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Abstract

In this paper, we study weighted composition operators on extended analytic Lipschitz algebras Lip 4 (X, K, o) where
X is a compact plane set, K is a closed subset of X with nonempty interior and 0 < o < 1. We first give necessary
conditions and sufficient conditions on a function u € CX and self-map ¢ of X for which 7' = uc, to be a weighted
composition operator on Lip 4 (X, K, o). We next give the necessary conditions for these operators to be compact and
provide some sufficient conditions for the compactness of such operators.
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1 Introduction and preliminaries

Let X be a nonempty set, CX denote the set of all complex-valued functions on X and A be a nonempty subset of
CX. For each u € C¥ and every self-map ¢ of X, f — u - (f o ¢) defines a map from A to C* that denotes by uCl,.
A map T : A — C¥ is called a weighted composition operator on A if there exists a function v € CX and a self-map ¢
of X such that u-(foy) € Aforall f e Aand T =uC, on A. In the case where u = 1x, the constant function with
value 1 on X, the weighted composition operator uC, on A reduces to the composition operator C,. Clearly, every
weighted composition operator on A is linear if A is a linear subspace of CX.

Let X be a compact Hausdorff space. We denote by C'(X) the set of all complex-valued continuous functions on
X. It is known that C'(X) is a unital commutative Banach algebra with the uniform norm || - || defined by

1 Fllx = sup{[f ()

re Xy (feO(X)).

Let (X, d) be a metric space and « € (0, 1]. For each f € CX and every nonempty subset K of X, define

[f(z) = f(y)|

p(K,da)(f) = sup { o (z, )

:J;,yeX,x;éy}.
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We denote by Lip(X,d®) the set of all bounded functions f € CX for which P(x,d~) < 00. Then Lip(X,d*)
separates the points of X and 1x € Lip(X,d®). Furthermore, Lip(X, d*) is a Banach algebra with the Lipschitz sum
norm || - ||pip(x,q~) defined by

Iflip(x,ae) = [fllx + Pig.asy (f)  (f € Lip(X, d)).

These algebras are called Lipschitz algebras and were introduced by Sherbet in [I4) 15]. Jiménez-Vargas and
Villegas-Vallecillos characterized the structure of compact composition operators between Lip(X,d)-spaces in [10].
Weighted composition operators on Lip(X, d) studied in [T} [7, @].

Let (X,d) be a compact metric space and let K be a nonempty closed subset of X. The set of all f € C(X)
for which f|x € Lip(K,d®) is denoted by Lip(X, K,d®). It is clear that Lip(X,d®) is a subset of Lip(X, K,d%). In
addition, Lip(X, K,d®*) = Lip(X,d?®) if K = X and Lip(X,d*) = C(X) if K is finite. It is known that Lip(X, K, d%)
is a Banach function algebra on (X, d) with the extended Lipschitz sum norm || - ||ip(x,x,4~) defined by

I fllipx, i,a0) = 1fllx + px,ay(f)  (f € Lip(X, K,d*))

These algebras are called extended Lipschitz algebras and were first introduced in [TT]. Weighted composition oper-
ators on extended Lipschitz algebras studied in [6]. Some properties of extended Lipschitz algebras were investigated
in [ 12).

Let X be a compact plane set. For « € (0,1], we write Lip(X, «) instead of Lip(X, d®) where d is the Euclidean
metric on X. The analytic Lipschitz algebra of order o on X is denoted by Lip 4 (X, «) and defined by Lip 4 (X, «) =
Lip(X,a)NA(X), where A(X) is the uniform function algebra of all continuous complex-valued functions on X which
are analytic on int(X). It is known that Lip 4 (X, «) is a closed subalgebra of Lip(X, o) and a Banach function algebra
on X. Weighted composition operators on Lip 4(X, «) studied by Amiri, Golbaharan and Mahyar in [5].

Let X be a compact plane set and K be a closed subset of X with nonempty interior. We denote by A(X, K) the
set of all f € C(X) for which f is analytic on int(K). It is known that A(X, K) is a uniform function algebra on X.
For a € (0,1], the extended analytic Lipschitz algebra on X of order o with respect to K is denoted by Lip(X, K, «)
and defined by

Lip, (X, K, a) = Lip(X, K, a) N A(X, K).

In fact, f € Lip4(X, K, a) if f € C(X), f|x € Lip(K, «) and f is analytic on int(K). It is clear that Lip 4 (X, K, ) =
Lip,4(X,a) if K = X. Note that Lip (X, K, a) is a Banach function algebra on X with the extended Lipschitz sum
norm | - ||lLip(x,x,a)- Compact unital homomorphisms between extended analytic Lipschitz algebras studied in [2].
Power compact and quasicompact unital endomorphisms of extended analytic Lipschitz algebras were investigated in
3].

Let X be a compact plane set, K be a closed subset of X with nonempty interior and B be a subalgebra of
A(X, K) which is a Banach function algebra on X with an algebra norm. In section 2, we first give a necessary
condition on a function u € CX and a self-map ¢ of X for which T' = uCy, : B — C¥ to be a weighted composition
operator on B. In continue, we give some sufficient conditions on a function u € CX and a self-map ¢ of X for which
T = uCy, : Lipy (X, K,a) = C¥ to be a weighted composition operator on Lip, (X, K, «a) for a € (0,1]. In section
3, we first give some necessary and sufficient conditions for a weighted composition operators T' = uC,, on extended
analytic Lipschitz algebras Lip 4(X, K, ) to be compact, where o € (0,1]. Next, we give some another necessary
conditions for a weighted composition operator T' = uCy, on Lip (X, K, 1) to be compact. Our results extend som
results in [B, 2].

2 Weighted composition operators

Let X be a compact plane set, K be a closed subset of X with nonempty interior and B be a subalgebra of A(X, K)
which is a natural Banach function algebra on X under an algebra norm || - ||. It is interesting to know under which
conditions on complex-valued function u on X and self-map ¢ of X, the map T' = uC, : B — CX is a weighted
composition operator on B. We first give a necessary condition on a complex-valued function v on X and a self-map
¢ : X — X for which T'= uC, : B — C¥X be a weighted composition operator on B.

Theorem 2.1. Let X be a compact plane set, K be a closed subset of X with nonempty interior and B be a subalgebra
of A(X, K) which is a Banach function algebra on X under an algebra norm. Let u be a complex-valued function on
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X, ¢ be a self-map on X and T' = wCy, : B — C¥ be a weighted composition operator on B. Then the following
assertions hold:

(i) u=T(1x) and so u € B.
(if) T 4s a bounded linear operator.

(iii) If the cordinate function Zx belongs to B, then up = T(Zx), uwp € B, ¢ is continuous on coz(u) and analytic
on int(K) N coz(u).

(iv) If B = Lip4(X, K, ) for a € (0,1], then

sup{|u(z)\M cz,w e K z#wh < M,

|2 — w|*

where M = ||T||,p(diam(X))! = ((diam(X))® + 1).

Proof .
(i) Since 1x € B and T' = uC, is a weighted composition operator on B, (i) holds.
(ii) Clearly, T is a linear operator on B. Assume that || - || is the given norm on B. Let {f,}22; be a sequence in
B with
lm fo=0x  (in (B]L]). (2.1)
and g € B with
Tim T(f) =g (in (B.]]). (22)

We show that ¢ = 0x. Since ||h|lx < ||h| for all A € B, according to (2.2) we deduce that T'(f,) converges
uniformly to g on X. This implies that

Tim u(2)ful(2)) = g2 (2.3
for all 2 € X. According to (2.1)), we deduce of that
Tim fu(p(2) = 0 (24)

for all z € X. By (i), w € B. This implies that u is a bounded function on X. Therefore,

lim u(z) fn(e(2)) =0 (2.5)

n—oo
for all z € X since (2.4) holds for all z € X. According to (2.4) and (2.5) hold for all z € X, we deduce that g = 0.
Therefore, T is continuous by the closed graph theorem. Hence, (ii) holds.

(iii) Let Zx € B. It is clear that up = T(Zx) and so ue € B. Since u,up € B, we deduce that u,up € C(X).
This implies that ¢ is continuous on coz(u). According to u,uep € B and B C A(X, K), we deduce that u,up are
analytic on int(K). Therefore, ¢ is analytic on coz(u) N int(K).

(iv) Let B = Lip4(X, K, «) for a € (0,1]. Then B is a subalgebra of A(X, K) and a Banach function algebra on
X under the algebra norm | - [|pip(x,x,a)- Moreover, Zx € B. Take

M = [Ty (diam (X))~ ((diam(X))" + 1).

For each w € X, we define the function f,, : X — C by
fw=2x —p(w)lx.

Clearly, fu, € B, ||fullx < diam(X) and pg o (fw) < (diam(K))'~®. Therefore, for each z,w € K with 2z # w we
get

fu(2)[1PE =y diam (X)) (diam (X)) 4 1) = M.

|z —wl|*
Since the above inequality holds for all z,w € K with z # w, we deduce that

|p(2) = p(w)]

cz,w € K,z #wp < M.
|z —w|*

sup {[u(2)|
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Hence, (iv) holds and the proof is complete. O

Here we give some sufficient conditions on complex-valued functions v on X and self-maps ¢ of X, that the map
T =uC,: B— C¥ is a weighted composition operator on B.

Theorem 2.2. Let X be a compact plane set, K be a closed subset of X with nonempty interior and B be a subalgebra
of A(X, K) which is a natural Banach function algebra on X under an algebra norm. Let u € B and ¢ € B with
(X)) C int(K). Then T = uCy, : B — C¥X is a weighted composition operator on B and u = T'(1x). In addition, if
Zx € B then uC, =T(Zx) and up € B.

Proof . By [2| Proposition 2.1], f o ¢ € B for all f € B. This implies that u - (f o ¢) € B since u € B. This
implies that T' = uCl, is a weighted composition operator on B. Therefore, the proof completes by parts (i) and (iii)
of Theorem 211 O

We now give another sufficient condition on functions u : X — C and self maps ¢ of X that the map T" = uC,, :
B — C¥ is a weighted composition operator on B, where B = Lip 4 (X, K, «) for o € (0, 1].

Theorem 2.3. Let X be a compact plane set, K be a closed subset of X with nonempty interior and B =
Lip (X, K,«) for a € (0,1]. Let uw € B and ¢ € Lip,(X, K,1) with ¢(X) C X and ¢(int(K)) C int(K). Then
T=uC,:B— C¥X is a weighted composition operator on B.

Proof . Let f € B. Then f € C(X) and f is analytic on int(K). Since ¢ € Lip4(X, K, 1), we have ¢ € C(X) and ¢
is analytic on int(K). According to (X ) C X and ¢(int(K)) C int(K), we deduce that f o ¢ is continuous on X and
analytic on int(K). Thus ¢ € A(X, K).

Now, we show that (f o )|k € Lip(K,«a). Since ¢ € Lip4(X, K, 1), we deduce thatp|x € Lip(K,1). If z,w € K
with ¢(2) # ¢(w), then
[(fop)(z) = (fop)(w)| _ [(fow)(z) = (fop)(w)|]e(z) = p(w)|*
|2 — wl® |p(2) = p(w)|* 2 —wl|*
SpKﬂ(f)(pK,a((p))a'

If z,w € K with z # w and ¢(z) = ¢(w), then

[(f o p)(2) = (f o p)(w)]
lp(2) — p(w)|*

=0 < pr.a(f)(Pr.al9)

Therefore,
|(f 0 @)(2) = (f o p)(w)]

|2 — w|*

< pk.o(f)(PK.a(p))”.

for all z,w € K with z # w. This implies that (f o ¢)|x € Lip(K, @). Hence, (f o) € B and so u - (f o) € B since
u € B. Therefore, T' = uC,, is a weighted composition operator on B. [J

Theorem 2.4. Let X be a compact plane set, K be a closed subset of X with nonempty interior and B =
Lip 4 (X, K, «) for a € (0,1]. Suppose that u € B, ¢ € A(X, K) with p(X) C X, ¢(int(K)) C int(K) and

||s0(2) — p(w)|”

e cz,w € Kz £ wh < oo

sup {|u(z)

Then T' = uCy, : B — C¥ is a weighted composition operator on B. In particular, if H is a nonempty compact
subset of K N coz(u) then ¢|y € Lip(H, a).

Proof . Take N
C= sup{|u(z)|M cz,w € K,z # wh.

|2 — w|*

Then C < co. Let f € B. Then f € C(X), flx € A(K) and f|x € Lip(K,«). Since ¢ € A(X, K), we have
v € C(X) and ¢|x € A(K). According to f,¢ € C(X) and ¢(X) C X, we deduce that f oy € C(X). Therefore,
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u-(foy) € C(X) since u € B C C(X). Since p|g € A(K), ¢(int(K)) C int(K) and f|x € A(K), we deduce that
(fop)|k € A(K). Note that u|x € A(K) since u € B. Therefore, T(f)|x € A(K).

We now show that T'(f)|x € Lip(K, o). If z,w € K with p(z) # ¢(w), we have
T(N)(z) = TN W) _ [ul2)fle(2)) = u(w)f(p(w))|

FETC = wle
u)le(z) ~ e)l” (o(2) ~ el | Ju) — utw)
ST e el w1

< Cpi.olf) +pra(w)|flx.

If z,w € K with z # w and ¢(z) = p(w), then

[T(f)(z) = T(f)(w)| _ [u(z)f(p(2)) = u(w)f(p(w))]

|2 — w|* - |2 — w|*

_ Jule) Zulo)l) o)

|z — wle
< pro(u)|lfllx
< Opk.a(f) + prca(u)| fllx-

Therefore,
T(f)(z) = T(f)(w)]
|z —w|®
for all z,w € K with z # w. This implies that T'(f)|x € Lip(K,«). According to T(f) € A(X,K) and T(f)|x €
Lip(K, «), we get T(f) € B. Therefore, T' = uC,, is a weighted composition operator on B.

By part (iv) of Theorem we have

< Cpk.o(f) + pra(W)|fllx

sup {|u(z )|M:z,weK7z7§w} <M,

|2 = wl

where M = ||T||,p(diam (X)) ~((diam(X))®+1). Let H be a nonempty compact subset of K Ncoz(u). The continuity
of w on H implies that there exists zo € H such that |u(z9)| < |u(2)| for all z € H. Note that |u(zg)| > 0 since H is a
subset of coz(u). Let z,w € H with z # w. According to H C K, we have

lo(2) — o(w)] 1 lo(2) — o(w)] M
ol S e O e S

Since the above inequality holds for all z,w € H with z # w, we deduce that |y € Lip(H, «). Hence, the proof
is complete. [

The following example shows that the conditions ¢ € Lip 4 (X, K,1) in Theorem and ¢ € A(X, K) in Theorem
do not necessary in general.

Example 2.5. Let X =D ={2€ C: |z <1} and K =D, = {# € C: |z| < r} where 0 < r < 1. Assume that
€ (0,1]. Define the self-map ¢ of X by

% z=0,
plz) =9z 0<]z| <,
= r<z| <L

z|

Then ¢(X) € X and p(int(k)) C int(k). In addition, ¢ is not continuous on X. Clearly, u € Lip, (X, K, «).
Therefore, ¢ ¢ A(X,K) and so ¢ ¢ Lip,(X, K,1). Define the function v : X — C by u(z) = 2,z € X. Clearly,
u € Lip4(X, K, ). We show that

sup {|u(z)|W:z,w€K,z#w}<(3 @ (2.6)

|z — w|™ 2) '
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If z,w € K\{0} with z # w, then

e Sy

If z=0 and w € K\{0}, then

|u(z)||s@(2)__ (p(aw” -0< (%)a.
|z — w 2
If z € K\{0} and w = 0, then
lo(2) —p(w)|* _ | 12— 5I° 1-a Lia o (3\a
UL o Tl < e e+ ) < )

Hence, (2.6) holds. Now, we show that T = uC,, : Lip(X, K,a) — CX is a weighted composition operator on
Lip,4(X, K, a). Let f € Lip4(X, K, «). It is easy to see that

T()() = {Zf(i)z 2€C 2 <1,

2f(15) zeCr<|z| <1

z

This implies that T'(f) € C(X), T(f)|x € Lip(K,«) and T'(f) is analytic on int(K) = {z € C: |z| < r}. Therefore,
T(f) € Lipy(X, K, «). It follows that T' = uC, is a weighted composition operator on Lip(X, K, o).

In the following example, we give compact plane sets X, a closed subset K of with nonempty interior, a self-map
¢ of X and a function u € Lip (X, K, a) for a € (0,1] such that the map T = uC), from Lip 4 (X, K, ) into C¥ is a
weighted composition operator on the algebra Lip 4 (X, K, o) but ¢ is not a Lipschitz mapping of order o € (%, 1] on
coz(u) N int(K).

Example 2.6. Let X = D, K = Ds where 0 < § < 1 and o € (0,1]. Note that for each z € Ds\{—5} we have
1952 < 1 and 0 < Re(%$%) < 1 which implies that Arg(’$%) € [~Z,Z]. Define the map 1 : Ds — C as follows.
Let ¢(z) be the principle value of (2£2)% for z € Ds\{—0} and let ¢)(—6) = 0. Then ¢ is continuous on K = Ds
and analytic on int(K) = Ds = {z € C : |z] < §}. By Tietze’s extension theorem [13, Theorem 20.4], there exists
a complex-valued continuous function ¢ on X = D with ¢lg; = ¢ on Ds = K and ¢l = [4||;-Therefore, ¢ is a
self-map of X = D which is continuous on X = D and analytic on int(K) = Ds. Define the function u : X — C by

u(z) =8+ 2z, z € X. Clearly, u € Lip4 (X, K, a). We now show that

cz,we Kz £ wy <27 (2.7)

|2 = w|*

for all z,w € K with z # w. To this aim, pick z,w € K with z # w. Let us distinguish following cases.

Casel. z,w € K\{—46} and z # w. Assume that 7 = [*F2| and p = |°5%|. Then 0 < r < 1, 0 < p < 1 and there
exists 0,7 € [~F, 5] such that
0+ 2 0 0+ w

= = pe'”
B re”’, 5 pet.

Therefore,

1 d+w, 1 i i
2y 1 (58 = e 4 e

= (\/Fcosg + \/pcos g)Q + (ﬁsing + \/f)sing)2

1)

=71+ p+2/rpcos(
>
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This implies that

W
N

1
o (52w)2|a
|z —w|®

|(552)2 — (55)2°

|(%5%)

|U(Z)‘ |Lp(2> B (p(w>|a

|2 — w|*

=16+ 2|

I3
|

=1[0+z
| |\(6+z)—(5+w)|0‘
—a |0+ 2|

(T2 1 (e

270 + 2|

- 27 . 2r

=3

:21_ar2_Ta

g 2170(.

Case 2. z=—0 and w € K\{—0}. Then

|U(Z)‘ |§0(T; : z?iu”a =0< 21704.

Case 3. z € K\{—0} and w = —J. Then

| (Z)|\<P(Z) pw)|* |5+Z‘|(6§Z)% — (=5E)3 |
|z —w|® |6 + 2|«
|6+ 2|'t2
T 255+ 2
:21—a|5+TZ|1—%
<2t

Summarising, we have proved (2.7) holds for all z,w € K with z # w and so
|0(2) — (w)|

czwe K, 24w <217 < 00,
R A S

sup {|u(2)]|

Therefore, T = uC, : Lip, (X, K, o) — CX is a weighted composition operator on Lip 4 (X, K, a) by Theorem
We now show that ¢ is not a Lipschitz mapping of order a € (%,1] on coz(u) N int(K). Note that
coz(u) Nint(K) = {=d}N{ze€C: |z| <o} ={z € C:|z| < d}.
Take a € (3,1]. Then =6 + %, -5 + % € coz(u) Nint(K) and
o043 — o6+ 2] _ (i)} = (g2} _ e
(ot o)~ (ot 2P |

for all n € N. Therefore, ¢ is not a Lipschitz mapping of order « on coz(u) N int(K).

3 Compact weighted composition operators

We first give a necessary condition for which a weighted composition operator on extended analytic Lipschitz
algebras to be compact.

Theorem 3.1. Let X be a compact plane set, K be a closed subset of X with nonempty interior, u be a complex-
valued function on X, ¢ be a self-map of X, a € (0,1] and T = uC,, : Lip4 (X, K, a) — C¥ be a weighted composition
operator on Lip 4 (X, K, ). If T is compact, then {T'(f,)}nZ; converges to Ox in (Lips(X, K, ), || - |lLip(x,x,qa)) for
each bounded sequence {f,}52 in Lip4 (X, K, &) which converges uniformly to Ox on X.
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Proof . Let T = uC, be compact. Assume that {f,}72; is a bounded sequence in (Lip 4 (X, K, a), [ - [|Lip(x,K,a))
which converges uniformly to Ox on X. We show that

lim T(fn) = 0x (in (LipA(X7 K’ Oé), ” : HLip(X,K,a)))~ (31)

n—oo
Suppose that does not hold. Then there exists € > 0 and a strictly increasing function g : N — N such that
1T (fo)) ILip(x,5,0) = € (3.2)
for all j € N. Define the sequence {g;}52; in Lip,(X, K, «) by
9i=fay G EN).

Since {fn}ney converges uniformly to Ox on X, we deduce that {g;}$2, converges uniformly to Ox on X. This
implies that {g; o ¢}72; converges uniformly to Ox on X because  is a self-map of X. Since T' = uC, is a weighted
composition operator on Lip (X, K, @), by part (i) of Theorem [2.1] we deduce that u = T(1x) € Lip,(X, K, @) and
so u is a bounded complex-valued function on X. Therefore, {u - (g; o gp)}j";l converges uniformly to Ox on X. Thus

lim |[T'(g;) — Ox|lx = 0. (3.3)
Jj—o0o

According to the boundedness of {f,}72; in Lip, (X, K, o) with the norm || - [|Lip(x,x,a), We deduce that {g;}52,
is a bounded sequence in Lip 4 (X, K, «) with the norm || - [|rip(x,x,a)- The compactness of 7' : Lip (X, K, ) —
Lip 4 (X, K, «) implies that there exists a strictly increasing function 7 : N — N and a function g € Lip 4 (X, K, «) such
that

jll,%lo 1T(9r()) — 9llLip(x.K.0) = O (3.4)
According to ||| x < ||Al|Lip(x,k,q) for all h € Lip 4 (X, K, ), by (3.4) we deduce that

lim || T(g,(;)) — gllx = 0. (3.5)
j—o0

Since {g,(j)}72; is a subsequence of {g;}32,, by (3.3) we have

lim [ T(g,() — Oxlx = 0. (3.6)
Jj—oo

According to and , we get g = 0x. Therefore, by we have
Jim (I T(9:()) = OxllLip(x.r.a) = 0
which implies that there exists N € N such that
1T (gr(3)) ILip(x,K,0) < € (3.7)
Since 7(N) € N, gr(n) = fqr(3)) and the inequality holds for all j € N, we deduce that

T (gr () ILip(x, i,0) = T (faer(v))ILip(x, K,0) > €

which contradicts to (3.7). Therefore, (3.1) holds and so the proof is complete. [

Note that Theorem is a generalization of the necessity part of [ Corollary 2.1]. We now give a sufficient
condition for which a weighted composition operator on extended analytic Lipschitz algebras to be compact.

Theorem 3.2. Let X be a compact plane set, K be a closed subset of X with nonempty interior, u be a complex-
valued function on X, ¢ be a selfmap of X with p(X) C K and T = uC,, : Lip,(X, K,a) — C¥ be a weighted
composition operator on Lip 4 (X, K, «). Then T is compact if ¢(coz(u)) C int(K) and

i u() [P =@ (3.8)
z,u;eK |z — w|®
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Proof . Let ¢(coz(u)) C int(K) and to be hold. To prove the compactness of T = uCl, let {f,,}52, be a
sequence in Lip 4 (X, K, a) with || fy|lLipx,x,0) < 1. Then ||fn]|x < 1 and px o(fn) <1 for all n € N. According to
K C X and ||fn]lx < 1, we deduce that {f,}>2 is uniformly bounded sequence on K. We claim that {f,}52, is
equicontinuous on metric space (K, d). Let € > 0 be given. Take § = ex. Then § > 0 and 6* = . Assume that
z,w € K with |z —w| < §. According to px o(fn) <1 for all n € N, we have

|fn(z) - fn(w)| S pK,oz(fn)|Z _w|a S |Z — ’LU|a S 0% =¢

for all n € N. Hence, our claim is justified. By Arzela-Ascoli theorem, {f,};2; has a subsequence {f,,}32; such
that {f,,}52, converges uniformly on K. According to ¢(X) C K, we deduce that {f,; o p}52; converges uniformly
on X. This implies that {f,, o ¢}32; is a Cauchy sequence in (C(X),| - [[x). According to T' = uC,, is a weighted
composition operator on Lip 4 (X, K, «), by part (i) of Theorem we deduce that u = T'(1x) € Lip4(X, K, a) and
so u is bounded complex-valued function on X. Therefore, {T'(f,;)}32, is a Cauchy sequence in (C(X), || - [|x). We
claim that {T'(f,,)}52, is a Cauchy sequence in (Lip4 (X, K, ), | - |Lip(x,Kx,a))- Let € > 0 be given. According to

]:
{T'(fn;)}52, is a Cauchy sequence in (C(X),|| - [|x), there exists N1 € N such that

€
- (o, = Fr) 0 9)x < 51 (39
for all j,k € N with j > Ny and k > N;. By the definition of limit (3.8]), there exists a 6 > 0 such that
lp(z) —p(w)|* ¢
= 1
e B2 < 5 (310)

wherever z,w € K with w # z and |u(z)| < d. Let F5 = {z € K : |u(z)| > §}. By the continuity of u, we deduce that
Fs is a compact subset of coz(u). Since T = uC,, is a weighted composition operator on Lip 4 (X, K, «), the part (iii) of
Theorem [2.1]implies that ¢ is continuous on coz(u). Therefore, ¢(Fys) is a compact plane set. Since ¢(coz(u)) C int(K)
and ¢(Fs) C p(coz(u)), we get p(Fs) C int(K). Take

[e3

C= bup{|u(z)||<MZ;:;'Z(|;U)| cz,w € K,z # w}.

According to T' is a weighted composition operator on Lip 4 (X, K, a), part (iv) of Theoremimplies that C' < co.
Since {fn, }5Z; is uniformly convergent on K and f,, is analytic on int(K) for all j € N, by Montel's theorem the
sequences {fp; }ne; and { f,;j }o° , are uniformly convergent on the compact subsets of int(K). According to the
compactness of K and ¢(K) in the complex plane C, by using [8, Lemma 1.5] we deduce that there exist a finite union
of uniformly regular sets in int(K) containing ¢(K'), namely Y, and a positive constant Cy such that for every analytic

complex-valued function f on int(K) and any z,w € ¢(K),
1/ (2) = F(w)] < Colz = wl|(If Iy + 11£ Ilv). (3.11)

Since {fn,}32; and { f,;j 32, are uniformly convergent on Y and {f,,}72, is uniformly convergent on K, there
exist Nao, N3, Ny € N such that

Iy = Fully < 8;700 (3.12)
for all j,k € N with j > Ny and k > Na,
£, = Fuelly < 8500 (3.13)
for all j,k € N with j > N3 and k > N3,
€
[ fn; = il < e +1 (3.14)

for all j,k € N with j > Ny and k > N4. Put N = max{Ny, N2, N3, Ny}. Let j,k € N with j > N and & > N. Then
B11), (3.12), B-13) and (3.14) hold.
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If z,w € K with ¢(z) # ¢(w), then
T(fn, = fri)(2) = T(fn; = fr) )| [u(2)(fn, ((2) = fri (9(2))) — u(w)(fn, (p(w)) = fu, (p(w)))]
|z — w|® ; |z — w|®
: 2~ wp
u(z) — u(w)|
+ Wl(fm Jri) (o(w))]
\Z U)|“ lp(z) = p(w)|
u(z) — u(w)|
+ WKfn] Jr) (p(w))]
<CCo(Ifu; = fauly + I, = FaIv) + Pra@(@llfa; = Furllx
3 €
SCCO(SCCO 8CCy 80, T Palu )4pK7a(u)+1
e €
Sg + 3 -‘r -
_£
=5
If z,w € K with z # w and ¢(z) = p(w), then
T (fny = fui)(2) = T(fo, = S )| _ €
|z — w|® 2
Therefore,
|T(fn] - fnk)(z) - T(fnJ - fnk)(w)| < E
|z — w|™ 2
for all z,w € K with z # w. This implies that
pra(T(fu; = fu)) < 5 (3.15)
According to j > Ny and k£ > Ny, by we have
1T (fay = Fui)lx < - (3.16)
By and , we get
1T (fr; = ) lip(x, K,0) <€ (3.17)
According to and the linearity of T, we deduce that
HT(fnj) - T(fnk)”Lip(X,K,a) <e.

Therefore, our claim is justified . Since (Lip(X, K, a), || |lLip(x,x,a)) is @ Banach space, we deduce that {T'(fy,)}52

j=1

converges in (Lip(X, K, a) with the norm || - || ip(x,k,a)- Hence, T is compact and so the proof is complete. (]

Note that Theorem is a generalization of [5, Theorem 2.2]. We now give some necessary condition on a function
u € CX and a self-map ¢ of X by omiting the condition ¢(X) C K that the weighted composition operator T' = uC,,
on Lip(X, K, 1) to be compact. We will need some preliminaries including angular derivatives.

Definition 3.3. Letzg € C, r > 0 and D(zp,7) = {z € C: |z — 20| < r}.

(a) A sector in D(zp, ) at a point w € dD(zg, r) is the region between two straight lines in D(zp, r) that meet at w

and are symmetric about the radius to w.

(b) If f is a complex-valued function on D(zg,r) and w € dD(zg, r), then Llim,,, f(z) = L means f(z) — L as
z — w through any sector at w. When this happens, we say that L is angular (or non-tangential) limit of f at w.
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(c) An analytic function ¢ : D(zp,7) — D, has an angular derivation at a point w € D(z,r) if for some 1 € 9D,

/ lim 1=%) (3.18)

oW W — 2

exists (finitely). We call this limit the angular derivation of 1) at w and denote it by 20 (w).

Proposition 3.4 ([2, Proposition 2.10]). Let zp € C, » > 0, K = D(z,r) and X be compact plane set with
K C X. Suppose that w € 0D (zg,7) and ¢ € Lip,4(X, K, «) is a nonconstant function with |¢(c)| = ||<p||m Then
the angular derivative of @ at w exists and is nonzero.

Definition 3.5. Let X be a plane set with int(X) # @ and 0X # @.

(a) We say that X at w € 0X has an internal circular tangent if there exists a disc D in the complex plane C
such that w € 90X and D\{w} C int(X).

(b) X is a called strongly accessible from the interior if it has an internal circular tangent at each point of its
boundary. Such sets include the closed unit disc D and D(zg,7)\ Up_; D(zx, ), where closed discs D(z,7%) are
mutually disjoint in D(zg, 7).

(c) We say that X has a peak boundary with respect a family B of complex-valued bounded functions on X if for
each ¢ € X there exists a nonconstant function h € B such that ||| x = h(¢) = 1.

Theorem 3.6. Suppose that X is a nonempty compact plane set such that int(X) is a connected set, X is the
closure of int(X) and X has a peak boundary with respect to Lip4(X,1). Let u be a complex-valued function on
X and K be a closed subset of X such that int(K) N coz(u) is a nonempty connected set in C, int(K N coz(u)) =
int(K) N coz(u) and K N coz(u) is strongly accessible from the interior. Let ¢ ba a continuous self-map of X and
T = uC, : Lip4(X,K,1) — C¥X be a weighted composition operator on Lip, (X, K,1). If T is compact, then ¢ is
constant on K N coz(u) or p(K Ncoz(u)) C int(X).

Proof . Let T = uC, be compact. Suppose that ¢ is not constant on K N coz(u). By part (iii) of Theorem
2.1l ¢ analytic on int(K) N coz(u). According to the open mapping theorem in complex analysis, we deduce that
(int(K) N coz(u)) is an open set in C. This implies that

(int(K) N coz(u)) C int(X), (3.19)

since ¢(X) € X. We prove that
©(K Ncoz(u)) C int(X). (3.20)

Suppose that (3.20) does not hold. Then there exists ¢ € K Ncoz(u) such that p(¢) ¢ int(X). According to (3.19)),
we get ¢ ¢ int(X) Ncoz(u). Since int(K N coz(u)) = int(K) N coz(u), we deduce that ¢ ¢ int(K N coz(u)). Therefore,
¢ € (K Ncoz(u)) because K N coz(u) is a closed set in C.

Since X is the closure of int(X) in C, ¢(X) C X and ¢(¢) ¢ int(K), we deduce that ¢({) € 9(X). Therefore, there
exists a nonconstant function h € Lip 4 (X, 1) with ||h||x = h(¢({)) = 1 because X has a peak boundary with respect
to Lip4 (X, 1). Since K Ncoz(u) is strongly accessible from the interior and ¢ € 9(K N coz(u)), there exists an open
disc D = D(zg,7) in C such that ¢ € 9D and D\{¢} is a subset of int(K N coz(u)). Therefore, ¢ is analytic on D since
D C D\{¢} and D\{¢} C int(k N coz(u)) = int(K) N coz(u). According to D\{¢} C K Ncoz(u), ¢ € K N coz(u) and
the compactness of D, we deduce that D is a compact subset of K N coz(u). Therefore, ¢ is a Lipschitz mapping of
order 1 on D. This implies that ho ¢ is a Lipschitz mapping on D. On the other hand, ho¢ € C(X)since p : X — C
is continuous on X, p(K) C X and h € C(X). Therefore, ho ¢ € Lip,(X, D,1). We claim that h o ¢ is constant on
D. Otherwise, by Proposition [3.4] we deduce that Z(h o ¢) (¢) exists and

Z(hop) (¢) #0. (3.21)

Let n € N. Define the function f,, : X — C by

Fulz) = hnr(bz) (> € X). (3.22)
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Then f, € Lip4(X, K, 1) and

1 1 1
wllx =1[=h"|x = =(|h]|x)" = —. 3.23
1fnllx ||n lIx n(|| Ix) " (3.23)

Moreover, for each z,w € K with z # w we have

[fn(z) = fo) )] _ |(A(2))" — (R(w))"|
|z — w| nlz — w|
< P =y
_ Ihz) — h(w)
|z — w]
=pk1(h)
<px,i(h).

Therefore,
pra(fn) <pxa(h). (3.24)

According to (3.23]) and (3.24)), we get
1
I frllLip(x, k1) < - +px,1(h) <14 px1(h). (3.25)

This implies that {f,};2, is a bounded sequence in Lip 4 (X, K, 1) with the norm || - [|1ip(x,x,1)- Since (3.23) hold
for all n € N, we deduce that

T lfullx =0 (3.20)
and so {f,}52, converge uniformly to Ox on X. Since T = uC,, is compact, by Theorem [3.1] we deduce that

lim T'(f,) =0 (in (Lip o (X, K, 1), || - lLip(x,x,1)))-

n—oo

This implies that
nILH;OPK,l(T(fn)) =0. (3.27)

Let n € N. Assume that z,w € K with z # w. Then

|z — w| |z — w|
< IU(Z)fn(@(Z)&—_l;ff)fn)(@(w)N n IU(T; - Z(w) o (o(w))|
< pr1(T(fn)) + rr1 (W) frllx-
Let z € K with z # (. Since ¢ € K, by the argument above, we have
o) 2 EED =LA <y (1) + prca v
This implies that
sup fu(z) L POV IO <, (0(7,) + prca(w)l . (3.29)
zeEK |Z Cl
27#¢
Since holds for all n € N, according to and we get
nh_}rxgo sup {|u(z)] |fn(30(2’)2 : ZL(('D(C))' cz€K,z#(} =0. (3.29)
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Let € > 0 be given. According to ¢ € coz(u) and (3.29)), there exists a natural number N such that

| [fn(e(2) = ffv(s@(é))l
|z2=¢

sup {|u(z) :zeK,z;«éC} < g\u(g).|.

By the definition of fy, we get

Ly LoD — (o) L e
sup {Jutc) — 2E K £Cf < SO (3.30)
Let T be a sector in D at ¢ € 9D. According to (3.30)), we have
(o D)E)Y (o)™ 1.,
sup {|u(z)| N =< czel z+# C} < 2\ Q)| (3.31)
o (ho £} = (ho @)
217 i A 1z z Slu(Q)]-
sup {|u(z)| Nz =] rz €24 C} < 2‘ (9]

According to the continuity of u and ho ¢ at ¢, (ho ¢)(¢) =1 and the existence of Z(ho ¢) (¢), we deduce that

((ho@)(2)™ — ((hop) ()™

lim |u(z)] |

lim pPa = NJu(Q)ll(ho @) (Q)1- (3.32)
zel
By and , we get
[Z(how) (O] < < <e. (3.33)

2
Since ([3.33) holds for each & > 0, we conclude that |Z(h o ) (¢)] = 0 which implies that Z(h o ) (¢) = 0. This

contradicts to (3.21)). Hence, our claim is justified. Therefore, h is constant on ¢(D). Since ¢ is a nonconstant analytic
function on the connected open set D, by the open mapping theorem in complex analysis we deduce that ¢(D) is a
connected open set in C.

According to ¢(D) C int(K) and int(K) is a connected open set in C, we conclude that h is constant on int(K).

Therefore, h is constant on K since h is continuous on K and K is the closure of int(K). This contradicts to h is
nonconstant on K. Therefore, (3.20)) holds and so the proof is complete. [

Note that Theorem is a generalization of [2| Theorem 2.14].
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