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Abstract

In this brief note, we present a fixed point theorem in the Fréchet space. Also we study a new family of measures
of noncompactness on C*°(R;) and C"(R;) and we investigate the construction of compact-integral operators on
C*®(R4) and C™(Ry). Finally, we provide various examples which illustrate the existence of solutions for a wide
variety of functional integral-differential equations.
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1 Introduction

Many of the operators that arise in the study of integral equations are compact. Some compactness results in this
direction are often vital in existencing proving differential, integral and functional integral equations (see [Tl B} [7, [8l [12],
for example).

The degree of noncompactness of a set is measured by means of functions called measures of noncompactness. The
first measure of noncompactness, the function «, was defined and studied by Kuratowski [I7] for purely topological
considerations. In 1955, Darbo [11] used this measure to generalize Banach§ contraction mapping principle for so-called
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condensing operators. Measures of noncompactness are very useful tools in characterizing compact operators as well
as in differential and integral equations (see for instance [1I, [4, [5, [6] [9] [T0L 12}, 13} 14} 15 16, 18], 19] 20} 21, 22] and the
references therein).

Now, we organize this paper as follows. In Section 2, we present a fixed point theorem in the Fréchet space. In
Section 3, we study a new family of measures of noncompactness on C*° (R ) and C™(R). In Section 4, we investigate
the construction of compact-integral operators on C*°(R.) and C™(R,). Finally, in Section 5, we provide various
examples which show how the previous sections can be useful for proving the existence of solutions for a wide variety
of the functional integral-differential equations. A deep approach in this work as a motivating factor for the readers
is to see how the operator H, in Theorem and Theorem is not compact on space C*°(R.), but it can be
Ak, m-condensing on the space C*° (R4 ) (see Example and also how the functional integral-differential equation in
Example [5.1] has at least one solution which belongs to the space C°°(R}.), but it has no solution in the space C"(Ry.)
for any n € N.

2 Notation and auxiliary facts

Definition 2.1. Let M be a class of subsets of a Fréchet space E and Mg indicates the subfamily consisting of all
relatively compact sets, we say M is an admissible set if X € M, then Conv(X), X € M.

Definition 2.2. Suppose that M be an admissible subset of a Fréchet space E and I be an index set, we say that
a family of functions {pq }acr, where s : M — R, is said to be a family of measures of noncompactness in E if it
satisfies the following conditions:

1° The family ker{us} = {X € M : uo(X) =0 for o € I'} is nonempty and ker{u,} C Ng.

2° X CYV = po(X) < po(Y) for a € I.

3° pa(X) = pa(X) for a € 1.

4° po(ConvX) = pe(X) for a € 1.

5° ta(AX + (1 =NY) < Apo(X) + (1 = XN)pa(Y) for A € [0,1] and « € 1.

6° If {X,} is a sequence of closed sets from M such that Xz C Xj for k =1,2,--- and if kli_)n(; to (X)) = 0 for
a € I then Xoo =N, Xy, # 0.

We say that a family of measure of noncompactness is regular if it additionally satisfies the following conditions:

7° 1o (X UY) = max{pq(X), pa(Y)} for a € I.

8° (X +Y) < po(X) + pio(Y) for a € I.

9° pa(AX) = |Apa(X) for A e R and « € 1.
10° ker{po} =Ng.

Definition 2.3. Let M be an admissible subset of a Fréchet space E. An operator (not necessarily linear) F': E —
E is compact if the closure of F(Y) is compact whenever Y € M.

Theorem 2.4. (Tychonoff fixed point theorem [2]). Let E be a Hausdorff locally convex linear topological space, C
be a convex subset of £ and F : C — E be a continuous mapping such that

F(C)C AcCC,

with A compact. Then F' has at least one fixed point.
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Theorem 2.5. Let 2 be a nonempty and convex subset of a Fréchet space X, M an admissible set such that 2 € M
and p, is a family of regular measures of noncompactness in £ and let F':  — E be a continuous operator such
that

pa(F (X)) < palpa(X)), (2.1)
and F(X) € M for any nonempty subset X € M where ¢, : Ry — R, are given functions such that ¢, are

continuous on Ry, ¢,(0) = 0 and ¢, (t) < ¢ for ¢ > 0. Assume that H : Q — FE is a compact and continuous
operator. Define T'(x) := F(x) + H(z) and assume that T'(z) € Q for all 2 € Q. Then T has a fixed point in Q.

Proof . We define a sequence {2, } by letting Q¢ = Q and Q,, = Conv(Ty,—1), n > 1. Then we have TQy = TQ C
Q =09, = Conv(TQ) C N =, and by continuing this process we obtain

Q220 20D

If there exists an integer N > 0 such that s (Qn) = 0 for all @ € I, then Qy is relatively compact. Thus, Tychonoff
fixed point theorem implies that T has a fixed point. Next, we assume that pq(2,) > 0 for n = 1,2,... and for all
a € I. Since p,(€2,) is a positive decreasing sequence of real numbers, there is 7, > 0 such that p,(2,) — rq as
n — o0o. On the other hand, in view of (2.1) and since H is a compact operator and p, is a regular measure of
noncompactness, we obtain

lim Sup Ke (Qn+1) < lim SUp Qo (/J‘Oc (Qn))

n—aoo n—oo

This show that r, < ¢,(ra). Consequently r, = 0. Hence we deduce that p,(2,) — 0 as n — oo for all « € I.
o0

Since the sequence (£2,,) are nested, in view of axiom (6°) of Definition [2.2] we derive that the set Qo = ﬂ Q,, is

n=1
nonempty, closed and convex subset of the set 2. Moreover, the set €1, is invariant under the operator T and belongs

to Ker{pq}. Now, Tychonoff fixed point theorem implies that T has a fixed point in the set Q. O

3 Construction of the family of measures of noncompactness on C*°(R;) and C™(Ry)

Let n € N, we denote by C™(R.) the space of all real functions which are n times continuously differentiable on
Ry and C*°(R;) = ﬂ C*(R,) with the familly of seminorm
kEN

|2k = sup{|z*)(8)] : t € [0,m],0 < K <k},

for k,m € N. The space C*°(R,) is a Fréchet space furnished with the distance
1 .
d(x,y) = sup {zk—m min{l, | — yle.m} : k,m € N}.

A nonempty subset X C C*°(R,) is said to be bounded if
| X |k,m = sup{|z|g,m : z € X} < o0,

for all k,m € N. Further, let Mo be the family of all nonempty and bounded subsets of C*°(R. ). Obviously, Mce
is an admissible set and N C Mo

Let us recall two facts which are crucial in our considerations.

(A) A sequence {x,} is convergent to z in C*°(R, ) if and only if {z,,} is convergent to x in C*[0, m] for all k,m € N.

(B) A subset F C C°(R) is totally bounded (relatively compact) if and only if F*) = {f(®) . f € F} are bounded
and equicontinuous on [0, m] for all k,m € N.

Now, we recall the definition of quantities which will be used in our further investigations. Let X be a bounded
subset of the space C*°(R,) and k,m € N. Fix z € X and € > 0. Let us denote

WP (z,¢) = sup{|z®) (t1) — x®) (t2)| : t1,to € [0,m], [t — t2] < €}
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Further,
WX e) = sup{wF ™ (z,6) r € X},

WP (X) = lim W™ (X ). (3.1)
e—0

Theorem 3.1. The family of mappings {w*™}, where w®™ : Mo — R, given by (3.1)) defines a regular family of
measure of noncompactness on C®(R). Also, w*™ (X) < wh™2(X) for all X € Mee, k € N and m; < ma.

Proof . The property ker{w*™} = M is a simple consequence of (B). The conditions 2°, 3°, 4° and 5° are
obvious. Now, we prove that 6° holds. Suppose that {X,} is a sequence of closed and nonempty sets of Mee such
that X,,41 C X, forn=1,2,---, and lim wk’m(Xn) =0 for all k,m € N. Now for any n € N, take z,, € X,, and set

n— o0
G ={r,.}.
Claim: w"™(G) = 0 for all k,m € N.
Let € > 0 and k,m € N be fixed, since lim w®™(X,) = 0, then there exists N € N such that w*™(Xy) < e.

n—oo
Hence, we can find §; > 0 such that
wk’m(XN, (51) <eE.

Thus, we have w®™(z,,d;) < € for all n > N. Also, we know that the set {x,x2,...,2y_1} is compact, hence
there exists do > 0 such that wk’m(xn, 02) < € for all 1 <n < N. Therefore, we have

WwFm (g, 0) < €.

If we define § < min{dy, d2}, then we obtain
Wwhm(G,8) < e,

and w*™(G) = 0 for all k,m € N. This claim shows that there exist a subsequence {x,,} and zg € C*°(R.) such that
T, — Tg. Since T € Xp, Xpi1 C X, and X, is closed for all n € N, we get

T € ﬂXn:XOO,

n=1

which completes the proof of 6°. It remains to prove 7°, 8° and 9°. Suppose that X, Y € Me~. Since for all € > 0,
A > 0 and k,m > 0, we have
WPT(X UYe) < max{wt (X, ), W™ (Y, )},

WEI(X Y, 2) < WP E) + (Y ),
WwFMAX, ) < AF(Xe),
then the hypotheses 7°, 8° and 9° are satisfied. Moreover, if m; < mg, then for all X € e and € > 0 we have
{|x(k)(t1) — x(k)(t2)| tt1,t0 € [07m1], |t1 — t2| < E}
C {|.’L‘(k)(t1) — x(k)(t2)| tt1,t0 € [0,m2]7 ‘tl — t2| < E},
and we obtain w®™1(X) < k™2 (X). O

On the other hand, the space C™(R) is a Fréchet space furnished with the family of semi-norms
[k = sup{|zM(#)] : ¢ € [0,m]},

for m € N and 0 < k < n and the distance

1
d(z,y) = sup {Qk—m min{1, [z — ylkm} :m € N,0 <k < n}.

A nonempty subset X C C™(Ry) is said to be bounded if
sup{|z|k,m : ¢ € X} < o0,

for all k,m € N. Further, let MMcn be the family of all nonempty and bounded subsets of C™(R..). Obviously, Men
is an admissible set and e C Men. Let us recall two facts which are crucial in our considerations.
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(A) A sequence {z;} is convergent to z in C™(R,) if and only if {;} is convergent to = in C*[0,m] for all m € N
and 0 < k <n.

(B) A subset F C C"(R,) is totally bounded (relatively compact) if and only if F(¥) = {f(*) : f € F} are bounded
and equicontinuous on [0, m] for all m € N and 0 < k < n.

Let X be a bounded subset of the space C"(Ry) and k,m € N. Fix 2 € X and £ > 0. Then, the condition (3.1))
also holds on C™(R,).

Theorem 3.2. The family of mappings {w* ™}, where w*™ : Mcn — Ry given by (3.1)) defines a regular family of
measure of noncompactness on C™(R, ). Also, w®™1 (X) < w*™2(X) for all X € Men, 0 <k < n and my < ma.

4 Compact-integral operators on C*°(R,) and C™(R,)

In this section, we obtain main results about the compactness and continuity of Volterra and Fredholm integral
operators.

Theorem 4.1. Suppose that the following conditions hold true.

(1) T : C*(Ry) — C(R4) be a continuous operator and there exists a continuous function a : Ry — R, such
that
Ta(t)] < a(t),

for all t e Ry and z € C*°(R4).

(ii) k: Ry x Ry — R is a continuous function and has a continuous derivative of order n with respect to the first

argument such that n € N. Also, functions s — a(s)k(¢,s) and s — a(s)%(t, s) are integrable over R, for
any fixed t € Ry and ¢ € N.

Then H : C*°(Ry) — C*°(R;) defined by

Hz(t) = /000 k(t,s)Tx(s)ds, (4.1)

is a compact and continuous operator and
|Hz|n,m < Qn,m,

where v, = sup{ [ g;f“ (t,s)a(s)ds : t € [0,m],0 <i<n}.

Remark 4.2. Note that according to the hypotheses (ii) of Theorem [4.1} we have

o0 n
lim o'k t,s)a(s)ds =0,

T—o00 Jp 8tn(’

for any fixed t € Ry and n € N. Since [0,m] is compact interval, so we get

T—oc0 0

lim sup{/ ati (t,s)a(s)ds:t € [0,m],0 <i<n}=0,
T
for all m,n € N.

Proof . In view of the imposed assumptions, the function Hz(t) is continuous on R, for any z € C*°(R.). Also, for
any t € Ry and n € N we have
d"(Hzx) ok

din (t) = . a7(7f,:3)Tm(3)d3’

and Hzx has continuous derivative of order n € N. Now, we show that the map H is continuous. To do this, let us fix
e >0, m € N and take arbitrary x,y € C*°(R,) with d(z,y) < . Then, for ¢t € [0, m], we have

Ha(t) ~ Hy(t)| = | /0 T kit s) [7a(s) — Ty(s)]as.
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This result together condition (i4) imply that there exists b > 0 such that

sup{/bOO a(s)|k(t,s)lds : t € [O,m]} <eg,

and we obtain

’Hx(t)—Hy(t)‘ < ’/ (t,s) —Ty(s ]ds’ —|—2’/ k(t, s)a(s)ds
0
S be7mC(J{Tj}( , € )+25,
and similarly
d"(Hz) d"(Hy)
— <
R (t) T (t) bKy mw{r y(Tse) + 2e,

for all n € N, where

rj =sup{|zW(t)] : t € [0,m]} +27™e, jEN,
Ky = sup{|k(t, s)| : t € [0,m], s € [0,0]},

’I’L

O szt e 0.m) s € [0,8])

w{r y(T.e) = sup{|Tz(s) — Ty(s)| : s € [0,b], z,y € [-rj,7j], d(z,y) < e}

Ky = sup{|

By using the continuity of 7' on the compact set H[—rj, ;] (Tychonoff’s theorem implies that H[—rj,rj] is a
JjeN jeN
compact space), we have wf{’rj}(T, g) — 0 as e — 0. Moreover, in view of assumption (i7), we can choose b in such
a way that the last term of the above estimate is sufficiently small. Thus, H is a continuous operator on C*°(R.).
Now, let X be a nonempty and bounded subset of C*°(R,.), n,m € N and assume that € > 0 is an arbitrary constant.
Then for € X and t1,t3 € [0, m], with |t — t1| < &, we have

d"(Hzx) d"(Hz) B "k
g 2T g ‘ ‘/ ot  (t2,5)Ta(s)ds T

(t1,s)Tx(s)ds|.

Combining this result with condition (é¢) imply that there exists b > 0 such that

sup{/bOO a(s)|k(t,s)|ds : t € [O,m]} <,

and we obtain

n b an co an oo An
2UHD) 1,y - ) _‘/ (28 t,9) = 2 (11 (o) +|/b %(t1,s)a(s)ds|+|/h X (12, Sa(s)ds -
dsw™™ (k
s/o a(s)dse™ ™ (k<) + 2,
where
ok ok
M(kye) = supf{| =— 5 (ta,s) — %(tl,sﬂ tty,t0 €10,m],s €10,b], |[ta — t1] < €}

Since x was an arbitrary element of X in (4.2)), we obtain

b
WM H(X),e) < /a(s)dsw”””(k,a)—i—?a.
0
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On the other hand, by using the uniform continuity of k& on the compact set [0, m] x [0,b], we have w™™(k,e) — 0
as € —> 0. Therefore, we obtain
WwtM(H(X))=0.

Also, the hypothesis (4i) ensures that |Hz|k m < ag,m for all k,m € N. O

Corollary 4.3. Let h: Ry x R“ — R be continuous and there exists a continuous function a : R, — R such that
|h(t, (z;)521)] < a(?), for all t € Ry and (z;)52, € (R)*. Let the hypotheses (ii) of Theorem is satisfied. Then
H:C>®Ry) — C*°(R;) defined by

(o)
Hz(t) = / k(t, s)h(s,z(s),2'(s),z" (s),...)ds,
0
is compact and continuous operator and |Hz|g,m < o m, where oy, satisfies in Theorem [4.1
Proof . It is enough to defined Tx(t) = h(t, z(¢),z'(t), 2" (¢),...) in Theorem O

Theorem 4.4. Let T : C"(R;) — C(R4) be continuous and hypotheses (i) and (i7) of Theorem are satisfied.
Then H : C"(R;) — C™(Ry) defined by (4.1)) is compact and continuous operator and |Hz |k m < &k m, where a m,
satisfies in Theorem A1l

Proof . The proof is similar to the proof of Theorem [.1] O

Corollary 4.5. Let h: R, x R""! — R be continuous and there exists a continuous function a : R, — R, such

that |h(t, (x;)"T}1)| < a(t), for all t € Ry and (x;)"} € R*t1. Let the hypotheses (ii) of Theorem [4.1|is satisfied.
Jjlj=1 J/5=1

Then H : C*°(Ry) — C*°(R;) defined by

Hz(t) = / k(t,s)h(s,z(s), 2 (s), 2" (s), ..., 2" (s))ds,
0
is a compact and continuous operator and |Hz| m < ok m, where ay ., satisfies in Theorem
Proof . Tt is enough to defined Tx(t) = h(t,z(t), 2’ (t), 2" (t),..., 2™ (t)). O

Theorem 4.6. Let 5 : R, — R, be continuous such that S(¢) < ¢ for all t € R and assume that g : Ry x Ry X
R"*! — R is continuous and has a continuous derivative of order n with respect to the first argument such that

sup{|g(t,t, 0, x1,...,xp)| : t € Ry, z; € R} =0,
sup{\%(t,t,xo,xh...,xn)| teR,z; €eR}=0, 1<k<n

Also, there exist nondecreasing and continuous functions ¢ : Ry — Ry and M; : Ry — Ry (0 <4 < n) such
that

t ok

supd | [ 5 (6:5,20(8(00), 21 (B(9). .. (3(s1) s
t

supd| [ 9(t..20(8(3)). 21 (B(). ... 0 (B) | :

for any r € Ry and m € N. Then H : C"(R;) — C™(R;) defined by

t€[0,m], |zilg,m < 7} < Mi(m)d(r),

te [Ovm}v le‘k,m < T} < Mo(m)T/J(TL

Hu(t) = /O g(t, s,2(B(s)), 2" (B(s)), 2" (B(s)), ..., 2™ (B(s)))ds,

is a compact and continuous operator and |[Hx|g m < Mg(m)(|2]n,m)-

Proof . In view of the imposed assumptions, the operator Hz(t) is continuous on R for any = € C"™(R,). Also, for
any t € Ry and 1 < k < n we have

d* (Hz) k-1

220 = St 4 a(B0), 7 (B(0),2" (BD) 2™ (1)

t ak
T / 801, 5,2(B(s)),2'(5()), " (B(5)) ., 2 (5(3))) s,
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and Hzx has continuous derivative of order 1 < k < n. Now, we show that the map H is continuous. (For this we only
need to H is a continuous operator of C"[0,m] into itself). For this, take x € C™(R,), m € N and € > 0 arbitrarily,
and consider y € C™(R,) with maxo<g<n | — y|rp,m < € and t € [0,m]. Then we have

t
|Hz(t) — Hy(t)] < /O lg(t, s, 2(s) @' (5), ., 2 () = glt,5,y(s), 5/ (5), -,y (5))Ids
< mGm(e),
where
a= max |z — Y|lgm + €,
0<k<n

gm(E) = Sup{|g(t,s,x0,x1, cee ,l’n) - g(tvsvy()aylv e »yn){ : t,S € [Oﬂm]vzivyi S [_a7a]v |(E2 - y1| é E}‘
By similar argument, we have

d*(Hz) d*(Hy)
| dtk ( ) - Atk (t)‘ < mem(g)v

where
k ak

0
Hm(s):sup{|ﬁ(t7s,x0,...7xn) g

375’“ (t s y07"'7y’n)| :t7S€ [07m]axi7yi € [_aaa]u|mi_yi| SE,OSkSn}

Thus, we get
|[Hx — Hylgm < mbp(e),

and since g is continuous on [0, m] x [0, m] X [—a, a]"*!, we have §(¢) —> 0 ase — O for allm € Nand k = 0,1,...,n.
Thus H is a continuous operator from C™(Ry) into C™(R;). Now, let X be a nonempty and bounded subset of
C™(R4), m € N, 0 <k <n and assume that € > 0 is an arbitrary constant. Then for € X and ¢1,ts € [0, m], with
|ta — t1| < € we have

*(Hx k(Hx
d((ji )<t2) ddg (th ‘_’/ Btk (ta, s, x(s), 2’ (s), 2" (s), ..., 2" (s))ds

t1 ak
*/0 ik (thS x(s),2'(s), 2" (s), ...,z (s))ds
t2 g , . "
S‘/t ﬁ(tz,s,x(s),x (s),2"(s),..., 2™ (s))ds| )

—|—/0 ‘gt’g (tg,s,2(s), 2 (s),2"(s), ..., 2" (s))

akg ’ 1" (n)
atk (ths ‘T(S) z (5)750 (5)3 R (5))|d‘9
SgUk,m +mwk7m(g7€)a
where
drg
Ukm = sup{\ﬁ(t,s,xmxl,...,xn)\ 2t,s € [0,m], |zi] < | X|nm, 0 <k <n},
k drg dryg
w m(gv ) Sup{|dtk (t2787x0a$17'~-axn)7 dtk (tlas Lo, L1y - axn)‘ :t17t2€ [Oam]a

s € [Oam}y ‘t2 - t1| S g, |z'L| S ‘X|n,7n}-

Since z was an arbitrary element of X in (4.3), we obtain

WPMT(H(X)e) < eUpm +mwh™(g,e).
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On the other hand, by using the uniform continuity of g on the compact set [0, m] x [0,m] x [—a, a]"*!, we have
wkm(g,e) — 0 as e — 0. Therefore, we obtain

for all m € N and 0 < k < n. Also, the hypothesis (i) ensures that |Hz|km < Mypp(|z|n,m) for all m € N and
0<k<n. O

Theorem 4.7. Assume that g : R x Ry x R — R is continuous and has a continuous derivative of order n with
respect to the first argument such that

sup{|g(t,t,x)| : t € Ry, x € R} =0,
sup{|%§(t,t,x)|:t€R+,xeR}:0, 1<k<n,

and there exist nondecreasing and continuous functions ¢ : Ry — R, and M; : R — R, (0 <4 < n) such that

t €10,m], |zgm <1} < Mp(m)p(r),

t ak
sup{’/ an(t,s,x(s))ds :
O

sup{‘/o g(t, s,x(s))ds :

t € [0,m], |x|k,m <r} < Mo(m)ip(r),

for any r € Ry and m € N. Also, T : C*"(Ry) — C(R4) is a continuous operator and there exists a positive
increasing sequence {f,,} such that for any x € C"(Ry) and m € N we have

|Tx‘k,m § 6m|x|k,m~

Then H : C"(Ry) — C™(R4) defined by

Hm(t):/o g(t, s, Tx(s))ds,

is a compact and continuous operator and |Hx|k m < My (m)Y(Bm|x|km)-

Proof . In view of the imposed assumptions, the operator Hz(t) is continuous on R4 for any x € C"(R,.). Also, for
any t € Ry and 1 < k < n we have

dF(Hz ok 1lg
%(t) = W(t,t,Tx(t))
t ak
+/0 aTg(t,s,Tx(s))ds,

and Hz has continuous derivative of order 1 < k < n. Now, we show that the map H is continuous. (For this we only
need to H is a continuous operator of C™[0,m] into itself). For this, take x € C"(R4), m € N and € > 0 arbitrarily,
and consider y € C™(R4) with maxo<g<n [€ — ylk,m < € and ¢t € [0, m]. Then we have

|Ha(t) — Hy(t)]

IN

/0 |g(t, s,T:c(s)) - g(t, s,Ty(s)) |ds
mGm (),

IN

where

a = ngg(n |z — yle,m + ¢,

Cm(e) = sup{|g(t, s,x) — g(t,5,y)| : t, s € [0,m],z,y € [a,a],|z —y| < e},
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By similar argument, we have

d"(Hz)  d*(Hy)
— <
S0 - S @] < e+ 1)),
where
kg 0%q
Qm(f‘:) = Sup{|ﬁ(t,s,x) ot a9k (t S y)| ils € [Ovm]wfi?yi € [_aaa]’ |x1 - yi| < an <k< TL}
Thus, we get

|HI*Hy|k,m < (m+1)0n(e),

and since g and T' are continuous on [0, m] X [0,m] X [—a,a] and C™[0, m], we have 0(¢) — 0 ase — 0 for allm € N
and k = 0,1,...,n. Thus H is a continuous operator from C™(Ry) into C™(R;). Now, let X be a nonempty and
bounded subset of C"(Ry), m € N, 0 < k < n and assume that £ > 0 is an arbitrary constant. Then for € X and
t1,ta € [0,m], with |t2 — t1| < € we have

d¥(Hx d*(Hz) t1 gk
C(ltk )(tg) JiF (t1 ‘ _’/ at’f tg,s Tx(s /0 W’? t1, s, T:E(s))ds
2 9kg h akg okg (4.4)
< g
<| o (t2,5,Ta(s))ds| + o (t2,5, Ta(s)) = = (t1, 5, T(s)) lds

SEUk,m + mwkﬂn(.% 5)7

where

dk
Uk,m, - SUP{‘Wg(ta&x)‘ : ta s € [OamL “T| S |T(X)|7L,ma0 S k S TL}7

m(g,e) = dkgt _ 'y, St 0,m), |tz — t1] < < |T(x
9.0 = sup{| T2 (t2,5,2) = T b1, 1,125 € 0, 2 — ] < 2, ol < [T(X) )

Since x was an arbitrary element of X in (4.4), we obtain

wk’m(H(X),{—:) < 5Ukm+mw ™(g,e).

On the other hand, by using the uniform continuity of g on the compact set [0,m] x [0,m] x [—a,a], we have
wk™(g,e) — 0 as € — 0. Therefore, we obtain

for all m € N and 0 < k < n. Also, the hypothesis (i7) ensures that |Hz|gm < Mp(|z|n,m) for all m € N and
0<k<n. 0O

Remark 4.8. The operator H, in Theorem and Theorem is not compact in the space C*°(R), but it can be
Ak, m-condensing in the space C*°(R}) (see example [5.2)).

5 Application and Examples

In this section, as an application of the above section, we prove the existence of solutions for some integral equations
in C*°(R) and C™(R).

Example 5.1. Consider the following functional integral-differential equation

e (1+t)s )nx(n)(s)

=) ) Z/ L ( x<”>( R (5.1)
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Now, we define

1t < — (=s)"z(™ (s)
1t _: (14¢t)s A S
Fa(t) = 52(3) and Hlt) /0 ’ ;1+($(")(8))2d8'
If we define
_ o —(141) , G =
k(t,s)=e 5 h(t, (7;)52,) = E :m and alt) = 1+s’

then, by Corollary [4.3] H is a compact operator. Also, F' is a Ay y,-condensing if A, = ﬁ On the other hand, to
find ©Q such that T( = F(z) + H(z) € Q for all z € Q. For this, it is enough to define

0= {x € COO(R+) : ‘-/Ellmm < rk},m}a

such that rk m > % Therefore, by Theorem T has a fixed point and the functional differential-integral
equation ) has at least one solution which belongs to the space C°(R.), but it has no solution in the space

C™(Ry) for any n € N.

Example 5.2. Consider the following functional integro-differential equation

y(t) = /Oj(g - s)e_%y”(s)ds + /000 e~ cos(vt) In(2 + cos vy (v))dv. (5.2)

Fzx(t) := /2 (% —s)e" 2y (s)ds and  Haz(t) := / e~ " cos(vt) In(2 + cos vy(v))dv.
0 0
If we define
k(t,s) = e ® cos(st), Txz(t) = In(2 + costx(t)) and a(t) =1,

then, by Theorem H is a compact operator. On the other hand,

dnd(ti:c) () = 21n</ (=)™ (775)6 54 (1)t )y ”(S>d8+i(j)“”ie*éx(n)(é))

=2

Thus, F is a Ag,m-condensing if A, = 0 for k = 0,1 and Ay, < 1—1E2. To find Q such that L(z) = F(z)+H (z) €
Q for all x € Q. For this, it is enough to define

Q= {x S COO(RJr) : ‘x|k7m < Tk,m}a

"1n3
7+n .
equation (b.2)) has at least one solution which belongs to the space C>°(R,) . Also, for each n > 2, it has a solution
in space C"(R+)

such that 7y, >

Therefore, by Theorem L has a fixed point and the functional differential-integral

Example 5.3. Consider the following functional integro-differential equation

e 2" (t) arctan(t? ¢
(z(t) — H%:r(lnt +2)) = (Costln(|x(t)| +1)+ (t()x"(;)y(j_ 1+ ) + |/O z(s)ds| +1 — 1), (5.3)

with the initial condition of the form

x(0) = 2/(0) = 2”(0) = 0. (5.4)
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The differential equation (5.3)) with the initial condition (5.4)) has at least one solution in the space C3(R ) if and
only if a nonlinear differential-1 egral equation

1 1t 9 z’ (s)arctan(sz)
+2ﬂmt+2y+5ﬂ;@fs)(asgmu@n+1y+ Eae: 1”/ v)dv| +1-1)ds,

has at least one solution in the space C*(R.). Now, we define

z(t) = ;

Fz(t) := z(lnt +2),

t+2
2" (s) arctan(s?)

CZO R

Hyx(t) = %/0 (t —s)?(cossln(|z(s)| + 1) +

ng(t):%/ (t —s)? 1/|/ v)dv| +1—1)ds.

If we define

2

_ t 2
5) (cos sIn(|zo| + 1) + 2 arctan(s”)

(r2)? +1

g(t,s,20,71,22) = )s and Bt) =t.

Then, by Theorem [4.6] H; is a compact operator. Also, if we define

— 5)? t
ot s,2) = & > (VA F1-1), and Ta(t) :/0 (s)ds,

then, by Theorem [4.7] H is a compact operator. Thus, H; + H is a compact operator. To find Q such that
L(z) = F(x) + Hi(x) + Ha(z) € Q for all x € Q, it is enough to define

Q= {CC € OS(RJ,-) . |1'|k,m < Tk,fﬂ}7

such that & (ln(r;C m+ 1)+ 5+ \/Tem+1—1) <7y for k=0,1,2,3 and m € N. Therefore, by Theorem L
has a fixed pomt and the functional differential-integral equation (5.3]) has at least one solution which belongs to the
space C3(R..).
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