X, P, max) is a generalized parametric metric space but for all a,b € X, P(a,b,-) is discontinuous function
of t. Again,

P(a,b,t) < a, Vit>0, for any o € (0,00)
= P(a,b,t) =0, Vt>0
=t > 3d(a,b),Vt >0
= d(a,b) =0
= a =0

Thus (P4) holds. So we can construct the a-metrics on X. For all a,b € X, the induced a-metrics are

3d(a,b) if 0<ac<gj
do(a,b) = < 2d(a,b) if f<a<l1
2d(a,h) if a>1

Choose ag # by € X and let tg = %d(ao,bo). Then P(ag, bo,to) = & = ap(say). But da,(ag,bo) = 3d(ag,by) #
Sd(ag,bo) = to. Therefore, P(ag,bo,to) = o # da,(ao,bo) = to.

Lemma 3.28. Let (X, P, max) be a generalized parametric metric space satisfying (P4), (P5) and {d, : @ € (0,00)}
be the family of a-metrics on X induced by P. Then for any increasing or decreasing sequence {«, } in (0, 00), a,, = «
implies d,,, (a,b) = dn(a,b), for all a,b € X.

Proof . If a = b, then o, — « implies d,,, (a,b) — do(a,b). Let a # b. First we assume {a, } is an increasing sequence
such that o, — a. Let d,, (a,b) = t,, and d,(a,b) =t. Then by Lemma

P(a,b,t,) = an, forall n and P(a,b,t)=a. (3.7)

Since {d, : a € (0,00)} is a non-increasing family of metrics, {¢,} is a non-increasing sequence in (0, c0) bounded
below by t. Hence, {t,} is a convergent sequence. Therefore lim P(a,b,t,) = lim «, implies
n—oo n—oo

P(a,b, lim t,) = a (by (P5)) (3.8)
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From the relations (3.7) and (3.8)), we have
P(a,b, lim t,) = P(a,b,t)

n—oo

= limt, =t

n—oo

= lim d,, (a,b) = dq(a,b)

n—o0

Similarly we can prove that for a decreasing sequence {a,}, converging to a, lim d,, (a,b) = d,(a,b). Hence the
n—oo

proof is complete. [J

Theorem 3.29. (2nd Decomposition Theorem) Let (X, P, max) be a generalized parametric metric space and P be
strictly decreasing which satisfies (P4) and (P5). If for each @ > 0, d,, be the a-metric on X induced by P and P’ be
the generalized parametric metric as defined in (3.2) then P’ = P.

Proof . Let xg,yo € X and tg > 0. Case I:  xg = yo, to > 0 Then P(xo,yo,t0) = 0. Now

Pl(x(),y(),to) :inf{a >0: da(xo,yo) < to}
=0, since for each a >0, d,(z0,y0) =0

Case II:  zp # yo, to > 0 such that P(zo,yo,t0) = 0. For a € (0,00), du(z0,y0) = inf{t > 0: P(zo,y0,t) < a}
Since P(zo,yo,t0) =0 < a, do(z0,y0) < to, for all a € (0,00). Therefore,

P/(J?Q,yo,to) = inf{a >0: da(l‘o,yo) < to} =0.
Case III: gy # yo, to > 0 such that P(zg,yo,t0) > 0. Let P(xg,yo,t0) = ap, o € (0,00). Then from Lemma
3.25, we have d, (2o, y0) = to. Hence, P'(xo,yo,t0) = inf{a > 0: du(x0,y0) < to} implies P’'(zg, yo,t0) < ag. Thus,

P/(l'myo,to) S P (39)

Next, choose 0 < o < ag < oo and let dy(zo,y0) = t'. Since {dg : B € (0,00)} is a non-increasing family of
metrics,

Oé/ < g
= dO/ (33073}0) > dOlo (xovyO)
—t' >t

Again the Lemma -3.25 gives P(z0,y0,t') = &'. Since P(x0,1o,-) is strictly decreasing, P(zo,y0,t') = o’ < ag
P(z0,y0,t0), implies = —
t'>to. (3.10)

So for all 0 < o < a, dos(z0,y0) =t > to = P'(x0,y0,t0) > . If P'(x,y0,t0) = ¢, then

inf{8 > 0:dg(zo,y0) < to} =o'
= there exists a sequence {a,} such that «a, — o' and d,, (7o,v0) < to
= lim dom (anyO) <to

n—oo

= do/(20,%0) < to (using Lemma [3.28).

A contradiction to our assumption. Since it is true for all 0 < o/ < aq,
P'(20,90,t0) > g = P(x0, Y0, to) (3.11)

(13.9) and (3.11)) together implies, P’(xo,yo,t0) = P(Z0,¥yo,to0). Thus, for all z,y € X and for all ¢ > 0, P'(z,y,t) =
P(z,y,t). O

Justification of the above Theorem [3.291
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Remark 3.30. We consider the parametric metric P of Example which is strictly decreasing and continuous
function of ¢ where we have shown that P satisfies (P4) and so we construct the family of metrics {d, : a € (0,00)}.
Then in Example m we show that a parametric metric P’ is induced which is identical with P.

Definition 3.31. Let (X, P,0) be a generalized parametric metric space. A sequence {x,} C X is said to be a
(i) convergent sequence if there exists « € X such that lim P(z,,z,t) =0, for all £ > 0. The point z is said to be
n—oo
limit of {x,,} and denoted by lim z,.
n—oo

(ii) Cauchy sequence if lim P(xy,,zm,,t) =0, for all t > 0.

m,n— oo

Proposition 3.32. Let (X, P,0) be a generalized parametric metric space and ‘o’ be continuous. Then

(a) limit of a sequence is unique, if exist.
(b) every convergent sequence is Cauchy.
(c) every subsequence of a convergent sequence converges to same limit.

Proof .
(a) Suppose a sequence {x,} converges to two points  and y in X. Then lim P(z,,z,t) = 0, for all ¢ > 0 and
n—oo
lim P(x,,y,t) =0, for all ¢ > 0. Now, for all ¢ > 0,
n—oo
t t
P(x,y,t) < P(z,zn, 5) o P(y, n, 5), vn

t t
= lim P(z,y,t) < lim P($,$n7§) o lim P(y,xn,i)

n— oo n— oo n—oo

= P(z,y,t) <000=0.

Since P is non-negative real valued, P(x,y,t) = 0, for all ¢ > 0 implies = = y.
(b) Let {x,} € X converges to x € X. Then klim P(zy,z,t) =0, for all £ > 0. Now, for all ¢ >0
— 00

t t
Pz, Zn,t) < P(m,x, 5) o Pz, z, 5), vm,n € N

t t
= lim P(zm,xn,t) < lim P(xn,,, 5) o lim P(z,,z, 5) <000

n,m—oo m—r oo n—roo

= lim P(zp,2n,t) =0.

n,Mm— 00

Hence {z,} is a Cauchy sequence in X.
(c) Let {x,,} be a subsequence of a sequence {z,} which converges to x € X that is klirn P(zg,z,t) = 0, for all
— 00
t > 0. Then for all ¢t > 0,

t t
P(zp,,z,t) < P(xn,, Tn, 5) o P(xp,x, 5)

t t
= lim P(xy,,z,t) < lim P(x,,,<n, 5) o lim P(z,,z,=)<000

n—00 n—00 n—00 2

= lim P(x,,,z,t) =0.

n—oo

Hence {zy, } converges to z € X.

O

Remark 3.33. Every Cauchy sequence necessarily not a convergent sequence in generalized parametric metric spaces.
To justify we consider the following example.

Example 3.34. We consider the set X = {z = {z;} : x; € (0,00), for all i} C [3(R). Then
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where z = {z;},y = {y;} is a metric on X and with the mapping P(z,y,t) = d(i’y), for all z,y € X and ¢t > 0,
(X, P, max) is a generalized parametric metric space (see Example [3.19).

If we consider the sequence {z,,} C X, where 1 = {1,0,0,-- -}, 22 = {0, %,0, .-+ } and so on. Then {z,} is Cauchy
in (X,d) and converges to x = {0,0,0,---} € lo(R). Therefore, {z,} is a Cauchy sequence in (X, P, max), but does
not converges in X.

Definition 3.35. A generalized parametric metric space (X, P, 0) is said to be complete if every Cauchy sequence in
X is convergent and converges to some point in it.

Proposition 3.36. Let (X, P,max) be a generalized parametric metric space satisfying (P4) and for each a €
(0,00), dq be the a-metrics on X induced by P. Then for any sequence {z,,} C X, following results hold.
(i) {zn} is Cauchy in (X, P, max) if and only if {z,} is Cauchy in (X,d,), a € (0,00).
(ii) {zn} converges to x in (X, P, max) if and only if {z,} converges to x in (X,d,), a € (0,00).
Proof .
(i) Suppose {x,} is Cauchy in (X, P,max). Then lim P(z,,&m,t) = 0, for all ¢ > 0. So for a given ¢y >
m,n— oo
0, for each ¢ > 0, there existsN(¢) € N such that
P(zp, Tm,t) < €9, Ym,n > N(t)
= inf{s > 0: P(xp,Zm,s) < e} <t, Ym,n > N(t)
= deo (Tny Tm) < t, Ym,n > N.
Since t > 0 is arbitrary, lim d¢ (2n,zn) = 0. Again, since € arbitrarily chosen, lim do(n,zn) =
n,m—o0o n,Mm—00

0, for any « € (0,00). Therefore, {z,} is Cauchy in (X,d,), a € (0,00).
Conversely suppose that, {z,} is Cauchy in (X,d,), o € (0,00). Then lim dg(2p,zm) =0,
n,m—oo

for any « € (0,00). So for a given € > 0, for each o € (0,00), IN(«) € N such that
do(Tp, ) < €,Ym,n > N(a)
= inf{s > 0: P(zp,Zm,s) < a} <e¢, Ym,n > N(«)
= P(Tp,Tm,€) < a, YVm,n > N(a).
Since o > 0 is arbitrary, we have

nﬂl%goo P(zp, Tm,€) =0

= lim P(xp,xTm,t) =0, Vt >0 (Since, € > 0 is arbitrary)

n,m—>00
= {z,} is Cauchy in (X, P, max).
(ii) First assume that {x,} converges to x in (X, P,max). Then nhﬁn;(} P(zy,x,t) =0, for all t > 0. So for a given
€ > 0, for each t > 0, there exists N(t) € N such that
P(zp,x,t) <€, ¥Yn> N(t)
= inf{s > 0: P(xn,z,s) < e} <t, Vn> N(t)
= dc(zp,x) <t, Vn > N(t)
= lim dc(zn,2) =0, (Since, t > 0 is arbitrary)

n—oo

= lim dy(zp,x) =0, a € (0,00), (Since, € > 0 is arbitrary).

n—oo

Hence, {z,} converges to = in (X,d,), a € (0,00).
Conversely suppose that, {z,} converges to z in (X,d,), « € (0,00). Then lim d,(z,,x) = 0, for each
n—oo

a € (0,00). So for a given € > 0, for each o > 0, there exists N(a) € N such that
do(zp,x) <€, Vn > N(a)
= inf{t > 0: P(xy,2,t) < a} <€ Vn> N(a)
= P(zp,z,¢) < @, Vn > N(«a)
= lim P(zp,x,¢) =0 (Since, a > 0 is arbitrary)

n—oo

= lim P(zp,x,t) =0, ¥t >0, (Since, € > 0 is arbitrary)
n—oo
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This completes the proof.
O

Definition 3.37. Let (X, P,0) be a generalized parametric metric space. A C X is said to be bounded if for each
t > 0 there exist a non-negative real number K; such that P(x,y,t) < Ky, for all z,y € A.

Proposition 3.38. Every convergent sequence in a generalized parametric metric space (X, P, 0) is bounded.

Proof . Let {z,} be a sequence in X converging to z € X. Then lim P(z,,x,t) =0, YVt > 0. So for a given
n—oo

t > 0,{P(zn,x,t)} is a bounded sequence. Thus for each ¢ > 0, 3K; > 0 such that P(z,,z,t) < Ky, for all n.
Choose a fixed y € {x,,,} and let P(x,y, &) = s¢(depends on t). Now for all ¢ > 0 and for all n € N, we have

t t
P(xm,y,t) < P(xm,z, 5) o P(z,y, 5) < K:os =m.

This shows that {x,} is a bounded sequence in X. O

4 Banach type fixed point theorem and an application to integral equation

Theorem 4.1. Let (X, P,0) be a complete generalized parametric metric space and ‘0’ be continuous. If F' be a self
mapping on X which satisfies the contraction condition

P(F.Z',Fy,t) S kP(l‘7y?t),

for all x,y € X and for all ¢ > 0 where 0 < k < 1, then F has a unique fixed point in X.

Proof . To prove the existence of fixed point, let g € X and consider the iterative sequence:
2o, @1 = F(x0), 9 = F(z1) = F(x0) -+, &p = F(xn_1) = F"(20),- -
First we prove that {z,} is a Cauchy sequence in X. Now for n € N and V¢t > 0,
P(zp41,Zn,t) =P(F(xn), F(xn-1),t) < kP(zp, Tn_1,t).
Repeating this process we obtain, P(z,41,Tn,t) < k"P(x1,z0,t), YVt > 0 and for all n € N. Now V¢t > 0 and for
m=n+p, p=12,---,
P(Zyip, Tn,t)

5

t
< P(inn-l—p, Tn41, *) o P(xn—&-la T,

2 2
t t t
< P(ZTntps Tn2, Z) 0 P(Tnt2, Tni1, 1) 0 P(Tnt1,Tn, 5)
t t t
<. < P($n+pyxn+p717 2]0771) 0 P(xn+p717xn+p727 F) 0 -0 P(-rn+27$n+1; Z) o P($n+1;$n7 5)
< kP 1P($1,I0,2T1) o kP 2P(£17$Oa21)7,1) ook +1P(3¢'17$071) 0 k" P(z1, 20, ).

Taking limit n — oo on both side, we obtain, lim P(x,+4p,2n,t) = 0, for all ¢ > 0 which proves that {z,} is a
n—oo

Cauchy sequence. Since X is complete, there exists € X such that {z,} converges to . We prove that z is a fixed
point for F. Now V¢ > 0,

t
2)

t t
= P(F(z),z,t) < kP(x,zp_1, 5) o P(x,x,, 5)

P(F(@),2,1) < P(F(@), 70, 5) 0 P(s, 0,

t t
= P(F(x),z,t) < lim [kP(z,zp_1, =) 0 Pz, z,, 5)] =0

) n—00 2
= P(F(x),z,t) =0
= F(z) =.
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So z is a fixed point of F. If possible suppose 3y € X such that Fy = y. Then
P(z,y,t) = P(F(z), F(y),t) < kP(z,y,t), Vt >0
= P(z,y,t) =0, Vt >0 (Since k < 1)
=z =y.

This completes the proof of the theorem. [J

Example 4.2. Let X = C[-1,1]. For all f,g € X, d(f,g9) = sup |f(t) — g(¢)| is a metric on X. Next we consider
te[-1,1]

the function P(f,g,s) = f’Q) , for all f,g € X and s > 0. Then in Example we have shown that (X, P, max)

is a generalized parametric metrlc space and clearly it is complete. Now we deﬁne F:X - XbyF(f) = 5f , for all
f € X. Then for k € (11,1) P(F(f),F(g),t) <kP(f,g,t), for all f,g € X and ¢t > 0. So by Theorem . F has a
unique fixed point in X and here the fixed point is the null mapping.

Theorem 4.3. We consider the complete metric space (C[0,al,d), a > 0 where the metric d is given by d(f,g) =

sup |f( ) —g(t)], for all f,g € C[0,a] and consider an integral operator n on C0, a] by
te[0,a]

Mﬂm:m0+A¢W&ﬂwd&W6Md (4.1)

Now consider the complete generalized parametric metric space (X, P,max) where X = C[0,a], a > 0 and P( fy9,t)
t

@, for all f,g € X and ¢ > 0. Let us choose a function h : [0,a] x [0,a] — [0, 00) which satisfies sup f h(s d
te[0,a]
k <1 and ¢ satisfies the following condition:

|¢(Sat7f1(t)) - ¢($,t,f2(t))| < h(S,t)|f1(t) - fQ(t)|7 vflva € Xv Vs7t € [O,G].
Then the integral equation (4.1)) has a unique solution in C|0, a.

Proof . We have,
30 = nfa0)) =1 [ 160 25D — (05, (6] il V1 € 0.
< [ 166055060 = 60,5, £260)] s, ¥t 0.
< [ #tt.5156) = o)l s, vt 0.0

t
<df1,f2/ (t,s)ds, Vte|[0,a]
0

<kd(f1,f2), Vi € [0 a]
Which implies

d(nfi,nf2) < kd(fi, f2)
= P(nf1,nf2,t) < kP(f1, f2), V>0

where k < 1. So 7 satisfies the contraction condition of Theorem (4.1) and hence it has a unique solution in X. O

5 Conclusion

We have introduced a new concept of generalized metric space by changing the condition of inequality in the
definition of parametric metric space introduced by N. Hussian et al. It is possible to achieve a decomposition theorem
from a generalized parametric metric into a family of crisp metrics. Banach type contraction principle is established
and an application to find out the solution of Integral equation is given. We think this decomposition theorem will play
a key role to develop further results in generalized parametric metric spaces. There are lot of scopes for researchers
to study various results in compactness, completeness in such generalized parametric metric spaces and develop fixed
point theorem for different types of contraction and expansion mappings in such spaces.
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